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PREFACE TO THE THIRD EDITION. 


The book has acfain been carefully revised and some slight 
alterations have been made. It is hoped that this edition will 
meet with as much encouragement from both the teacher and 
the taught as Ihe two previous editions 

Mauuas, } V. R. V 

Ja'nvarv, S 


I^RKFACE TO THE SECOND EDITION. 


The book has been carefully revised. At the suggestion of 
many teachers who have been using the book, answers to the 
University papers are also given. It is hoped that this edition 
will meet with as much encouragement as the first. 

Calicut, ^ V. R. V. 

January, 1895. } 

PREFACE TO THE FIRST EDITION. 


This work is intended as a text-book on Algebra for all 
classes in our High Schools which prepare their pupils either 
for the Government Lower and Upper Secondary Examinations 
or for the University Matriculation Examination. Gieat pains 
have been taken to render the work intelligible to young 
students by copious explanations and illustrations. 

The plan adopted in this work is one which I have, for 
many years, followed in teaching lar^e classes in several 
Schools and Colleges and which I have found to succeed. 
A proposition is first clearly demonstrated, then copiously 
illustrated by select examples, and then a large number of 
other examples arranged progressively is given for exercise 
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In addition, at the end of every eight chapters, :i series of 
examination papers, each paper containing ten questions, is 
inserted. 

The subject of Factors is fully treated in Chapter VIII. 
The University having prescribed ‘‘ Quadratic Equations and 
Problems leading to tliem’* for the Matriculation Examination 
from this year, I have devoted four Chapters (XXVI — XXIX 
to an exhaustive treatment of this subject. The last Ciiapter 
in the book will, il is hoped, he interesting and instructive to 
the more advanced student. 

The book contains more than 4,000 examples, of which 
over 400 are fully worked out. They have been, for the most 
part, selected from tlie Examination Papers of English and 
Indian Colleges and Universities. At the suggestion of 
several friends, I have piinted aV the Entrance papers of tlie 
Universities of Calcutta, Honiliay and Madras separately at the 
end of the book. 

In tlie prepaiation of this work, most of the recent 
ti’eatises on Algebra have been consulted. 

Any suggestions for the improveineni of th(' woik will 
be thankfully received. 

Saidapet, ■) V. K. V. 

January^ 1892, ^ 
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A 

TEXT BOOK OF ALGEBRA 


CHAPTER I. 

DEFINITIONS AND EXPLANATIONS OF SICNS 

1- Algebra, like Arithmetic, is a science of numbers ; bat 
the numbers in Algebra are generally denoted by letters instead 
of hy figures, 

2. It is usual to represent hnown numbers by the first 
letters of the alphabet, as a, 5, c and nnlmoicn numbers by the 
last letters, as x, y, z ; but this need not be strictly followed. 

The word quantity is often used in the sense of number^ 
integral or fractional. Any whole number is called an integer or 
an integral number. Integers divisible by 2 are even ; those 
that are not divisible by 2 are odd, 

3. The sign -F (ready>^7ts) signifies that the quantity to 
which it is prefixed is to be added. Thus a-f 6 (read a plus b) 
means that the number denoted by h is to be added to that 
denoted by a. If a represents 4 and h represents 5, a -1-6 repre- 
sents 9. Similarly 0 + 6 + c means that 6 is to be added to a and 
that to the result c is to be added ; if a, 6, c, denote 4, 5, G les- 
pectively, a+ 6+r denotes 15. 

When no sign is prefixed to the letter at the beginning of 
an expression, + is understood. Thus a+6 means +a+6. 

4. The sign — (read minus) signifies that the quantity to 
which it is prefixed is to be subtracted. Thus a—h (read 
a minus b) means that the number denoted by b is to be sub- 
tracted from that denoted by a ; if o denotes 7 and b denotes 4, 
a — b denotes 3. Similarly a — b — c means that b is to be sub- 
tracted from a and that from the result c is to be subtracted ; if 
a, 6, c represent 7, 4, 2 respectively, a — 6— c represents 1. 

Quantities to which the sign + is prefixed, or before which 
it is understood, are called positive quantities. 
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Quantities having ’the sign — prefixed to them are called 
negative quantities. 

5 . The difference of two numbers is denoted by the sign ; 
thus a ^ h denotes the difference of the numbers denoted by 
a and h, and is equal toa — fcor to b—a, according as a is greater 
or less than h. 

Note . — The sign i denotes plus or minus. 

0. The sign x (read info) signifies that the numbers 
between which it stands are to be multiplied together. 

Thus ax 5 (a into h) denotes that the number represented 
by a is to be multiplied by the number represented by h. If a 
represents 4 and h represents 3, then aX represents 12. 

The sign of multiplication is often omitted for the sake of 
brevity; thus ah is used instead of axh and has the same 
meaning; so ahc is used for aXhxc. Sometimes a point is 
used instead of the signx ; thus a.h is used for aX h or ab. 

7 . The sign -r (read by) signifies that the number which 
precedes it is to be divided by the number which follows it. 
Thus a^b (a by b) signifies that the number denoted by a is to 
be divided by the number denoted by b. If a represents 10, 
and b represents 2, then a-- 6 represents 5. 

^ is used instead of a~h and has the same meaning. 

b 

N»B , — The word sign is often used to denote exclusively the signs + 
and — . Two signs are called like when they are both + or both — • 
otherwise, they are urMke. 

0. The sign s= (read ^o) signifies that the numbers 
between which it is placed are equal, and is called the sign 
of equality. a=h is read thus, a equals or a is equal 
to hr 

9 . The 8ign> denotes greater than, and the sign<denotes 
less than; thus a > h denotes a is greater than b\ and a c h 

denotes a is less than h. The sign denotes not greater than 

I ' 

and tbe sign denotes not less than. 

10. The sign /• denotes then or therefore ; the sign v 
denotes since or because^ 

11. A vinculum , or a pair of brackets () or { j , or 
[], signifies that all quantities under or within it are equally 
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affected by any quantity without. Thus a(fc+c) or a,b + c 
denotes that a is to be multiplied by the sum of 6 + c ; where- 
as a.h-^c or aJ+r would signify that a was to be multiplied 
by &, and their product increased by r. If a = 2 ; b=S; c=4; 
the first would = 14; the second would = 10, 

12. The reciprocal of any (juantity is that quantity 

inverted, or unity divided by it. The reciprocal of ^ ; that 

of a + h is — • ‘-J * 
a-hb 

13. Any collection of algebraical symbols is called an 
algebraical expression. 

Those parts of an expression which arc connected by the 
signs 4- or — are called its terms. 

When an expression consists of one term, as a, bx^ ^ahx^ it 
is called a monomial expression ; when it consists of tivo terms, 
as a db^j it is called a binomial expression; when it 

consists of three terms, it is called a trinomial expression ; any 
expression consisting of several terais is called a multinomial or 
polynomial expression. 

14. When an expression consists of one term, it is called 
a simple expression ; when it consists of more than one term, it 
is called a compound expression. 

15. When a quantity consists of the product of two or 
more quantities, each of the latter is called ei factor. Thus a, 
b and c are factors of the product a be. 

16. When a number consists of the product of two factors, 
each factor is called the co-efficient of the other factor. In the 
product 3a, Sis the co-efficient of a; where there is no arith- 
metical factor, we may supply unity ; in the product a6, the 
co-efficient of ab is unity. 

In the product abc^ we may call a the co-efficient of he, or h 
the co-efficient of ac, or c the co-efficient of ah. These co-efficients 
are called literal co-efficients as distinguished from the former 
which are called numerical co-efficients. 

17. If a number be multiplied by itself any number of 
times, the product is called a power of that number. Thus a x a 
is called the second power or square of a; a X a X a is called the 
third power or cube of a ; a x a X a X a is called the fourth power 
of a, and so on. The number a itself is called the first power 
of a. 
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Any power of a quantity is usually expressed by placing 
above the quantity the number which represents how often it is 
repeated in the product. Thus a® (a squared) is used to 
express a X a ; a® (a cubed) is used to express a X a X a ; a* is used 
to express a X a x a x a, and so on. has the same meaning as a. 

The numbers placed above a quantity to express the powers 
of that quantity are called indices or exponents of the powers. 

a” is the product of n factors each equal to a, and n is call- 
ed the index or exponent of a" (where n is any whole number). 

The symbol is read thus, “ a to the fourth power/' or 
“ a to the fourth ” and n" is read thus, “ a to the w'*.” 

18. The square root of any proposed quantity is that 
quantity whose second power or square gives the proposed 
quantity. 

The cube root of any proposed quantity is that quantity 
whose third power or cube gives the proposed quantity. 

The root of any (piantity is tliat quantity whose vi" 
power gives the proposed ([uantity. 

'1 he square root of a is denoted hy or simi)ly by 
usually. 

The cube loot of a is denoted by and the root of 
a by la/a. 

The sign ^ is said to be a corruption of the letter r, the 
first letter of the word radix. The sign is called the radical sirju. 

Va, ^a, ya, . . . y a can also he represented by 

' 1 I .1 3 

a“,a",aS • • . u”' resj)ectively. 

19. Algebraical quantities are said to be libe or unlike. 
according as they contain tlie same or di^jerent combinations of 
letters. 

Thus a and ba, — 5a® 6 and 7a*/^ oa’^hc and — a^bc are pairs 
of like quantities ; and a®, 'Sab and —7a, 3a®fe and 4a of 
unlike quantities. 

20. Each of the letters which occur in an algebraical 
product is called a dimension of the product, and the number of 
the separate letters contained in the product (as if they were 
all written out in full) is the degree of the product. Thus 

or a X a X 6x Z»x r is of five dimensions or of the fifth 
degree. Kumerical co-efficients should not be counted ; thus 
9 a® 6 and ah® are of the same dimensions, namely, of 3 dimen- 
sions. # 
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The number of dimensions of a term is the sum of the 
exponents or indices of tbe several factors of the term. 

When all the terms of an algebraical expression are of the 
same dimensions, the expression is said to be homogeneous* 
Thus 4a *6* + 3ah^ + -^-a^bcd is a homogeneous expression, 

for each term is of five dimensions. 

21 The square root or any even root of a negative quan- 
tity is called an impossible or imaginary quantity. Thus v/ — 3 
and a/ — a** are impossible or imaginary quantities. 

22* When any root of a quantity cannot be exactly ex- 
tracted, the quantity win’ch represents the root is called a surd 
or an irrational quantity. Thus and \^ab are surds. 

NUMERICAL VALUES. 

If a = l, fc=2, f = 3, d = 4, e = 0, find the values of : — 

Ex* 1- a— 2h + 3c + 4d~6c 
r=l— 2x 2 + 3x 3-f-4x 4 — 6x0= 1— 4-}-9-f 16— 0 
= 1 +9+16-4=26-4=22. 

Ex. 2. 7aoc— 56c(2 + 4<!de + 3acd — lOace 
= 7 X 1 X 2X3— 5x 2x3x4 + 4x 3x 4x 0+ 3x 1 x3x 4 
— 10x1x3x0 = 42—120+48x0 + 36—30x0=42—120 
4-0+ 36-0= 42 + 36- 120 = 70 - 120 = -42. 

EXERCISE 1 (A). 

Ifa = 4, h = 3, ^* = 5, tZ=6, e = 1, /=0, find the numerical 
values of : — 

1. 12c+ 3a— 5i— 2/+4e. 2. — Ga/+a6c— 2cd+e. 

3. 4ih+3c/ — 6(Z+76e. 4. abcd~^bce+fac> 

5. ^ah— 36od+5e/ — 6cde. <>. 4iahcd — 7atZe — 2afe + 2bcde. 

7. 4ac— 9ae + llhcd— lOa/c- 8. 42a — 2lhc — 14ae+36ace. 

9. 20c — ^cde+labd — 2cci. 10. 126 — 6f^J+7cde — 9abde. 

Ex 3. Find tbe value of : — 

+ ^ (for values of a, 6, &c., as in Example 1) 

a b cd d 
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_2x4 6x0 15x1.4x2 ^ ^ 5 . „ .5 

~I 2 “ 31c 4 =8-0-^+ 2= 10-^ 
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Ex* 4. If a = 4, 6 = 3, c=2, find the value of ; — 

a6(a — 6) — ac{a — c)-\r bc(b — r) = 4x 3(4—3) — 4x 2(4—2) 
+ 3x2(3~2) = 12x1-8x2 + 6x1 = 12-16+6= 18 
-16 = 2. 


EXERCISE 1 (B). 

If a = 3, 6= 1, c=6, <i = 5, e = l, /=0, find the values of : — 
1 a+6 6+c, e+a ^ ^ 

*. f- 

can 0 — e a — o a — r 

3. ah-^cd^hd-^ac- 4. a — b{d — e) + r(a+6). 

5. {a+(6+c) — <i} {(a—h) — (c — d)} (a — h + c-¥d). 

6. { 12a - (36 - 3s) } — { 4/— 46— 3dT5r } . 

y 6c^ ae^ahc cde 

cd a e d 6 * 

S. a(6— c)+ 6(<* — a) + c(a— 6) +d(a — e)* 
a 4a— e(26-3c)+ri(6-2r) + a(2d-3e). 

10. Q+6 ^ 6 + r ^c+a 

6 + c c + a a+6 

Ex- 5- If a =1, 6 = 2, c=3, find tbe value of : — 
(a+6)®(a*— a6+ 6*) + (a + c)*(a® — ac + c*) = (1 + 2)* 
(l*~-lx2+2*)+(l + 3)*(]» — lx3 + 3*)=3^(l-2+4) 

+ 4*(1— 3+9)= 9x3+ 16x7 =27+ 11 2 = 139. 

Ex. 6. If a = 2, 6 = 3, 05=6, 2 / = 5? find the value of • — 

y{(a + 6)*2/} +Vf(a+»)(2/— 2a)} +V{(7/— 6)*a| 

= ^{(2+3)*5}+;/{(2 +6)(5-2x2)} + i/{(5-3)*2} 
-VfS“xS}+?/{8x 1} +y}2ax2} 

- ^/53 X 4/8 + 5 /^ =5 + 2+ 2=9. 

EXERCISE 1 (C).^" 

If a = 5, 6=2, e=I, d = 4, e=8, /=0, m=6, ?i = 4, ^> = 9, 
find the values of : — 

1, v'2a— 1 + v/an + p— 6— -/a* — d*. 
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2. (a+b)*— (d-c)* + (/+£*— (p-w + w)*. 

3. ^p—^n + i/e—^c+'^cd—^ef. 

. a+h + c c+ d-^e d-^e + f 

4. — — . 

w+w n-^p 7>i + p wi + w-fp 

5. a"— ¥ + cZ''— m*’+ 

G. \^pn — df — p — b-{-Vm^ — pd, 

7. FiDd the value of (9 — a)(Z>+ 1) + (h + 5)(o + 7)— 112 
when a = 5 and 6 = 3. 

OK 8. If a = 16, 6= 10, »= 5 and 2/= 1, find the value of (6— a;) 

xVCa+h) + -/ { (a-b)(x+y) 1 aud of (a-y) { V (2hx)+x*\ 

+^{ (a— .<)(b+y) }• 

9. rind the value of a + b^{» + y)--{a — h) i/(x—y), when 
a = 10, 6=8, a*=12 and 2 /=^. 

10. If a;=5 and a=8, find the value of av^(a;*— 3a) 

4 - 4 - 
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ADDITION. 

23- When two or more algebraical quantities are united 
together, the result is called their and the process of finding 
the result is called Addition, An algebraic snm is not necessa* 
rily the sum of positive quantities. 

24- When the terms of an expression are connected by 
the sign +, we m*ny write the terms in any order. Thus a-pb 
and b+a will give the same result. 

Wlien an expression consists of some terms preceded by 
the sign + and some terms preceded by the sign — , we may 
write the former terms first in any order we please, and the 
latter terms after them in any order we please. Thus d — b 
— c = a + d — c— h=:d + a — c — b = d + a — b— c. 

25- There are three cases of Addition 

First Case, Where the quantities are like, and have like 
signs. 

Rule, — “ Add the co-efficients together, and to their sum 
adjoin the letters common to each terra, prefixing the common 
sign.’' 

Ex^ 1. Add ogether 3a, 5a, 9a and la, 

3 + 5 + 9 + 7 = 24 .*• required sum = 24a. 

Ex. 2* Add together — 2b, — 4b, —5b and — 6b. 

2-1-4+ 5 + 6 *= 17 required sum = — 17b. 

Ex, 3 Add together 4a — 3b, 5a — 6b and 2a — 7b. 

3b 4 + 5 + 2 = 11 


5a — 6b — 3— 6—7 = — 16 

2a — 7b 
[Ta^^Teb 

Ex. 4* Add together J a.€ — b, — |b and \ax — 

-Jaa;— 6 •? + a + } = !! 

la( — |b 
«aaj--«b 

EXERCISE 2. 


b. 


Add together : — 

1. 2a, 5a, a ; —2b, —.3b, — b ; fa, ^a, ^a- 

2. lOab, 2ab, 9ab, 16ab ; 6a® b, 4a® b, 3a ®b. 
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3. 4^^ j'y, 3^/ xy, 9\/ A/jfy ; — V ab,—2\^ ab, — ab. 

4. 2a-36, 4a-106, a— 26, 2a-6, 14a- 136. 

.5. oa-a6+6», 2tt*— 3a6+36*, .3a*-4a6+ 76». 

G. .(■•—2 *?/+?/•, ^.c*— |ary+2j/*, j:y+| 2 /*. 

7. 5 — a.c + by — ab ; H — 3a.i'+ ^6^— 3a6, 4^— Ja* 

+ 36^ — lab, 4— 10a.c+ by — Ja6, 

26 . Second Gaae- Where the quantities are all lihe^ but 
the signs all unlike. 

Buie . — “ Add all the positive co-efficients into one snm, 
and all the negative co-efficients into another ; subtract the less 
of these sums from the greater, and to the difference prefix the 
sign of the greater sum, and then ad join the common letters. 
If the aggregate of the positive terms be equal to that of the 
negative ones, then the difference = 0.” 

Ex. 5 Add together : — 

2 /®, — 3*® -f .ct/— 2?/^ and 2x^ — bxy 
l^roceeding by the rule, 

+ Sxy + y^ 4 + 2— 3 = 3 

— + <ty—2y^ 3 + 1 — 5=~l 

2. a-5yy + 3 y« l + .3-2=:=2 
3a;* — xy'i‘2y^ 

Ex. 6. Add together: — 

-2<i + H&+ Jc, 

lit—ib— §c and a-h-hc. 

Proceeding by the rule, 

h^-hih-lc l-f J + J + l=2 

G "H j"" 3 "h I 

a — 6+ c 
2a— J6 + -Jn 

EXEECISE 3. 

Add together : — 

1. a + 5-l-c-fd, — a+ 6-1-c-i-d, a— 6+c-|-d, a+h--c-¥d 
and a + h-{-c — d. 

2* a^+a®— o* + l, a®— 2a* -f 3a*— 3 and 4a*— ‘3a* 

— 4a* + 4. 
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3. ax + hy+cz, — 3aa; — 2by — Scz and 4}ax^3hy-{‘4icz> 

4. a* + 4a® +6ti*-h4a+ 1 and a* —4a* +6a*— 4a+ 1. 

5. a*— Jaaj* — Ja;®, a® 4--^ a®aj+ + f^® 

and 2a® — |a*aj4-yV^a5* 

6. a”*- 2fe« + 3c'’— 4d, 23a”* + 166” - 1 3c" + 1 2d, — 14/ ”* 

+ 156”-17c"+19d, 18«”*-6” + c"— dand -13a”* 

+ 56” -3c" 4- lid. 

27. Third Ca^e, Where the quantities are unlike* 

Buie — '‘Set all the quantities down one after another 
with their co-efficients and proper signs prefixed, and collect 
all the like quantities together (if there be any) by the forego- 
ing rules.'* 

Ex. 7, Add together : — 

ah+ac-hbc, am — 2{/6+ hy^ hz — 2ax4‘Cy and 
Proceeding by the rule, 
r/6+ ac4-6c 
— 2a6 4-«a;4-6?/ 

— 2ax -^hz^cy 

+ 3ar + he — 

— a6+4ac + 26c— a»+ by^hz-i^cy — cz 


EXERCISE 4. 

Add together : — 

1. a-^x—y, 6— c— d, m^-y^-c and d + c — X'~-y. 

2. ay^ + 1 ^^ c, 6?/“ 4-c2/4-tt and C7/®— 62/ — a- 

3 . x^+xy + j-z, y^+xy + y:, z^+zx + zy and «“ + </» + ;* 

— 2(xy + yz + zx). 

4 . 3afc*-4a*54-a\-4or» + 5ai-’“-c'', —7b’‘ + 2aH> 

— 6ac’ and 5a* — lln5* — 12af“- 

5. a — Jt + jc — gd, — sC+,’a — }h + d,^il \b+c—ii. In 

~ld+ b—lc and Sa — 66 + 3c— 4d. 

/> bed b a ^ , <• 

6. a— — -r — d — ~ and r““;i4"r» o* 

2 3 4* 34 4 5432 

7. l + ®+a:* + a:* + a:*, 1— 2x + 3a;*— 4**, !c+3.c* + 5a!® 

— 7.c^ and 1 — af*. 

8. 2x*—6xy-\-ly\ 4y’‘ — ty^ + 2z‘, +2y^ 

and 4*2/ — Jj/“ — 3** — 3?/®— 3s*. 



CHAPTER III. 


SUBTRACTION AND REMOVAL O'F BRACKETS. 

28- Any quantity B is said to be subtracted from any 
other quantity A when a third quantity C is found such that 
the sum of B and C is equal to A. 

i.e., C = A — B when C is such that B + C = A. 

The quantity /rom which another quantity is subtracted is* 
called the minuend. 

The quantity subtracted is called the subtrahend. 

The result is called the difference or the remainder. 

A is the minuend, B the subtrahend and C the remainder. 

29. Mule. — “ Change the signs of all the quantities to be 
subtracted or conceive them to be changed, and then collect the 
different terms together as in addition.’^ 

Ex. 1.^ Subtract Zc — bh from — Sb. Changing the sign, 
of 3* — 56, we have, — 3.r4 56. Add — 3.t; + 56 to4ic— *86 thus’ 
4.-86 
--3U3 4 56 
x—Hb 

Ex 2. Subtract + 2/® from a® + 2..'2/4-7/*. 

+ 2xy + y® 
as® — 2iy + y^ 

4.y 

Ex* 3* Subtract 2a® -f 3a6 — 56* from — 3a® + 2a6— 46®. 

— 3a*•^- 2a6— 46® 

2a® + :{a6^56® 

— — + 

— 5a* — a6+ 6* 

* From 2a take b, and the difference is denoted by 2a— b; because 
the sign ~ prefixed to b shows that it is to be subtracted from the other 
and 2a— b is the sum of 2a and — b. 

Again, from 2a take — b and the diffeience is 2a + b ; because 
2a = 2a 4 b — b. 

Take away— b from these ('(lual (luantities. 

the difference between 2a and — b is 2n + b, i.e„ the sum of 2a 

iind + b. 

to take — b is the same as to add + b. 
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Ex 4* Subtract a* — 4a& + 5.t*— y* from 6^*+3y® — 6a*, 

6.tJ* + 3y* — 6a* 

5a;® — y* + a* — 4a5 
^ 4 - 

a;®4-4y*— 7a* + 4a5 
EXERCISE 5. 

Subtract : — 

]. a—ft+rfromSa — 36+c. 

2. — X — y-¥z from 3aj + 4y — 5r. 

3. ^ 4a* — 2ab + 6 from — 5a® — ab-i-S, 

4- +3.C* 4-4a; + 5 from .c® — 4< * + 6a*/+ 7. 

5. a® +3a®6 + 3a5® +6® from a® — 3a®54-3a6* — 5®. 

6. <1* — 4a*5-h6a*fe® — 4a5® + Z/* from a* -4- 4a® 6+ 6a® 6® 

4- 4aZ)® 4- 5* and find the value of the difference, 
when a = 2, and 6 ='3. 

7. From oO?— Va+ t2/ .1^ + 

8. From f o + 3& -f- 4- 2 take | a — 76 — 36c 4- Jc. 

9. From |y — |a — Ja? + ? a take 3y 4- V — §^* 

10. From lOa”* — J46’' — c^' — 5d take — Qa"*-!- 26” 4- c^’ — 5fZ. 

11. From the sum of the first four of the following 
expressions .0*4“ y® 4- 2;* 4- a*, a® 4- y* 4- r*, a;*— 2r*4-y* — a*, a;* — 
y*4“2;*4-a*, y*4-2;® 4- a*— .0*, subtract the sum of the last four. 

12. What must be added to 3a* — 5a6 4- 66* 4- 76c in order 
that the sum may be — a* — 6* — he ? 

13. What must be added to — 5a® 4- 13a*6* — .i;*ya 4- 5a6* 

4- 7ahxy in order that the sum may be a® 4- a®6* + — 2ya6* 

— 2xyab ? 

14. What must be subtracted from 4a*--3f;6 — 66* in order 
that the remainder may be a* 4- 36* ? 

15. What must be subtracted from 10a;* — 7;ry4-5y* — 9x 
— lly 4“ 14 in order that the remainder may be a?* 4-a;y 4- y* 4- .c 
+ y+ 1 ? • 

16. From what expression must 3a?* — 7.oy— 8yi5 4- 9y* be 
subtracted in order that the remainder may be 2.o*-f3.oy 4- Sy:; 
H-2y* ? 
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30. To prove that (1) a— (b + c)=a“b— c- 

C2) a*” (b““c) ~ a“”b 0* 

(3) a— (b— c— d+e)=a— b+c+d-e* 

(1) As each of the numbers h and c is to be taken from a, 
the result is denoted by a — h — c. We enclose the term Z> + c in 
brackets, because both the numbers &and c are to be taken from 
a. Therefore a — (h + c) =(i — b — c. 

(2) If we take 6 from n^we obtain n — b; but we have 
thus taken too much from (f^ for we are required to take, not ?> 
but, b diminished by c. Hence we must increase the result by 
c; thus a — (b — c) = a — b-j-c. 

(3) We have to take b — c — d + c from <f. This is the same 

thing as taking b-\-e — c — d from n. Take away t + e from n, 
and the result is — h — e; tljen add c+d, because we were 
to take away not b-{-e but, fc + e diminished by c+d; thus 
a — (b—c — d+ c)=u — e + =(/— b + c + d-e. 

31. The following rules must be observed in the removal 
of brackets : — 

(1) If any number of terms be enclosed within a pair of 
brackets preceded by the sign -h, the brackets may be removed 
without altering the signs ot the terms. Thus a-f (Z) 4- r— d— e) 

+c— d — e. 

(2) If any number of terms be enclosed within a pair of 
brackets preceded by the sign the brackets can be removed 
only if the signs of all the terms within be changed, + to — and 
-- to + . Thus a— (6-H r - d— e) = a — Z> — c+ d-f-e. 

The following rules must be observed in the insertion of 
brackets : — 

(1) Any number of terras may be put within brackets with 
the sign -h prefixed, without any other changes. Thu8a+ 6 — 2c 
=a+(Z>-2e). 

(2) If the sign — be prefixed, the signs of all the terms 
within the brackets must be reversed. Thus a— fc-f-2c = a — 
(6- 2c). 

Note — If there be brackets within -brackets in an expression, it is the 
safest method to remove the injiermost brackets first, then the next, anti 
so on. 

Ex. 1. Simplify {a— (Z/— c)} — {b — {c — a)}. 

Given expression= { a — Z/-f cj — {& — c + a{ 

= a— & + c— 6+c— a=2c— 26. 
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Ex. 2. Simplify a— [6— {c— W— e)}— -jf]. 

Given expression = a— [ft— e] — /] 

= a — [ft— c+d— e — /] 

= o— ft + c— d+e-f-/. 

£x. 3* Simplify 7a— {3a — [4a— (5a— 2a + 

Given expre8sion= 7a — {3a— [4a— (5a— 2a— a)]} 

=7a — {3a— [4a — 5a+2a + a]} 

== 7a — {3a — 4a + 5a — 2a — a } 

= 7a — 3a + 4a — .5a + 2a + a 
= 14a— 8a = 6a. 

£x. 4. Enclose 2a + ft — c + 2^Z — 3e — 4/ in brackets 

(1) taking the terms two together each bracket being 

preceded by the sign — . 

(2) taking the terms three together each bracket being 

preceded by the sign — . 

(1) 2a-|-ft— c+ 2d— 3e — 4/= — cH- 2a — 3e + ft — 4/ + 2d 

= -(c-2a)-(3e-ft)- (4/- 2d). 

(2) 2a + ft— c-b2d — 3e — 4/= — c + 2a — 3e— 4/ + ft + 2d 
= - (c - 2a + 3e) - (4/- ft - 2d). 

Introducing a pair of inner brackets in each, = — {c— 2a— 3e{ 
-{4/-ft4r2d}. 

EXERCISE 6. 

Hemove the brackets from : — 

1. 2a- {2a-(ft+2.0i + {ft- (2.i;-2ft)} . 

2. {6a + 2ft — (3a + 2ft)} — {2a + 4ft — (4a — ft)}. 

3. a-[2ft- {3c-(a— 2ft^7)} ]. 

4. a* — (ft*— c*)-ft*-f(c«-a»)+c®-(ft®-a*). 

5. — a— [ — ft— {— r — (—a — ft—c)}]. 

6. ll.«— [7a;— {8a; — (9a'-l-2»— d.t) }]. 

7. 2- {4- (6- 7^)}. 

8. -2-[-3- { -4-(-5-ra) } ]. 

9. a- [5ft- {a-(3c-3ft) + (2c— a-2ft-c) } ]. 

10. 7a-[2a- {ft-(3a— 5^^)-4a| -26]. 

11. _[+ ( +(«^) } ] _ I 
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12. lly^T Sz)}}. 

1 3. - 2 [ — % — { - 5;: - ( — 2 c + — by-Sz) } ]. 

14. -x^[-^2y^{^z-C^.c ^^z)n. 

15. — a — [— 5— 1— c— (a b—c)} ]. 

16. -4a ^ 36- { - 4c-. (3a + - 4^5c) } ] . 

Add together : — 

17. a— (d — 2c), 3a — (6— 4c) -f 2d and 3a — 6 — (2c— d). 

18. 1— {i_(l— 43)|, 2.C— (3-5.C) and 2— (—4+5^). 

19. a— (2d — 3c), 4a — (6-~4c) + 3d and 3a— {(26-h2c)— d| . 

20. (a.c— 6/')— (67/— c?/), a.c+6jj — (,by + cy) Sbud (ax~^hy) — 
{hi‘-cy). 

21. In the expression a — 26 + 3c— 4d4-5e — 6/+ 7gr — 8h, 

Enclose the 1st, 3rd, 7th and 8th terms within brackets 

preceded by the sign — and the other terms within brackets 
preceded by the sign + . 

22. Include the first three in brackets preceded by the 
sign — , the next two in brackets preceded by the sign + , and 
the last three in brackets preceded by the sign — . 

23. In the last question, introduce inner brackets in the 
first and the third preceded by the sign — . 

24. Enclose in pairs the terms of — a — 6 + c — d — e+/ in 
brackets, so that each bracket shall be preceded by the sign — . 



CHAPTER IV. 

MULTIPLICATION. 

32 The number multiplied is called the multiplicand. 
The number by which it is multiplied is called the multiplier. 
The result is called the products 

33* Elll© of SigM* — The sign of the product of any 
two quantities is positive or negative according as the multipli- 
cand and the multiplier have like or unlike signs.” More 
briefly— Like signs produce + and unlike signs — 

Notel , — Since (4*ir) x ( 4- o’)- . t- and also (— a?) x( — = we have 

— — a?. Every algebraical quantity has got two square roots equal in 
value but opposite in sign. 

Note 2. — The product of any number of factors \s positive or negative 
according as an erector or? number of the factors is negative. An even 
poivor of a negative quantity is positive^ and an odd power is negative. 
Thus: — ax -f X — c«B + a?/c ; — a x — ?» X — r= — a?>r; ( — = and 
(—a)’ = — a^. 

34- To multiply simple algebraical quantities : — 

Hide. — “ Multiply together the numerical co-efficients and 
write the letters after the product of the numbers, prefixing to 
the product the proper sign.” 

Ex. 1. 5aX26=10a6 (v + into + gives -f). 

Ex. 2* X — == — (-h into — gives — ). 

Ex* 3- —^mn^^pqmn (— into — gives + ). 

35. To multiply two or more powers of the same quardity : — 

Rule.~^ Add the indices of the powers of the proposed 
quantity and write the quantity witb an index equal to the sum.” 

Ex- 4* o* X = y. 

and a*” X a” = a’"’*'". 

To prove that a’”Xa''=a”*'*'" when m and n arc positive 
integers. 

Since = a X a X a ...... to ?n factors. 


and a" = a X aX a X a to w factors. 

a'* ==aX ay aXa . . • to factors. 



♦ The fact that— into — gives + may be explained thus : the sign— is 
the symbol of reversal ; if a thing is tv:ice reversed^ it is necessarily restored 
to the original condition. 
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Similarly ^ x a** = a"*’**" x 

To prove that (a*“)"=o”‘“ when m and n are positive 
integei s (c’”)*' = a’" X a”* x a"' to n factors 

= a^”. 

The rule holds good also when m and n are negative^ 
integral ov fractional. '' 

m p m^p 

Thus: a~’"Xa'" = «"’““”;a*Xa« 


* X — a 


; a~»"xa"=a’' 


EXERCISE 7 (A). 


Multiply — 

]. 6ah by 8o; 4a by — ; 5a® by —7a* ; 4a;®?/ by 

2. —ba^hc by 2aS®r.* ; lOx^yz by — 18a'?/c 

by bx^z^. 

4p*(/® by ^7apq ; —8a^.(y by 

4. 7ii;® — 2a? + 4a by 3a* ; 4a;*?/— 2u'?/4-4v — 3// by — 2®^. 

5. ie*— ^.c+T by 

(). 7**— 4.i ®y* + 8jy by 

7. 4a*&— 5a*5® +6a6® — 26* by — ^a6. 

' 8. — + — ?* by :|-p»g. 

9. 10*®2/ — + 4 'y® — iy* by 2a^®. 

10. -J®— ?y* + f'-*y— S!«‘y® — 4«®y®+ fy» by — §**»/. 

36. To multiply compound algebraical quantities 

linle . — “Multiply every term of the multiplicand by each 
term of the multiplier ; then connect the several products 
toj^ether by the rules of addition, and that sum will '^be^ the 
product required.** 

Thus: aX (&rbc) = aZ>i:ac. 

(a + &)(c*i-d)=-'ac+ ad+ hc+bd. 

(a— b)(c — d) = ac—ad — &c+ bd. 

Note . — When factors are multiplied together, the product is the same 
in whatever order the operation is performed. 

Thus : aX 6 = &x a and ax5xc=5xcXa. 

Ex. 8. Multiply (a+h) by 

(a + 6)(a-|-5)=aX a + a x& + 6xa+5x5 
= a* + a5 + &a + 6* 

= a* + 2a& + h®. 


2 
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TiT. % Multiply a— 6 by a— fc. 

(a—b)(a—h)'=a'X a-h( — 5)Xa+a X {-— 6) + (—5)(— 5) 

= a* + ( — ah)+( — ah) + 6* 

=ra«— 2a5+6*. 

Ex. 3* Multiply a + 6 by a — 5. 

(a + fe)(a — b)sssa x a+6 X a-|-ax (— &) + feX (— fc) 

= a* + ha^^ah — 
s=a® — 6*. 

Ex* 4% Multiply 2ic + 3i/ by 4aj — 5y% 

2a;4-3y 
4u/’— by 
8 aJ* + 

^\0xy—lby^ 

8»* + 2xy — 15y®. 

Ex* 5* Multiply 3a* — 4a-|-8 by 2a +3. 

3a * — 4a •+• 8 
2a *4* 3 

6a* — 8tt* + 16a 

4.9a* — 12a 4 24 
6a^+ a® + 4a424. 

Ex* 6* Multiply a*4a&4 6® by a— 

(a— &)(a* +a6 + 6*) = a(a* + afe + 6®)4(--fe)(a* +a64?»*) 
= aXa*4aXa& + axfe*4( — 6)Xa* + ( — &)x ah 
+ (— 5)x6* 

= a* +a*6+ o6* — ha^ — ab^ — &* 
ssa* — b*. 

Ex# 7* Multiply a* — ab + b* by a4 b. 
a^'—ah + b® 
a + b 

a* — ab* 

4 a*b — ab* + b* 
a* 4b®’ 

EXEECISE 7 (B). 

Multiply : — 

1 . x + a by .« — a ; x + 2a by aj + 3a ; £r + 4 by .c + 9 ; 
o®4«b4b® by a+b. 

2^ 2a + b by a + b ; 2ra — 3w by m— « ; f® + v/®by.t® — y®. 
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3. a+ 6-4 -c by tt+ Z)+c ; a--5+ c by a-l-6— c. 

4. xy + yZ'h zm by cy—yz--^zj& ; .6® + ^* + js* by x—y-^-z, 

5. a — 3&+4c by a + 26 — 3c ; m+n + jt) by 3m — 4« — 5j9. 

6. a* + 6^ + 0 * — ah—ac — 5c by a+ 

7. + +1 by «— 1, 

8. a®-Ha*5-ha5* + 5* by a— 5. ^ 

9. 4a* — 3a + 7 by 5a*— 4at+8. 

10* a* + a5 + etc + he by 5 + c. 

37* When one expression is to be multiplied by another, 
it is convenient to arrange both the multiplicand and the 
multiplier according to descending or ascending powers of 
some letter common to them and then proceed with the multi- 
plication. 

The expression 2a +3a*— 6a® -J- a* -ha® + 2 will be arranged 
as a® -ha* + 3a* — 6a* + 2a + 2 in descending powers of a and as 
2 + 2a — 6a* + 3a* -h a* + a® in ascending powers of a. 

Ex- 1- Multiply a5+ 5* -ha* by 
Multiplicand = a* + a5 + 5* 

Multiplier =a* — a5+5* 
a*(a*-ha5-h5*) = a* +a®5-ha*5* 

— a5(a* + a5 + 5*‘)= 

5*(a*-ha5-h5®)= + 5*a*-ha5®-h5* 

the product =a* +a*5*-h6*. 

Ex. 2« Multiply 2 <*+ 3a?y + 4y* by 2<*— 3<2/ + 42/*. Ar- 
ranging the multiplicand and the multiplier according to the 
descending powers of y, we have, 

4?/* + Zyx + 2.e* 

4^7* — 32/03+ 2iJ* 

16?/^ + 12t/* ( + 82 /*£c* 

— 12?/* » — 9j/*0/*— 6ya»* 

-h8^*.c* + 6?/oj* ■+ 4»* 

16?/* \ly^jc^ -h4<* 

Ex. 3- Multiply ax^ + 5aj+ c by r / * + ar-h 5. 
a<®+5j; + ^* 
c / * + a « + 5 

ac * -r 5ra5* -he* t * 

a*a3*-ha5a?* + aco? 

a5a;* + 5*03+ 5c 

Product == a'* {•* + (c5-ha*)«>*-h(c*-h2a5)c6* + (ac + 5*)^ + 5c. 
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Ex* 4* Multiply pt* + ri by — — c 

paj* + qx^ + T{ +8 

ax ^ — ba — c 

apx ® + aqx* + aru ® + asx^ 

— pbx^ — bqt^ — b'l i 

— tpm^ •^c qx^ — (^x — cs 

Product = up « ^ --‘(pb^aq)x'^ (a'i — hq'^cp)x'^ — (hi 4 -r/|— as) 

Xa .‘*~-(68 4 * cr ) i — 

Jioie — The product in Examples 3 ind 4 is put within brackets 

Ex* 5 Find the continued pioduct of aj+ 1 , 9 — land 

1 + 2 

(. + l)(.i-l)=i( ~l) + lf,--]) 

= x^ — a!-|- ( — 1 = a* — 1 
and (.4-2)(*^-1) = ^( -»-!) + 2(, 1) 

= » aj + 2 a!®— 2 = ( -h 2 aj^— ir — 2 

Ex 6 Find the continued pioduct of. a -ha, + /> and x -*■ ( 

f+a < * 4 -(a + /)» + a 6 

a + £C “h^ 

a^+.ia ♦ * + (a+ 6)(/‘^H-a6< 

+ 6a:-ha6 -f ca.^ + t(a+ &)»-hu6c 

a^-h(a-h^)a! + a 6 a* + (a-h 6 +c )aj^ + (ah + c/c -f 6 c) t + afec 

Ex 7* Find the continued product of —a r — *6 and a— r 

a— a (a-h 6 ) 0 *+^^ 

sc — 6 a 

O’® — aca — (a + Z)<^+a 6 a 

^j^ 6 fic + a 6 — +^(a+ 6 )^— a 6 

a*^— (a + /))jB-^a/ / ** — (a + 6 + < ) -" + (/t 6 + ac + 6 r;a:— abc 

EXERCISE 8 * 

Multiply — 

1 . a® — tt + 1 b} a* + a + l 2 by pj + a/. 

3 a?®+ «/ + 2 /® by a— y 

4 ®— 2ay + 2 /® by sc® +2iy-hy* 

5 a^— a* + 1 b> a* + a* + 1 
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6, by m* — «*> 

7. y^ + t/***^*® by .('® — + 

6. +3a? + 3.«® + 1 by aj* +3c— 3«* — !• 

*9. — 3&®a + 4a*6 — h* by a* + 3&*a + 5a6 — 4a®6 + />*. 

10 . »* — — yz + z^ — zchj 

11. 4- fe*a* - 1 - fta’ + 6^a+ by a* + 6^ + 6*a® — 

12. 11a— 76 + 4c — 5d by 5^2— 4c4-76 — 11a. 

13. p^q^ ^ pq hj p — q- 

14. 9a*— .24a6+ 166* by 3a— 45. 

15. — + 3a.r* — 3a*a; by a* 4.«® — 2aaj. 

16. 1 “h 2ir4-a;‘*' + 203* 4-3.0* by l + .o* — 2.o. 

Multiply together : — 

17. a +5, a — 5 and a* — 5*. 

18. a*-|-a5+5*, a* — a5+5* and a*^ — a®5*4-5*. 

19. . 0 - 1 - a, aj4 5, a;4-r and 0 ?+ cl. 

20. flc* 4 3 o 3 4 1, oj* — 3 04 1 and 4 7£c* 4 1. 

2L a4 5, 54 c and c 4 a. 22. a — 5, 5— r. and — a. 

23. a 4640 , 54 c— a, c4a — 5 and a 4 5— c. 

24. •(‘*+y*, «*4-2/*» '< +2/ x—y* 

25. a* — a*4a7>4 5*, a4 5 and a— 5- 



CHAPTOR V. 

Mn.TIFLICATJ ON.— 0(m/< » iied, 

nmurijK akd thrir application, 

38* A formula is the most "eueral expression for any 
theorem respecting numerical quantities. 

39 The square of the sum of two quantities is equal to 
the sum of their squares increased by twice the product of the 
two ((uantities. 

Formula (a+b)^' =a‘+b* +2ab- 

Ei. 1. Find the square of + 
far + %)» = (3.c)* +(%)*+ 2(3, .■)(4//) 

= 9,1® +24ry+ 16^'. 

Ex> 2- Find the square of 2rt’’ + .5h*. 

(2u» + =(2ti»)« + (56»)» + 2(2a®)(56» ) 

= 4o» + 20a»6®+25h*. 

40- The square of the difference of two quantities is 
equal to the sum of their squares diminislied by twice the 
product of the two quantities. 

Formula (a— b)* =a* + b*— 2ab. 

Ex 1. Find the square of 2o — 36. 

(2o-36)* = (2a)» + (36)® — 2(2o)(36) = 4(( * - 12a6 +96®. 

Ex. 2. Find the square of 3o* — 46“. 

(3„4 _46»)* = (3a«)» + (46») ® - 2(3o* X46®) 

=9a»-24a*6» + 166»". 

41. To find the square of a+ fe+c. 

(a+ 6 + c)*a= {a4-(5+c)}* (considering & + c as one term) 
= a* +2a(6 + c)4* 
s=a* + 2ah + 2ac*f 2br+ c* 

=*a* -h + c* 4- 2ab + 2ac + 2lc 
= a* +6*+ c® 4*2a(f>H-c) + 2&(c) . . . (i) 
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To find the square of + 

( con&ideiing a+t as\ 
one term and c + das I 
another / 

= (a+ ly -h 2(a+ i)(c + d) + (c-f- d)* 

= a* + 2a5-f-h* + 2 af + 2ad,+2hr-^2bd + r* 

+ 2cd4- d® 

s=a*-f- 6 * + r® + d* + 2 at + 2ac+2a(i+26r 
' ~\-2bd-\~2cd 

ti* + 2 a(Zy + r + c^) + 25(c+if) 

+ 2c(d) (ii) 

Fioin (i) and (ii), ifc is plain that the square of the sum of 
any number of quantities is equal to the sum of the squares of 
all the quantities together with twice the pioduct of each term 
and the sum of all the terms which follow it. 

Formula (a+b + c+d+e • • . ) *=a* + + c® + d' 

+e* + +2a(b+c+d+e . • . ) +2b(c + d + e • • ) 

+ 2o(d+e • • • ) + 2d(©+ • • • 

Ex. !■ find the squarp of a:— ?/— r. 

{.f+(— »)+(—*)} ® 

= . > + (_ 2 ^). + + 2^-y-g) + (-2jfX-z) 

+ z^—2iy—2xz+ 2yz, 

Ex. 2. Find the square of 2x+Sy’^ 4:z, 

(2aj4-3//+ 42)* =(2<)* + (3?/)*-h(42)* + 2(2f)(3^+42) 

+ 2(3y){^) 

= 4.i>* + %* + 102 * -h 12xy + I 6 aj 2 + 242 / 2 , 
iVo/t.— -The rules stated in Articles 39 and 40 may be applied to 
deduce the Fcjuares of all multinomial expressions. 

Ex 1 . Find the square of a — b — c — d. 

= (a-hy^2(a-b)(c + d) + {c+dy 
= a*—2ab+b*—2{ae—bc+ad—hd)+c* + 2cd+ d* 
=a* + &• + c* + d‘—2ab — 2ac + 2hc — 2oti+26(Z + 2pd. 

Ex. 2. Find the square of d — y^z, 

{x—y—zy=!^ { (*< 5 —^)— 2 } * (considering x^y as one term) 
-(x— 2 /)*— 2(4;— 2 r)^ + z* 
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=ije*—2ty+y*—2sez + 2ye + z* 

=.e* + y* + 5 ’ — 2t‘y—2tz+ 2yz. 

42- The formalse of Articles 89 and 40 may be applied to 
the simplification of algebraical expressions. 

Ex. 1. Simplify (aj + y + s?)* + 2(a;+jy4-«)(a;— 2/— -) 

+ (aj— 1/— 5;)*. 

Let £t?-f?/4--:=5a; and — y — ; then the given expression 

=a» + 2ah + h*=(a+h)*. 

= (» + ^4-2? + ar— y — 2?,^ = (2a;)*s=:4<B*. 

Ex. 2. Simplify (at— &c + ac)* + (ah — &c — acY 
— 2(a& — ft6*+ac)^at — he — ac). 

Putting .t' for at— tc + ac and y for ah-^he-^aCf we have the 
given expression s= < * + — 2a?y- 

= (aj— 2 /)*— i (at— 6c+ac)— (at— tc — ac) } * 

= (2ar)* =4a*r*. 

EXERCISE 9. 

Find the square of each of the following expressions : — 


1. 

4a? +3. 2. 

11.*5-48« 3. Sadist. 

4. 

4w-|-6»- 5- 

aaj + 2t2/. 6- Satc-fc*. 

7. 

asc + hey- 8. 

mp+qn- 9- 3a* + 7t*. 

10. 

11. 

at + ac + tr. 12. a + 3t + 4r 

13. 

.c* + 2/* + 2?*. 14. 

2m+3w + 4p. 15. a*H-t*-f( 


a + 6 + 2a; + 3y. 

17. 4a + 3t + 2c-fd. 

18. 

aj + 2y + 82; 4* 4w. 

19. 4m+3n + 2p + 3^. 

20. 

p* + 2q* + 3m* 


find 4he square of each of the following expressions 

‘21. 

5* -3. 

22. 9..;- 7. 

23. 

al—ac. 

24. — 5a— 4<». 

25. 

4p — -Sg. 

26. —db—cd. 

27. 

5»c-o*<i. 

28. p^ — 2qr. 

20. 

1 

1 

30. 4a»-5cs. 

31. 

a— 3t— 4c. 

.32. 3a!— 4y— 5«. 

33. 

4p— 3m — »• 

34 a» — 25* — 3c*. 

35. 

a— t— a;— 2/. 

36. 2a-35-4«+5j/. 

37. 

a* — a— 1. 

38. 1000-2. 

39. 

500-7. 

40. 3000-15. 
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Simplify : — 

41. - (a + &)»±2(a4-?>)((i-Z»; + (a-6)». 

42. (a-~6 + c)»±2(a— &+f;)(5 + c— o) + (fe+c— a)*. 

48. (4a— 86)* dh2(4a— 36)(3a — 46)+ (3a “•46)*, 

44. fa6 + ac— 6f;)* i2(a6 + ac — 6c)(6c+a6— ac) 

+ (6c+a6-~ac)*. 

45. (2a* ± 2(2a* — 6* — c*)(26* -a* - c* ) 

+ (26*-a*-r*)*. 

Find the value of : — 

46. 4a* + 28a + 49 when a = — 4. 

47. 6*c*— I2a6c+36a* when a=4, 6=13 and c=2. 

48. 16/?* — 24299' + 9^* when 29= 3 and ^ = 4. 

49. 25i,jB+t/)* + 20(./‘+t/)2;+45* when aj = — 2, y= ~3 

and ;c;=12 

50. 9(a+ 6)* — 30(a+ 6)c+ 2oc* when a = 4, 6=3 and c = 6. 

43. The sum of the squares of the sum and difference of 
any two quantities is equal to twice the sum of the squares of 
the two quantities. 

Pomtaa (a+b)* + (a-b)*=2(a'+b''). 

44. The difPerence of the sqaarea of the sum and dif- 
ference of any two quantities is equal to four times the product 
of the two quantities. 

Ponaula (a+ b)*-(a— b)* = 4ab. 

EXERCISE 10. 

•Simplify : — 

1. (3a+7)»H-(3re— 7)*. 2. (o» +5»)».Ka»— 6»)/. 

3. (a*-t-6» + a6)»-4-(a‘ + 5'— a6)*. 

4 (.i;*— (»•— y*— 2iy)*. 

(a— 5-1-r)® -h (a — c + 6)*. 

•3. (o»-i-6»)*-t-(a»-5»)*. 7 . (3a4-8)*— (3a-8)* 

8. (p*-l-q^)*— (p*— 2*)», 

9. (iB' + y* +xy)*— (.(.* + y»—a!y)*. 
m (a*-6»+2a6)»-(a»-h*-2al>)». 

11. (.B— y-fay— («— s+y)*, 

12. 
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46 The product of the sum and difference of two quanti- 
ties is equal to the difference of their squares. 

Pormnla (a+b)(a— b)=a*-V. 

— Conversely, a® — ?>== («•!-?>) (a — ?>). Therefore the factors of 
— t® are a + h and « — b. 

Ex- 1. Multiply by 4a— 3h. 

(47 -f 36)(4a- 36)=f 4a)" - (3b)" = 16a" - 9b" . 

Ex- 2- Multiply a»-l-b" by a® — b**. 

(a® +b®)(a® — b®) = (a®)"~(b®)" ^a^-b". 

Ex- 3- Multiply an- b — c by b + c— a. 

(a+ b— c)(b-hc— a)={b-f (a— r)} {b— (a — r)} 

= b" — (a — c)" = b" — (a" — 2ac + c") 

==b" — a" + 2ac— c". 

Ex- 4- Multiply a"— ab-f b" by a"H-ab+b". 

(a" +nb+b®)(a" — ab-f b")= {(a® + b")-f ab} {(a" -h b")— ab} 

= (a" -fb")"— (ab)" 

= a* + 2a"b"-i-b'‘— a"b" 

= a* + a"b*-|-b*. 

Ex 5. Simplify (a5"-|-a;?/-fy")" — (.(" — a?y-b 2 /®)®. 

The given expression = +*<'2/ + **■ } 

= (2a5"-f 22/")x2a57/ 

= 4a!y(.i* + 2/*). 

Ex. 6. Find the value of (lOOO)"’— (999)". 

The expressions ( I OQO + 999 ) (1000 - 999) 

=1999x 1= 1999. 

Ex- 7- Resolve into factors (.r -f ?/)" —(a - b;". 

The expression = {(« + y)+ (a— b)} {C^‘ + y)~-Ca--b)l 
=7 + 2/-ba — b)(.<j+ 2/-- a-fb). 

Ex- 8- Resolve into factors 4a"b" ~25r^. 

The expression = (2ab)® — (5c")" 

«=(2ab+5c")(2ab ->5c®). 

Ex- 9* Resolve into factors a® —1 6b®. 

The expre8sion = (a*)* — (4b*)* =(a* +4b*)(a^ — 4b*). 

Again a* - 4b* =(a*)* - (2b")» « (a» + 2b")(a" — 2b» ) 

/. the given expression = (a* -h 4b*)(a" + 2b")(a*— 2b"). 
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Ez-10- Find the value of p* + 5* -f r* when 2^=2, 

<;=3 and r= —5. 

The expression = (^4'9)®— r* = (2^+^+r)C^ + ^— r) 

= (2 + 3-5)(2 + 3+ 6; =0 X 10= C 

EXERCISE 11. 

Multiply together : — 


1 . 

a6+cd by ah — cd. 

2. 

5a + 7 by 5a— 7. 

3. 

am-¥y^ by 

4. 

.•■y+yz by xy—yz. 

,5. 

4iX + 5Z> by 4ir— 5ie 

6. 

:ie»-76* by 3.< * + 76*. 

7. 

4ajt^— 5mn by 4ir//-|- 

8. 

p’^ — Sqr hy p* + 3qr. 

9. 

a+ 6 and a— 6. 

10. 

p+ 1, p— \ and p* + l. 

11. 

by 

12. 

. ■+ 7/+ z by x—y + z. 

IH. 

by 



14. 

a*+ a®+ 1 by a^ — a* + 1. 



i.n. 

+ by x^--2xy 



16. 

a + by a — 


17. 

a* — 2a + 1, < 7 ® + 2a + l and a* 

+ 2a*+l. 

18. 

«+ \/3« -h 3, «r* — 3aj-f-9 and a* 

-y/3,+3. 

Resolve 

1 into factors : — 



19. 

a* — (6 — r)®. 

20. 

(a+by — (c+dy. 

21. 

25a*-9. 

22. 

4a*.r»— 96*. 

23. 

49c*— '64d*, 

24. 

o*-816*. 

25. 

(a+ 6— c)*— fa— -fr)*. 

26. 

lOp* — 493 *. 

27. 

ir®— (2y— 32 ;)*. 

28. 

(4a-3c)»— 25a*. 

29. 

(3aj + 42/)® — 49c*. 

30. 

(2o+76)»-(4a-.55)». 

31. 

(4j 9— 59).-(3p+ 7g)». 

32. 

(wi — 3»)* — (3« — 91 ) * . 

3.3. 

( 0 — 26+3c).-(3«-26 + 

cy. 


34. 

( 2x + Sy — 4c) * — (40* — + 

2»)> 


.3.5. 

(3jp — 4^+0*“" 3g+p)®. 


36. 

(a* + 6*— c‘')»-4a*5*. 



Find the value of : — 



37. 

«*+«•+ 2«y — when se 

=3, 

y—2 and 5=5. . 

38. 

a* + o*— 2a5— c* when a = 

= 1, 

6 = ‘3 and c>^‘2. 

39. 

(49346)*- (49336)*. 



40. 

8434 X 3434- .3432 x .34:12 

1 . 
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46. The cube of the sum of any tw’o quantities is equal to 
the sum of the cubes of the two quantities, increased by thrice 
their product multiplied by their sum. 

Pormula (a-f b)« «a’ +b® + 3ab(a4-b). 

Ex. 1. Find the cube of 2i:4-3y. 

{2i+-iyy =(2.0»+ (32/)» + 3(2.c)(3yX2j) + 3y) 

= 8 .)» + 27y» + I8»y{2x + 3y) 

= 8®’ + 27y * + S6x*y + 54«y* 

= 8®* + 36B*y-|-54.i!y* + 27y* , 

Dx* 2- Simplify (® + 2 /)* +(a— y)® + 3(® — y)*(®+y) 

+ 3(«— y)(» + 2/)». 

Pnttinw a for x + y and & for x~y, we Lave the given 
■expression =a» + 6® + 36*o+ 36a® 

=a* + 6® + 3ab(a+ 6) 

= (a+6)» = {(.i;+y)+ s 

=(2.c)® =8®®. 

Ex. 3. If p + g=5 andpgssG, findjp® + g®. 

(^>+g)® =p» + g» -f 3pg(p+g) 

(•5)*=p* + g» + 3x6x5 

/. 125 =jt)® + 7® + 90. A + 7® = 125—90= 3.5. 

Ex- 4- If »+-=2,find 

X 


=a;3-^ + ^A = g53 + J_ 

\ ®/ X \ .</ OJ* 




i'3 


8=aj* + + g 

®® ’ 


®» +-£= 8 - 6 = 2 . 

,,3 


Similarly ...» + .1 = 2 : + J-=2, &e. 

os’* ^ 

The cube of the sum of three or more quantities can be 
’'deduced from the formula of Art. 46. 
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(a + 6 + c) * =5 {(a+ &) + c} * (considering a + 6 aa one term) 

=s(a+ + c* + 3(a + ?>)(c)(a 4- 6 + c) 

sssa* + 5* •hStih(a-h 6) + c® +3c(a+ fc)* + 3c*(a + 6) 

=^0*4- 5® + c® + Sa*h+Sah^ + 3(7a*4-3c5® + 6(76c+ 3c*a 

as=a® 4-6®-f c® + 3a5(a+ h)+Shc(b+r)-^ 3ac(a + r) 

' ■^6a6^ . (i) 

=a® + J® +c® + 3a*(fe4»c) + 36®(a+ r)4-3r®(a+ h) 

+ 6a6c . (ii) 

= a® 4- + c ® + 3a(/>® + c®)4- 3Ka® + c* ) + 3c(a ® 4- &*) 

+ 6a6c . (iii) 

= a® + b® 4- c® 4-3(a + b+rXaZ)4-ac4-7^'0~'^<^^^^ • • • (iv) 

= a®4-b®4-c® +3(a4“b)(b + ^)(c+a) (v> 

— These five forms are very import aht. 

47- The cube of the difference of any two quantities it-* 
equal to the difFerence of the cubes of the two quantities, 
diminished by thrice their product multiplied by their differ- 
ence. 

Pormtila (a~b)^ =a^ —b®— 3ab(a~b)‘ 

Ex. 1* Find the cube of 2r— 3?/. 

(2.('-32/)® = {2^y-CSyY- 3(2ir)(3y)(2.r-- 3y) 

= 8a;® — 27t/® — 18^y(2aj— 3y) 

= 8y® — 27?/® — 36<®y + 54®?/® 

= 8 1 ® - 36 < ® ?y 4- 54®?/® - 27?/ ® . 

Ex. 2. Find the cube of a — h — r. / 

(a— b— 'Cj®= {(«— 5)— c}® (considering a — h as one terra) 
=:(a—hy — c® — 3(a— b)(r)(a— b — c) 
a-a® — b® — 3a b(a— b)—c^ - Sr(a — b)® + 3c® (a— b) 

= a® — — 3ab®~3ca®“- 3cb® +6abc4-3c®c 

-3c*b 

= a® — b® — c® — Sal{a — 6)4- Shc(—h - c)— 3ac(a-- c) + 6abc. 
— The same may be deduced from the expansion of (a + 1 + c) ' by 
putting — h for h and— c for c. 
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EXERCISE 12. 

Find the cube of 


1. 

4a -h •3, 

2. 3f-h2y. 

3. 4b— 5o. 

4. 

ah—cd. 

5. 2p — 5g. 

6. .t.* + 2y. 

7. 

.cy + yz-^zi. 

8. cih^bc+ac. 

9. o»— b*— c*. 

10. 

a-h26— c. 

11. 

12. a + 2b + 3c. 

Find the value of : — 



13. 

H y* when 

,+ 2 / = 7 and fy=6. 


14 

?/® when 

( -yssOand fy=16 


15. 

a* + — when fl-h ==3. 16 a 

JLwhen a— ^ = 


a" 

it 

a* tf 


17. £B* + 2 /* + 15t2/ when + 

18. /)* + +6/)g when J9+ ^/=s2. 

19. t* — 

20. 8(*-~27t/® — 90^2/ when 2/ — 3y = 5. 

Simplify . — 

21. (a + 6+c)* — (a^-h6® +c'). 

22 . +(y- «)* + («— 0 ® 

23. (2a— 36)»- (26-.3(t)»-15(2<r-36)(2fc-3a)(a-6)- 

24. t® +3a!*y® + 3i*?/* + 'wben < =«+ b and y=a— 6. 

25. (a + 6+c)» + (o-rt-b)’+6c{r»-(a + b)‘}. 

48 . By actual multiplication, we can establish the follow- 
ing PormulsB : — 

(a+b)(a“— ab+b®)=a® +b® 
and (a-b)(a* + ab+b®)=a®— b*. 

Note. — Conversely, the factors oi a'' + 6 aieff + h and a®— c/J + fe'* and 
those 01 a® — b® are a — 6 and a® + nb + ?>-'• 

Ex. 1- Multiply 16 “*— ft® -hi by ((^ + 1. 

Putting for a® and q for 1, we have 
a* — rt® + 1 =:(a®)® — X 1 + 1 ® =p*—pcj + gf® 

/. — a® + l)t'7® + l) = (jo®— + =p^ + 

= + = 1 ® 

Ex- 2* Multiply 9(t®-hl2ff + 16 by 3a — 4. 

9a®+12a + 16=(3a)* + 3« X4+4-* 

= (aj® + oy + v^) (patting x for 3a <fc y for 4) 
/. (9a* + 12a+ 16)(3a— 4)=(< ® + ojy +2/*X^“"2/) “'I/* 

= (3a)»-4s==27a3 — 64. 
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Ex- 3- Resolve into factors o* + 27. 
a»-f27=a> + .Si* = (a-|-3) {a»-ax3+3*} 

= (o 3)(a* — 3a + 9). 

Ex- 4- Resolve into factors 125a*. 

( * — 125a * = ^ — (5a) * = (j — 5a) {.t* + .<; X 5a + (5a ) • } 

== (aj— 5a)(.<j* 4- 5aa; + 25a*). 

EXERCISE 13. 

Multiply : — 

1. 35* — 2.t}4- 1 by 2. 2. a;® — 9 by £c + 3. 

0. 4a*— 2a-Hl by 2a+ 1. 4. a®5® — a5c + c® by ab + c. 

5. 25a:®-— 10aj^ + 4^/* by &X‘h2y, 

6. 16a®-28a5+495* by 4a+ 76. 

7. l + 3a; + 9as* by 1 — 3t. 

8. a®-f 2a5c-b45*f* by a — 25r. 

9. X® +2aj + 4 by .♦*—2. 

10. w*+ 4 wwp + 16p®ft® by w— 4jp^i* 

11. 4tt®6* + 2a6® + 1 bv 2ad*— -1. 

12. a®+a*6* + 6® by a^— 6^. 

Resolve into factors : — 

13. .6*4-8. 14. p*+64. 15. 275V* + a*. 

16. 8a* + 3436*. 17. 125a:*- 1. 18. l-343a!*. 

19. 2166*c*-a!. 20. 64a*-276*fi*. 

49- When two or moie binomial factors have one term 
A-ommon to them all, their product can be readily written down. 

1. rommla (x + a)(x + b) =x* + fa + b)x + ab- 

The following may be deduced fiora the above foinfnla — 

i. (a;— a)(t — 6)=~a;® — (a4-6)a;-ba6. 

ii, fr+ a)(a:— 6) =.r* + (a — 6).<— ah. 

iii. (a: — a){t +6) — a’® +(6— a)a5 — nh. 

Ex. 1. Multiply .f’+ 7 by 07+ 11 
(a:+7)u +ll)=-ir®-+(7 » 1 1 ) a’+ 7x 1 1 =^ 0 *® + 18;c+ 77. 
Ex. 2. Multiply 35—7 by i +10. 

(a:-7)(a?H-10 -6»-i-(-7+10;t-K-.7)(10) 

— a:® 4 Oa — 70. 
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II Pormula (x+aXx+b)(x+c)«x®-f (a+b+c)x“ ’ 

+(ab+ac+bo)x+abc. 

Similarly (i + a)(jif + fe)(a;+ r)(a? + (2 )=k t* 

+ (a + fe+c + <2)t® 4-(a6 + ac + ad+hc+ hd’\-cd)x^^ 
‘^{ahc’^ahd + acd’hhcd)x+abcd. 

These results can be got by actual multiplication. 

We observe the following laws in Formulae I and II : — 

1. The number of terms in the product is one more than 
the number of binomial factors 

2. The index of the highest power of x is the same as the 
number of factors, and the indices of t decrease by unity in 
each succeeding term. 

8. The co-efficient of the highest power of x is unity, and 
the oo-efficients of the succeeding powers of x are the sum, the 
sum ot the products in pairs, in threes, &c., respectively, of the 
second terms of the factors, and the last terra is the product of 
all the second terms of the factors. 

Ex 1 Multiply together » -f 1, a + 2 and p’ + 3. 

(a?+ l)(<+2)(/ (l+2+3)<*^-(1.2 + 1.3+2.3)^r 

+ 1.2.3 = a;'' + 6»a4.ll, +6 

Ex. 2. («~2)((-3)'a’ -4) 

(a’-2)(i— 3)(«-4) = irs + (-.2- 3 -4)»» 

+ {(-2)x(- 3) + (-3)x(-4) + (-2)x(-4)}aj 
-h ( - 2) X (- 3) X (-4) = . 3 + 26»— 24 

Ex 3 (^r+l)(.-2)(aj-4) 

(ar+ l)(«-2)(af-4)-a:^ + (l-»2-4>» 

+ {lxe2)+lx(-4)+(^2)x(-4)}a’ 

+ lx(~2)x(-4) = aj3-5a2 + 2a:+8 

Ex- 4. (( 1 + b)(h •{■€)(( + a). 

(a-^ 0 )J)-^c)(j +«)=" {{a~\-h + c)-—t} {(a-h?>4-c)— a} 

{('f + /^-4-c) — 

= {a + h-r<y + (— c— « - 5)(a-i- 6-h c)* + {(— c)(— a) 

+ (-<) + + 

— (a 4 64 6)® — (a+ &4-c)® -h((^c + &r + aZ/)(f?+ h+ c)—ahc 
=: {ab+ar-\-hc)(a + h + c)--‘ahc. 
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EXERCISE 14. 

Write down tbe product of : — 

1. («+7)(a!+5). 2. (x+2)(»— 3). 

3. (x*-3)(x*— 5). 4. {x~3y)(x + 4y). 

5. (2a:-3)(2a!+5). 6. (a»+ 12)(3X-13). 

7. (» + 2)(.B+3Xa! + 4). 8. (,.-5)(a+6)(x-7). 

9. (2^— l)(2x-3)(2x+4-. 

10. (*-l)(* + l)(x + 3)(*-3). 11. (» + i)(.«+i)(.c+s). 

12. (l+a)(l+6Xl+cXl+d). 

13. (6+c— a)(f + a— li)(o+ b— c). 

14. (2a + b+c)(26 + c+a)(2c + tt+ &). 

15. {e+ a—b)(x + b—c)(x+c—a).. 

16. {y + s—2J)(z + a,—2y)(x+y—2s). 

50 . By actual multiplication we can get the following : — 

Pormula* (a+b + c)(a* + b“ + c* — ab— ac - be) 

=a*+b* + c*-3abc. 

Note. — Conversely, the factors of a’' + h'' + c’ —Sabc are (a+?> + c) and 
(n = + 6= + f” ~-ab-^ac^hc). 

Ex. 1* Multiply ic* 

Patting p for a, q for y and r for —z, we have 
(aj+ + yz) 

s=(p + 5 + r)(j9* + 2* + y*-'P3— g'»')==l>‘’+2® +r* — 

= + (—;:)* -3a?y(—;:)==.r8+y»-~:;»-|-3a52/z. 

Ex* 2- Multiply a* + 46* + 9c® — 2a&— 3ac— 66c by a + 26 
+ 3c. 

Patting p for a, q for 26 and r for 3c, we have 
('rt + 26 + 3c)(a* + 46® +9r* — 2a6— 3ac— 66c) 

= (p + ? d-'WCp® + + r® --pq—pr^qr) =p* + $* + r* — 3p3'r 
= fl» +(26)3 + (3c)»-3ri(26)(3c) =a3 + 86* + 27f * — 18a6c. 

EXERCIS/. 15. 

Multiply : — / 

1. u;* + ?/♦ + 2 ;*— £c® 2 /*— y* 2 ?®— 2 J*»* by .«* + 2 /* + 2 f®. 

2. a® +6®-fc® + a6+ac— 6c by a— 6— c. 

3. 4a>* + 9y* + «® + 6.ryH-2a;«— by 2»— 3y— 

3 
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4. 9p® + 25g* + 16 + 15/»3+122>— 20g hy ?p—5q—4, 
a. »»* + «>*+• I +«i«—m + » by 

7. •*'* + \ — ^ — -by.e+i+1. 

8. (a + b)* + (6+ (•)» + (c + o)* —(a + b)(6 + c) 

— (b+c)(c +a)— (c+a)(a + li) by 2(a + J + 0- 

c a 0 b c a 

51. Formula. (a+b)(b+c)(c+a) 
=a(b*+c‘)+b(c*+a*)+c(a*+b*)+2abo . . . (x)) 

=a(b + c)’ +b(c+a)* + c(a+b)*-4abc .... (ii) 
=a^— c)* +b(c— a)* + c(a— b)*-<-8abo .... (iU) 
=a*(b+c) +b*(c+a) + c*(b+a)+2abc .... (iv) 
=ab(a+b) +bc(b+c)+ac(a+c)+2abe . . . . (v) 
={a+b+c)(ab+ac+bc)— abc (vi) 

A'o/s. — Converselj , the faetors ot an expression of any one of the six 
forms arc (n + 6), (& + ‘) and (<'+«). 

Ez. 1. Multiply (a + 26 + c)(6+ 2r+ o)(c+2(i + 6). 

Putting p for a-\- b, q for l+i and r for c+ a, we have 
(o + 2b + c)(6 + 2f + a){r + 2(1 + b) •= (j) + g»)(gr + r) (p + r) 
=p(.q* + »■*) + j(p* + ’■*) + ’’(P* + ^*)-i-2pqr 

=(a+b){(6+c)* + (c + a)*} + (b+(){(oH-b)*+ (c+a)*j 
+ (e+a) {(o+ b)* + (6+()*} +2(a+b)(b + r)(f4-a). 

This can be expanded by Formula*. 

Ex. 2. Multiply (t+!/+z) by (a-y + y- + zx\ 

The product = (* + y)(y + s)(» + i) + .iyz 

= a*('y® +s*) +y(3® + ,(*)+ «(** +y*) + 3xyz. 

52- Formula, (a— b)(b— c)Cc— a) 

=a(b*-c»)+b(c^-a*) + c(a»-b*) . . . . (i) 

=a*(c— b)+b*(a-c)+c®(b— a) (ii) 

=ab(b-a) + bc(c-b)+ca(a-c) (iii) 

Noif. Con\erselj', the factors of an expression of any one of the 
three forms arc a— b, b — c and c — a. 

Ex Multiply s*)(3*— »*). 

The given expression *= (a — b)(6 — c)(c — a), patting a for 
as®, b for y® and < for ** 
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= {«(&* — c*) + 6(c* — a*) + c(o* — 6*)} 

= — s*)+y'( 2 *— .<*) + «*(')*- 1 /*)} 

— it/*:;*. 

63- Pomnla. (a + b + c)(a* + b* + c* ) 

=a*+b’ +c’ + a*(b+o)+b*(o+a)+c*Ca+b). 

(a+ 6 + c){a* + 6* + c*) = (a4-?> + r)fa*-h6* + c* - ah~- ac’^hc) 

+ (a + 6-+-c) (a6+ac-f 6c) 

+ 6® + c®— 3flr6c-f a*(6+-c)-|- 6*(c+ct) I 

+ c*((x + 6) + 3ci6c 

= a* + 6® 4-c* +a®(6 + c) + 6®(c+ a)+c*(a4-6). 
Vo/fi.— Conversely, the factors of « * + + + +«) 

+ / '*(a-f-2>) are a+?>4-<- and at® +5* +c®. 

Ex. Multiply (ic+y + 2) by T + 

The product = a;® -h?/® +2® + 2)+2/“C®’ +2)"h2“(aj-t-y) 

= aj® -j-y® + 84 -aj*y +y®ar+2f ® + ‘2y® + 4aj-f 4y. 

EXERCISE 16. 

Simplify by formulft' — 

1 (l+a-t-b)(a+b + ab). 2. + 

3. 2(*+y+;){(i +y)(<r+a) + (a!+r)(-+y) + (j+2/X-e + y)l- 

4. (i—2y + z)(y—2x+z)(x—2s+y').\ 

5. (a+6)«(?.-a)+(6 + c)*(c-6)+ (c+a)»(a-'-) 

+ (6— a)(r— 6)(a— c). 

6. (a -f 26 + 3c)®(a— 26H-c)-|-(6+ 2c-|-3a)*(6 — 2r-f-a) 

+ (^+ 2a + .36)®(c— 2a + 6) +(a — 26+c)(6 — 2(* + a) 

X fc— 2a-b6). 

7. v,! + 1). 8. (26 + c)(6-bf*)(-^'^ 

9. (2a + 26+r)(6 + r)(2c+2a + 6). 

10. (05* + 4y* + 9^**)( < - 2y — Sc). 

"■ (i*;) (^:) (^s) 

12 (a— 6) (6 —r*) (a — 26 -be) -t- (6 — c)(c— a)(6 — 2c-ba) 

+ (c — a)(a — 6) (f — 2a + 6) 



CHAPTER VI. 
DIVISION. 


54- Division is the inverse of Multiplication. In Multi- 
plication we determine the product of two given factors ; in 
Division we have the product and one of the factors given, and 
our object is to determine the other factor. 

When one quantity is divided by another, the former is 
called the dividend, and the latter the divisor ; the result is 
called the quotient, 

55. Bde of Signs. — “ When the dividend and the divi- 
sor have the same sign the quotient is positive, and when they 
have difEerent signs the quotient is negative. More briefly, “ like 
signs produce -f* and unlike signs — 

Thus = = — 6; =— 6. 

-t-a — a — a -fa 

56- There are three cases in Division 

First Case. When the diviaoi and dividend aie both simple 
quantities or monomials. 

Uule . — “ Write the divisor under the dividend in the form 
of a fraction and divide the two terms of the fraction by all 
the factors which are common to both and prefix to the result 
the proper sign.” 

Ex. Divide l&in^np by 

The dividend = 2x 8 X mXmxwxjp. 

The divisor = — 2x3XmXwXwxp, 

, ,, x- i. 8Xm 8m 

. . the quotient = — = — — . 

—d X 71 fSn, 


When the dividend and divisor are powers of the same 
letter or quantity, we subtract the index of the power in the 
divisor from the index of the power in the dividend, or vice versa, 


according as the formei index is less or greater than the latter. 
Thus = = and^ = — 


Generally, when 7n and n are positive integers, 


a” 


0 ”-** when ia>n. 
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T 3 i^« ^ a X a X a .... to m factors ^ 

For ^=— — =aXaxa .... to 

a aXaXa....ton factors 

(m — n) factors = a”*”**. 

Also %.<= when n>m* 

Bt 2k 

Yqj, a”*_ aXaxo . . . tomfactors ^ 1 

a'' a X aX a . . . to w factors aXay^n to (n—m) factors 
1 


To prove that a" = i- 

111 — - =a"*“", let m = 7u Then ^ ; or 1 =a”. 

a" a** 

JSTo/e. - Any expression raised to the power of 0 is = 1. 

EXERCISE 17. 

Divide 

J. ax by —a. 2. ahx by --b. 3. by — 3a6ic. 

4. — 14a*6*r® by 5. a*(& — c)“ by a*(h— f’)®, 

6. aaf’“ 2 /’* by 7. a”*+^2/'* ^7 

8. a;«*- Y»+«iy8“ by 9. a:""'' x «•»*'+*" by 

57. Second Case. When the divisor alone is a simple 
quantity. 

Buie . — “ Divide each term of the dividend by the divisor 
and add the quotients.” 

Ex 1. Divide ab + ao by a. 

Quotient =^-|-^=h + r. 
a a 

Ex. 2. Divide 14sx^ySx^z + by 2tyz. 

^ .. , \4iX^y , 6z^ 

2xyz 2tyz zxyz 
__7x__4x* j^Sz^ 
z y xy* 

58. Thud C<\SG. When both the divisor and the divi 
dend contain more tJia^i one term* 

Buie . — “ Arrange the divisor and the dividend according 
to descending or ascending powers of some common letter, 
divide the first term of the dividend by the first term of the 
divisor, the quotient obtained is the first term of the required 
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qaoiient ; multiply the divisor by it, and subtract the product 
iroin the dividend (biinging down only as many terms of the 
dividend as are necessary); repeat the operation, using each 
new remainder as dividend, till all the terms in the dividend are 
exhausted and the remainder vanishes ; or if the remainder 
does not vanish till we have as many terms in the quotient as 
we require, then set down as the last term of the quotient the 
remainder over the divisor in the form of a fraction/* 

Ex. L Divide 1 + + + Sx by x+ 1. We first arrange 

according to descending powers of x, thus : — 

Divit^oi Dividend* (^oiient. 

£r-|- l)x^ + Sx^ -h 3a’ 4 - 1 ( 0 ** -h 2 a’-f 1 
a^4- 

2a;® -P Sx 
2 a;® + 2 a’ 

ai+l 

a’H- 1 

Ex 2- Divide a;* 4-64 by ®-p 4a’ +8, 
aj*4-4< 4 “ 8 )a;* + 64 (.<® — 40*48 

—4sx^— 8 a;® + 64 
— 4fl;3 — 16g® — 32a; 

8 aj® 4 " 32* 4 64 
8 a ;®4 32.r + 64 

Ex* 3* Divide — (a 4-/^+ c)a;® + (bc + ca+ ab)x 

— ale by a;* — (b-h r)x+ he. 

a’* — (?; + r ) / 4 hcyi ^ — (a 4- Z/ 4- c>« ® + (Z^c 4 - ro + a 6 ) 0 * — n hc{x — a 
x^ — (b+r')x^ ^ hex 

— a,( * 4 {ra ’^ab)x~ahr 
— ax^ 4 (aZ?4-ac)a;— aZ^r 

Ex. 4 . Divide a ® 4 5® 4-r® — 3a&r by We first 

arrange according to descending powers of a, thus • — 

rf4-(64 r))a® — 3a6r4-(6® 4 -r®)Co® — (&-s r)a4“(Z>® — 6 c-pr®) 

a® 4 a*(b 4 c) 

— c' ® (Z? 4 r ) — 3a.6c4- (Z/® 4- c® ) 

— ar®(t4‘c) — (Z/4 c)*a 

(Z?* — fcc4c*)o4 {6®4 -c® ) 

( Z>® — hr+r^) n 4" (^®4c*) 

— The quotient may be written from the formula a*4Z)’'4cf 
(a 4Z> 4 c)(a-‘+ h - 4 r= — a?)— tr— ar). 
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Ex. 5. Divide + dt + SG by 4».® + 6 ( •+*9. 

4»2,-|-6a? + 9)]6a!*-|-36iC* + 6aj + 86(4r*-6a?+ 9 
16 r* + 24 -f 36ic* 

— 24jr* +6aj+ 86 
-~24a>’^~86r^— 54.T 
36a;* 4- 6Ux 4- 86 
36a>*4-54a; + 8[ 

6, **4-5 . . liemainder . 

Tbiis the quotient is4t.‘* — 6.r4-9 + ^ . . 

4a5 ^ 4“ 6 “I” 9 

Koic If in dividing M by A', wr linvo Q for the tiuotionr uiid ft 

for the* rtnnaindcr, then '^,=^4 3/= .V(^+ ft. 

EXERCISE 18. 

Divide • — 

1, a;'' 4- 2 <* 4-8, i; by 05. 2. a’^ — a?’'42/“ by — 

3, f/*a3* — hy f(*A * . 4. abr^ + Nh^r -^a^hr by al> -. 

5, 9^/"5+27(7«?;"-8Dr7>« by — 27(^26*. 

6. a’”"‘‘ * 4 ^ 4- ,i by 7 . a* 4* 3,<'4- 2 by a; 4 1 . 

S. ./ ® — 7 4-10 6}’ a' — 5, 9. 6a>® — 13£c-h6 by 2f — 8, 

10. -4 8.<i — 1 by a;® — 2 < 4- 1. 

1 1 - 3,r — lOaj® 4- 4 6 by x ® — 4a5 4 3. 

12. a *'' — ((^ by x’^ — 2aa;® 4 2{r®.<’ — tf^. 

13. — ’{'(( by »® — 2(ix~{-a^. 

14. a?'‘ + 64 by x^ — 44 j 4-S. 

15. .r ^ — 256 by x^ 4 4a;® 4 IGa, 4 64. 

16. ,f 4 2187 bya;43. 17. x — 13a; — 80 by .«® — 2,»'4 3. 

18. 1 — 5r*4-4a;® by (I — -O®- 

19. .‘b'"’ — 1 0a;*7/4 16.<^®7/* — 12.t;®2/^ + 4- 2;y® by fa;— //)*. 

20. 21a;» — 2fl?* — 70.< 3 -23a;® -4 33.^4 27 by 7a;®-44»— 9. 

21. l-4.(’4.c® 4 ,r® 4a;^ 4 a® 4-;r ’ 4 -.(j* 4 4 .<d « by I— a*® 4a®. 

22. a -’ — 2aa;® 4(rr® — ft®)a;+fT®64rt?>® by a — a — h. 

23. .t(.f — l)a® 4-(a'® 4-2aj— 2V® 4-(3.r» — a?®)cr — x^ by a^x 

4-2f/ — a;*. 

24. (a;''— y®)a® — (a® — a;® 4*?/® — * — (4a;® 3xy+2y^)a 

S(x+ y) by (x—y)(a^^a)-3. 

25. 3(c—2>)a® — (c* -*6®)a4 r®(c — 36)4-6*(3r— 6) by 3a* 

— (5 4c)a4(5-c)*. 
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26. a*(6+c) + &*(a-Hc)+c*(a-H6)+3a6c by a+fe + c. 

27. a*(6 + c)— 6*(a4-r) + <**(a4*&) by a— 6 + c. 

28. + c* + a*(6+ r)-|-6*Cct+r)-|-r*(aH-6)by a*H- &• +r*. 

29. »* + 2/® — 1 + 3aj?/ by .< + y— 1. 

30. a® — 86* — 27c® — iSafcr by a - 25— 3 l*. 

31 aj* — y* + 2* + 3«y^? by a;— y+5:. 

32. 8a* — 276* — c® — 18a6c by 4r7* +96* + c*-f-6a6+ 2ac — 36c. 

33. a(6-4-c)* + 6(c +a)* +c(a+ 6)* — 4fr6c by a + 6. 

34. a(6— c)* + 6(c— a)* +c(a— 6)* + 8a6c by 64-c. 

35. a6(a+ 6) + 6c(6 + c) + ra(c-^f7) + 2a6c by c + a. 

36. a(6* +c®)+ 6(c* + a*) + cCa*4-6*)+ 3a6c by a6 + ac+ 6c. 

37. a*(6— c) + 6 *(c— c*(a — 6) by a— 6. 

38. ah(a—b)-hhc( - v;4-ca(c— a) by 6 -c. 

39. a(6* — c*) + 6(c* — a*)4-c(a* — 6*) by c— a. 

40. a®(6— fc)+ 6®(c— a)+c®(a— 6) by a+6+c. 

41. a*6*(a— 6) + 6*c*(6— r)-f ^ ®a*(< —a) by a®6 — 6< ® 

— ac* -+-a®c. 

42. a®(6® — c*)-h6®(c*— a*) + c’(a® — 6®) by a6+'ac4-6c, 

43. (ay — 6 ()*+(^^ — + a2;)*'+'(^a«-l-6y+c2?)* by 

a* + 6® + c® and by <*-f 

44. 4a*6*— (a* + — by the product of a + 6 + c and 

a-|-6 — c. 

45. (a — 6)»® +(6®— a®)a; + a6(a® — 6*) by (a — 6)u +a®— 6®. 

46. .r« - (a® + 6® + 1> * + (a® 6® + a® + 6®)** — a*6® 

by ./* — (ct — h)f — ab. 

47. (6®—^ ®)<^ + 2c(6— a)a; * 4* — a)(c + a— 26)/® 

+ 2a(/ — b)jc-^a^ — b* by (6 — + (c— a)ar-4a— 6 

48. a‘>(a»-156®)4 5a^6*(17a® - 456») -f 26®(137a®-606*) 

by a»— l2a*6* + 47a*6*-606®. 

49. ay* + (a + 6)y* -|-(a4-6 + r^'y® -H(a + 6 + c)y* + (6 + c)y + c 

by ay® + 6y-4 • 

50. »* + i-+ 3 ^«® — 4 by aj+ L 

\ X*/ \ X/ X 

51. (4»® — 3a®flp)* + (4y® — 3a*y)® — a® by ./*+y* — a®. 
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Continued, 

59. i^maindor T^ieoroin. When an algebraical expres- 
sion in aj is divided by x—a, the remainder is obtained by 
substituting a for x in the expression, 

Dividingj9a3®-f-gfaj-f y by x—a, we have 

x—a)px^ +qc^r(jpx^n!p'¥ q 
px^ — a px 

qj-^r 

.t ja p+q)-^ a{ ap’^ q) 
pa^ -^qa-^r 

The remainder is the same as the given expression with a 
written instead of 

If we divide +_pa:* + ^«*-|-ra5 + s by .c— a, the remainder 
will be a* +jpa* + ga®-hra4-i»-. 

Note , — When an expression in a is divided by «+a, the remainder is 
obtained by sabstituting— a for (B in the expression, [v * + 

If pm^ + px+r be divided by aj+a, the remainder will be pa® — ga+r. 

If we divide px^-j~qx* + by »+a, the remainder will 

be — pa® +fj'a* — ro® — ^a+ {/. 

60- In order that one expression may be exactly divi- 
sible by another, the remainder arising from the division must 
=0. Hence, the rule for finding the condition of perfect divi- 
sibility is “ timde (ts possible in the ordinary way,, and 

then put the remainder ^0, Knd deduce the necessary condition, 
from this.^* 

Ex* What value of x w ill make x^ — 5aj* + 4as-- 16 exactly 
divisible by £c*— 3*— 7 ? 

Dividing in the usual way we get for the quotient x—2 
and for the remainder 5^;— 30. For perfect divisibility, this 
remainder 5 . 1 ;*— 30 must=0. •*. 5a?=30 ; or .c = 6. 

61. An expression such as p.v* + px^ tJi^ + sx t will 
bo exactly divisible by .6— a: if the rsmainder arising fiom th#5 
division, viz., + ^a^-l-ra* +sa+^=0; and by £c + a if the 
remainder, viz., y?a* — ga^-f-ru*— sa+f =0. 

In other words, an^expression in x is exactly divisible by 
.t— Gf, if it vanishes when a is substituted for x ; and by »+ a if 
it vanishes when —a is substituted for x. 
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Ex- 1- aj*— a* vanishes when a is put for .r and also 
when (—a) is pat for t ; therefore — a* is divisible b}’’ 
* — a and ^ +a. 

Ex. 2. — a* vanishes when a is put fora*; therefore 

it is divisible by .i — a. When ( — a) is put for .v, it does not 
vanish ; therefore it is not divisible by a 

Ex* 3* To prove that .i” — a" indivisible by a;— a. Since 
vanishes when a is put for s /. a?” — a" indivisible by -a. 

Ex. 4. To prove that aj" + a" is divisible by aj + u when n is 
an odd integer. 

Since vanishes when we write ( — a) for /• it is 

divisible by.o+a . . + — «)''+«" = — a" + a" ~0. 

( — a)" = — a". V n is odd] 

Ex. 5. To prove that on' — a is divisible by + a when 'n is 
an even integer. 

Since af”— -a” vanishes when we write {-rtu) for /, it is 
divisible by -f- a. [«”— a”= (— a)”— a" =a"— a" =0. V is 
even]. 

Ex. 6. To prove that — a" is not divisible by a;+ u when 
n is odd. 

The expression does not vanish when we write (~u) 

for , therefore it is not divisible by x + a. [<" — a = — 2a"]. 

In the same way it can be shown that .< " + a’ is not divisible 
by ic-f-a or by a? — a, when n is even 

The results arrived at in Examples 15, 4, 5 and G may be 
stated thus : — 

2” — a" is divisible by x — when n is odd oi even, 
x'-a” is divisible by x + a> when n is even. 
s"-a” is not divisible by X + a> when u is odd. 

X” + a’* is divisible by X+a» when n is odd. 

X'* + a“ is not divisible by x+ a? or X“”a, when n is even. 

62 I. By actual division, ? — = r-i-ff ; ^ 

A — fi X — a 

=»»(/*+ aja -ha* ; t = 0 ;* + .<®a+ »a*+a® ; &c. 


X — a 
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We observe that the number of teims in the quotient is the 
same as the index of the power of a; or a in the dividend ; that 
the terms are all positive ; and that while the indices of the 
powers of x decrease by unity, those of the powers of a increase 
by unity in each succeeding term. 

Therefore = + »£/» + 

X — a 


II. By actual division, ^ 

x+o 

= — .( — a’u'* + u ^ ; &(*. 


= aj“— 


x + a 


We observe that the terms in the quotient aie alternately 
positive and negative ; and that in other respects they obey the, 
same laws as those of 1. 


Therefore ^ ^ — x" “o + a’' '* 0 ®+ -i-aj®o 

x-ha 


ITI. By actual division, s=x—a; 

^ x + a 

— =(>-3'»a+a-a-* - a* ; 
x+a 

= + ^ ** 0 * — + xu^ — a’ ; <fec. 

x + a 

Here also we observe the same laws as in II. 


Therefore ^ ==.^'- 1 — 

a;-|-a 

Ex* 1* Write down the terms in the quotient of — 
aj* ^ + y* ^ 

+ * kl 1*±^^ )!=(*')»- .)■' v’ + (y’ )• 

x^ + y^ is' + y’ 

+ 2 /^** 
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Ex. 2* Shew that (a* +&c)"— a’*(&+c)" is divided by 

(a— 6)(a— c). 

Let a* + &c=.<' and a(fe+c)=y ; then 

.( — 2/ == a* + &c— a( 64 - c) = a* + &c— afe — ac = (a — 6)(o — c) 
.tod (a® -H 6c)“ — a"(6+c)* ~ (a*+6c)" — {a(& + c)} "a*.*.’* — y** 
m\ It is divisible by x — y, i.e., by (a — &)(o~c). 

Ex* 3* If +6*’'+^ be divisible by a® + 6®, shew that 
«— 1 is a multiple of 3. 


3w4- 1 «»4- 1 

. 1 , 2w + 1 


is an odd number 


Since this is divisible by 


=2jp + 1 (general form of an odd number) where 

p has values 0, 1, 2, 3, &c. 

A 2n + l = 6p-f3. A 2n^2^6p. A l=3p. 


Ex. 4. 5 »— 4 ii— 1 is divisible by 4* or 16. 

+ 5+1) — 4w 

=4{5”“^ + 5**"'* + 5"“*+ .... +5+1— w} 
==4{(5 -i-1)+(5»-®-J)+(5”~®-1)+(5-1) + (1-1)}. 


Splitting n into n ones^ 

= 4(5-1) {(5""® + +l) + (5”-"+ +1) 

+ &C +1} 


= 4® or 16 j do }. Since 4® or 16 is a 

factor of the given expression, it is divisible by 4® or 16. 

EXERCISE 19. 


Find the remainder in each of the following without actual 
division: — 


1. when divided by aj— 1. 

2. ax^ + + c« + d by a>+p. 

3. px^-^qx* + ra!+ 4 by oj + a and by a. 

4. ttoj* + 6aj* + cuj* +d«+6 by .tj— 2 and byaj + 2. 

5. Twa® + +^rt® + qa* +ra+ 8 by a— 5 and by a+b. 

6. 3?/®— 2v* + 3«/®+4v*— 6!/ + 3 bv v+1 and v— 1. 
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'What valae of x will make each of the followiDg expres- 
sions divisible by the divisor opposite to it ? — 

7. oj®— + 3 by 

8. aj*— +4.i;-|-34 by 3aj— 7. 

9. »»— 2.U®— 5.«^* + 20.t;®-33a!* + 20j; + 15 by a;»~2uj+3. 

10. 3a?*a + *W* — 9a* by 4a and by «— 2a. 

11. Find c so that »* + 7»-|-c may be divisible by ,^ + 4. 
Shew that each of the following is divisible by the divisor 

opposite to it without remainder. 

12. a*(5— c) +6*(c—a)-h<’®(a— h) by a— h^c and r — a. 

13. a*(& +r) + &*((• + a) + r*(a + Z/)+2u6c by a+5, h+c and 

c+ a. 

14. a(&* — c“) + b(r*— — 6*) by a—h. 

15. (a+ 6-t-c)*— a* — i®— c* by a + 6, fe + c and cH-a. 

16. «* — '3a? + 2 by a;— 1. 17. a;* +3( +4 by .< + 1. 

18. a;*” — 2 /*’‘by .< - 1 - 2 / and .<— y. 

19. o’‘(5— + r”(a — b) by a— 5, 6— c and c— a. 

20. (a; + y + :;)®— a;* — y®— ir* by a; + y, y + s:, and z-i- x. 

Write down the quotients of : — 

21. a;* — y®byaj* — y®. 22. a;^ *-hy^ ® by a;* -f y*. 

23. + by a®-|-y®' 24. ^ + y^ by < » ^ H-y"* ^ 

25. — y*® by a;®4-y®. 26. — y^®by.<* + y*. 

27. Shew that (.< * -f y*)”-h {3a:y(»+ y)}” is divisible by 

(« + y) * if n be an odd integer. 

28. Shew that (j- +4)*" — (7.< + 22)” is divisible by (.<• + 2) 

X (sB-l" 3)(aj+ 7). 

29. Shew that (a6)”— (fee)” +(cd)”— (da)" is always divisi- 

ble by db — 5c-|-cd — ad, 

30. Shew that (a;® -f-y®-|-^® )*"■*■' + 2.4"(a;y-|-y:; + iKc)*"‘*'^ is 

divisible by (a;-f-y + r;*. 

31. (a* + a5 -1- 5*)'*+ (a® — a5+ ?<®)" by 2(a®-|-6*) if n is odd. 

32. If a*”**"^ be exactly divisible by a®^ + 5®^, shew 

that n— 10 is a multiple of 21. 

33. If a"-h6” be divisible by a”*+ 6*”, then n^m is a 

multiple of 2m. 

34. If aj^-fy" be divisible by as^’+y^ then a— 5 is a multi- 

ple of 25. 
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35. Prove tbafc — — \ — i is divisible by a—h. 

a — 1 o— 1 

36. If 4* be divisible by prove that 

w— ^ is a multiple of m. 

When u is any positive integer, 

37. Prove that 4” — 3n— 1 is divisible by 9. 

38. Shew that 5(5’* — 1) — 4n is divisible by 16. 

39. Shew that 11" — lOn — 1 ends in two cyphers. 

40. Shew that a?"— (a?— l)w— 1 is divisible by (a;— 1)®. 

41. Shew that 6*” -—3*’* is divisible by 3®"*^^ . 

When n is an even integer, shew that 

42. 4"+5w— 1 is divisible by 25. 

43. 7“+ 8n — I is divisible by 64. 

•14. 9"+ lOw— 1 ends in two cyphers. 

45. a?" 4- ( < 4- l)n— 1 is divisible by (»4- 1)*. 

46. Tf « be any positive integer, prove that 

+ («— l)a" is divisible by (< — «)*. 

47* Shew that 4.2*“ 4-2^‘’“*’^‘4 I is divisible by 9. 

48. Shew that (I— u/)®” — (4 — 7x — .«•)" is divisible both 

by 2 /—I and a; + 3, n being any positive integer. 

49. a** 4 - 2 ®’* (aj® •+• 1)” is divisible by (<’®*f2)* if w is an 

odd integer. 

50. 3{(a4-6)®’*‘‘'^ — a®’*'*’^ — 5®”*^^ } is divisible by (a4-5)® 

— a® — 

51. (l4-c)“(l 4 5)”(64 c)“4 is divisible by 

(54-r4 1)(6c + Z/4 c), n being an odd integer. 

52 To 4- by(b+ cY(c + a)’* + a’*5“c“ is divisible by 

(a 4 h + c)(a64-ac4 5c), 9t being an odd integer. 

53. (a 4 54-c)®“ — 3’*(a-4-5)’*(54-r)“(c 4 a)” is divisible by 

^3 4fcS 4(^3^ 

2yI'^7?2> 

54. If 4-5®“+^ be divisible by 4 then — — ^ 


IS even. 



CHAPTER VIII. 

FACTORS. 

63- Prom Chapter V it ia seen, that a product is row- 
posed of factors, one of which is the multiplicand and the other, 
the multiplier. A product may, therefore, be called a compound 
of elements which are its component factors. When these fac- 
tors have to be found out, we have to resolve or decompose the 
product. The process by which this is effected, ia called the 
Resolution of Expressions into their component factors. 

HxpressioiiB of the form a* — b* or those whioh can be pnt 
into that form. 

We know that a*— h* =(a+ 6)(a— &). 

Ex. L = 

Apraiu = (a“)» — (h*)® =(a* + 

= (a« + h«)(a + 6)(<i-h) 

the factors of — are (a* + 6*)(a®-|-6*)(a-|-h)(a— 6). 

Ex. 2. + + = + 

— (aiy =(a* + 6* +a6)(a^ + h^^ab). 

Ex- 3. .t* + 4 = (a;*-f4.c*-|-4)— 4t» = (.(;* 4 - 2 )«— (2jj)» 

= (.^*-t-2 + 2a;)(jr-a + 2-2ir). 

Note. — In the 2nd and 3rcl examples, the given expression is made a 
perfecl square by adding a perfect square to it. 

Ex* 4- — 2h(j — r® = a* — (h® + 26c+ c*) =a* — (h + c)* 

= {o f (h-f-c)} {a— (h+c)} =(a + 6 + c)(a — h—c). 

Ex. 5* (a® + &®— c*)* =(2al))* — (a® + 6®— r®)* 

= {2^h + (a« +5®— r®)} }2ah— (a® -f 
= {(a"4-2^^ + 2a6)-c»} {c* — (a* + — 2a6)} 

= {(a+h)2-q!} {o’* — (a— b)»} 

= {(a + h)-l-r} {(a + h)— {c-f(a— ^)} {c— 

= (o h h + ^ )(a + h — r)''r + a — h)(c— o + h). 

Ex, 6* a?* — 18aj®y® + 2 /^ + 2 /t — 

= ({6^ — t;®)®— (4*2/)* =(«* — 7/® •4'4fy)(a:*--y* — 4jry). 



48 


ALGEBRA. 


[chap. 


EXERCISE 20 - — (See B,cercise 11). 

Resolve into factors 

1. + 2. 3. +ai*y*-+ 

4. a®— 8J. 5. a;^® — 256. 6. .v^ + x* + y'^ ^ 

7. aj® + 64. 8. 4a* + 8], 9. a'^ + 46^, 

10. «* + 2aj*+9. 11. .«^-7a;* + 9. 12. 4a* + 3a» + 9. 

13. 9a;®— 33.ti»+ 16. 14. .i® + 8a;* + 144. 

15. 9a;®— a* + 16. 16. 9a® — 19a®a;* + 25/ ♦. 

17. 9»®~25a:» + 16. 18. 46® + 625. 

19. «* + 4t/* — 95?*— 40*?/. 

20. 16a*6»— (a*+46^-c®)^ 

2 1 . 4(a6 + c(i)» — (a* + 6* - - d*) * . 

22. a® — 2ah — c® + 2hc. 

23. — 2(Ad — he), 

24. a® — 6® + c® — 2a®c® + 4a6®c. 

64. Expressions of the form a’+b’ or a® -b*- 

We know that a® ±h* =(o±6)fo*Tab+ fc*). 

Ex- 1- a‘-6® = (a»)*— (6»)*=(o»-^-6>Xo»-?r'') 

= (a + 6)(a® — ab+ l*)(a— 6)(a*-^-a6+ i>®). 

Ex- 2 - 8.4-..»=2»-i-*® = (2-ha:)(2»— 2a-f »■») 

= (2-f.c)(4-2.e+.t»). 

Ex. 3- 27-..»=3»— 

= (3-*)(9-f3*+<r»). 

EX- 4. a® + 3a*6+3a6* -f 26® =«■'-<- Ji® + .3a6(a+ 6) 

6® = (a-j- 6)® + 6® 

= (a-|-6-l-6) {(a-t-6)* — 6(a + 6)+6*} 

=(a + 26)(a® a6 H- 6*). 

EXERCISE 21 - — (See Exercixe 1.3). 

Besolve into factors : — 

1. .e®— 8. 2. a® •►27. 3. a’>x*y + 27x*y*. 

4. x*—2xy’‘ + y*. 5. as*— 2.i;®y + 3»y®. 

6. (o*— 6e)® ■►86»c». 7. a:*+.e»— 2. 

8. o*— 3a* -►3tt-t- 7. 9. (a+6)* — (6-tc)». 

10. 81a»-37j. 11. a*+.3a*-t3a— 26. 

12. 2a* 3o* -► 3o -t 1, 13. (a-t-y-f*)* — a;*. 
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65. Sspressioss of the form + pz+ q. 

We know that ?>) (a-|- 6 yr+a 6 . 

(x — V) s=s .1* — («+?>)'+ oJ). 

(.r+a) (a?— 5)=^ * + (a — i!))a!— at. 

(r<‘-~a)(.tJ + 6)s=.*'* — (a— a6. 

To resolve an expression of the form .» * + j 9 r 4 .gr into factors, 
we have to find by trial two quantities a and h such that 04-6 
«sp and (th^q. 

Ex. 1. u;* 4 - 7aJ + 10, Here a + 0 = 7 and ah = 10, therefore 

(2 = 5 aiul 6 = 2 . 

/. q. 7 ^^ 10 4 - (5 + 2).r + 6 X 2 = (.r 4 - 5) (.* 4 - 2). 

Ex- 2- i — 12('4-3.5. Herea + 6=s= — 12 and a6 = 35, there- 
fore a = — ' 7 and 6 = — 5. 

A aj“ — 12 * 4-35 = Of® — (7 4 - 0 ) 0 :+ 7 x 5 = (o:— 7X'<^’ — b). 

Ex. 3- «< * + 40. Here a + 6 = 3 and ah^— 40, therefore 

a= 8 and 6 = — 5. 


A . ® 40 = <( ® + (8- 5>(~ 8x5= (. + 8)C» - 5) . 

Ex- 4 . .c* — 5( — 36. Here a + 6 =— 5 and a 6 = ^ 36, there- 
fore ^/ = — 9 and 6=4. 

A .r®-5»-36 = . * - (9-4)a;-9x 4 = (u -9)(.(' + 4). 

Ex. 5 »® 4 -(c— a)a:+ (a-~6)(6 — c). 

Here the sum of — (a — h) and —(h — c)=^c^a and their 
product = (a — h)(h—c ) . 

A .» ® 4 -(c— a)a; 4 “(a— 6 )( 6 -~c) = a;* — (a— 6 -f 6 — c)a:4*(tt— 6 ) 
X ( 6 — f) = (a— 6 )} {a:— ( 6 — c)} =C»-'a 4 - 6 )(,T— 6 + c). 

Ex. fr (uj®— 6. 

Putting y for a?*— we havey*— y — 6 = ?/® — (3 — 

8 X 2= (y— 3)(y + 2) = (.e»— ®— 3)0- •— .-B+ 2). ^ 

66 . Egressions of the form ar*+ta+c.- When a is 

a perfect square, the factors may be found by the method of the 
previous Article, or by writing the given expression as the 
difference of two squares. 

When a is not a perfect square, if we multiply and divide 
+ 6 < + c by a, we get i {a Xa.c* 4 * 06 < + ca} = - (a*aj* + a 6 j.* 

+ ar)= ^ {(a.e)* + 6 (a(’)+ acj =-^ (t^* + iy+ac), where y =a*. 
a a 
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Now the expression y* + iiy + ac may be resolved by the method 
of the previons Article^ 

Ex- 1- 4<i* + 14i!-hl2 = (2,c)»-H7(2»)-hl2 
= (2e) » (4+ 3)(2 . ) + 4 X 3 = (2® 4)(2,«-h .3), 

or thus 4**-+- 14a-H 12=4<*-(- l4c-(- 12— * 

“G) (2' + ^-5) = (2.«+4)(2«-h3). 

Ex- 2- 9i*+30«i!+24=9a*-f 30.l^-^25— 1 
=(.3.c -t 6)»- 1» = (3,e 5 -H 1) (3* 5- 1) 

= (3x 6)(.3a’ 4) = 3( c + 2)(3.e + 4). 

Ex. 3. 2ji*-H5a:-H2. Multiplying and dividing by 2, we 
have 2.C* -t- 2= f {2 X 2,e» + 2 X S-o -I- 2 X 2} 

= 5 { (2«)* + 5(2«) -f 4} ■* J (y * + 5y -H 4) where y = 2.f 
= Ky+ *)(y+ 1) =i(2« +4)(2.e+ 1) =(*-h 2X2a!+ 1). 

Ex- 4. 8 ('* — 26 < + 15e Multiplying and dividing by 8, we 
have ar*— 26«+15=i{8x8«*-8x26a;+8xl5} 

s= i {(8.t;)* —26 X 8d; + 120} = —262/+ where y—8z 

= 20)(y-- 6) = 1(8 .■-20)(8» - 6) = (2 «- 5)(4 u- 3). 

Note, — See the Chapter on Quadratic Equations for tin* (voneral 
method of resolvinjjj quadratic expressions. 


EXEBCISE 22. 

Resolve into factors : — 

I. 2- »• -h 25* -f 144. 3. .c*-6. -f5. 

4. »*— 8*y-r 12y’. •'5. 49** + 49*y-t6y®. 

6. l + 16.«-l-14*». 7. w’‘ + {a+2b)x+2ab. 

8, — (2a + b')e+ (o* -f ah). 9- •< !! — 26*+ 6* — a* . 

10. **-2(a» + h»)*-h(a*— 6*)». 

II. *• — (o+6-f c)*+a6-f ac. 
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12. 

X* + (x + ^\ ■' + *• 

13. 

“ 4 2aa;4a* — ffe— c)*. 


\b a) 




14. 

9(»+l)‘-3(a>+l)-6. 




15. 

o;* +c(a4- h)x-^ah{a-‘ c){h + c). 



16. 

ar* + (a4- fe— c)»— ac— fee. 



17. 

(aj»4-5a;)‘-8(a;*4-5«) 

-84. 

18. 

20«* +221.B+600. 

19. 

2a;* + 1. 


20. 

6»*— 13(r+6. 

21. 

2»* + 5a;y— 12t/*. 


22. 

6** — 19rt*.* + 10a* 

2.3. 

24a*»* — 14aaj * — 3<<;^ • 




24. 

(a* — 3a) * — 3(a * — 3a)- 

-4. 



25. 

(a;* 4 2a;)* —(a;* 4 2a;)— 

2. 

26. 

m* +m« — 30»*, 

27. 

a* 4 afe— ' 12fe** 


28. 

a!* + 3*i»— 28. 

29. 

a«~10a*-hl6. 


30. 

06 

1 

1 

00 

p 

31. 

a® 4- 7a* — 8. 


32. 

2a;* 4 a;— 15. 

33. 

6a*— tt— 15. 


34. 

8a;*— 6a;- 9. 

.35. 

lOa* — 4lafe4-*2lfe*. 


36. 

12w* — 20»*. 


37. £C* + (a+ hy,c-^ah(a + hy. 

38 . + (a—h)*x—ah(a—by. 

39. +(a4-6)aj+(a— 26)(&-~2a). 

40 . (»— 2 /)* + S(y—zXx—y)—(2y-z){2z-y), 

67* Egressions which contain a Single Power only of 
nome Letter or fluantity. — Such expressions can be arranged 
in two groups, one group containing all the terms in which 
this letter occurs, and the other group containing the remaining 
terms. 

Ex* 1. ah-f r(i4-a^ + hd. Arranging the expression in two 
groups, one containing the terms in which h occurs and the 
other containing the remaining terms, we have a6 + cd+ ac^k-hd 
= {ah f fed) 4- (cd+ ur) = h{a + d) + c(d + a) = (a 4- d)(fe + c). 

Ex 2. a^hx — rt^c— fe*caJ4-fec*- Here .<•- occurs in the first 
power only; hence we have the expression = (a *fea;—fe*ca’) 
- (fi* c— fee* ) = fea;(a* - he) - c(fi* — &c)=(a * fec)(fea'— c). 

Ex* 3* aaj + feaj— ay— 

The expression =aj(a+ 6)--y(a4-fe) = (a + 6)(.t— y)- 
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EXEBCISE 23 

Besolve into fact cl's — 

1. ac'-ad + hc — bd, 2. ahx^ + (b^a)xy’—y*, 

3. + 4oa: + 66»+ 12aZ>. 4. 2rt®— (^*6+4(?fca“~2Z/*a!. 

5. (2»»-3a*)2/+(2a»-3t^»>. 

6. aaj^ + (a + ft)«*+(a+b).u+a. 

7. ]— j.— 2/ + ic^ 8. tf aj + + aj-f* 1. 

9. a*— a6— ac + 6r. 10, p* +pq+pr+ rq, 

11. 4aj— 62/“'4 i/+ & c. 12. a* + fl + 6 + (t6. 

68. Expressions which, when arranged in gronps of two 
or more terms, ha^e a factor common to all the gronps. 

Ex- i B'—^*y+xy‘—y* = {pt'—y’^)— ty{i -y) = (*-?/) 
{*» + *y+2/*— ..y} =(x—yX.>*+y*), 
oi thus: the exiiiession = (x'—x*y)+{xy*—y^')=x^(i—y) + y* 
(x—y}<=(w—y)(x‘+y*). 

EX- 2. ab(,i* + y*) + .ey(a^ +b*',=(ibx^ +aby* + xyti* + xylj* 
^(al/x‘ + .<ya*) + (aby^ + xyb*) = ai(bx + ay) + by(ny +b.r) 
= (b.i + ay)(a < + by). 

EXERCISE Si- 


Resolve into lectors : — 

1. (3;»»-46*)«+(3a*-4.*)6. 2 

3. sr*— y*— s“ + 2yc+ » +iy — 4. 

5. a(a+ c)-~b(b + c). 6. 

7. a*— 2*»2/+2j!y»-y‘. 8. 

9. fl*— 5’— c* — 26r + «— 6— c. 10. 
11 . o»-2a*6+at*-21-». 12. 

13. a(b‘+c’—a<^)+h(c*+a>-b’). 

14. K(xy + » + l)—y(iey+y + 1). 

15. a(o + l) + 2a6 + &(6+l). 

16. 5(o*+c*-6*)+c(a*+6*-c») 


.i* + x'‘y*—y^s^—:* 

.( 2 — 23 *?/ 4 *^® —<+?/, 

1* +2.3a-2ia»-a* 
bx^ac—'Ci ■\-ab. 
a* +a*6H-a6® + 5*. 
!r2/a+c*)+c(a!» + y»). 


69< E^)res8iQn8oftheforma’-)-b’-i-c''-3abc. 

. We know that o® + 5* + c*‘— 3a&c=(a+6-i-c)(a®-f 6® +c* 

— 5c). 
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Ex- 1. a®-t'' + «» + 3a6c=a» + C-6)» + c»— 3a(— 5)(c) 

— {a—h + 6){ a* + Z<*+c* — a{—h')—ao—c{ — h) } 

= (a—b+c)(a* + 6* + c* + ab-^ae+ be). 

Ex- 2- m*— »* +l + 3m«=»»® + (— «)* + l»— 37n(— »)(1) 

= {ot+( — «) + !} {m*+( — »)• + !• — m( — m) — 1 
(-«)} 

= (m—n+ l)(m* +«• + ! + mn — m+ 7i). 



EXEBC 

ISE 25. 

Resolve 

into factors : — 



1. 

h* + — a* -1- 3a6r. 

2. 

c* + 36c -h 37. 

3. 

286*^— 

4. 

9a® +6a*6— 6*. 

5. 

ff* — ~c* — 3a6r. 

6. 

aj* +Sx^y*z 

7. 

c-* a“ 



8. 

(a + + - 

-3(a + h)(h + c)(c + a). 

1), 

a. 

+ 

1 


10- J>’-J -2. 


70- If the algebraic stun of the co-efficients of an expres- 
sion in X be equal to 0, then it has a fhotor x-1- 

Bx. 1. ax^ +hx-h c will have.t} — 1 as a factor if a-f &4-c=0. 
a / = + bc-i- c—{a-hh +c) 

= aCc® -- 1) + h(x — 1 ) = (a; — l)(ax + a -hi)* 

Ex. 2. 4«j'* 7. Here the sum of the co-efficients 

=4-t-3— 7 =0 ; therefore it will have »— 1 as a factor. 

Now 4®'' +3«»— 7=4.»— 4 + .3r»-3=4(.c» — l) + 3(a!»-l) 
= (.e-]){4(»*-*-,»-H)-t-3(.e+l)}. ■' 

71* If the sum of all the odd co-efficients of an expression 
in terms of x=the sum of all the even ones, then it has a fector 
x+1. 

Ex- 1* -\-hx+ c will have x+\ as a factor if /r + c= 

e.f’., if (i + c-~h=0. 

Now ax^ -f hx + + hx + c—(a + c— h) 

=«(»*— 1) + b(a; + l)=s (s#+ b). 

Ex* 2« 4- ox* + + 4. Here 3+6 which is the sum 

of the odd co-efficients = 5 + 4 which is the sum of the even ones ; 
therefore + 1 is a factor of the expression. 
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Now 3«r* + 5 a 5 * + 6.43+ 4 = 3®®(« + 1) + 2fic(* + 1) + 4(rr + 1) 
= («;-+ 1){3«?* + 2a: + 4). 

Note, — (1) If any powers of (o are missing, they must he considered as 
present with zero co-efficients. 

(2) An expression in a* will have a?- — 1 for a factor, if the sum 
of the odd co-efficients and the sum of the evcJi ones be each equal to 0. 

! EXERCISE 26. 

Resolve into factors : — 


]. 

3a ^ — 2a — 1. 

2. 

2a'® — 6a’‘ + 7,i- 

-4. 

s. 

2.(» + .,-*-2.(-l. 

4. 

7.r® +9»® 

-12ir+7. 

5. 

ais — s..-’ +5a'® — 1. 

G. 

*•’ — 3.1'® + :lt'— 

1. 

7. 

3rt*— 6a® 

8. 

a® +3o® — 4, 


9. 

3.<*-2.» + 3,e»-8. 

10. 

4a® — 6(f ® 4- 5a — 3. 

11. 

lla!» + 7a!®— 5.r-l. 

12. 

7ir^ + 4a!® — 2.1® 

-a— 2. 

13. 

2—a—a^. 

14. 

c® -f 36c 4- 37. 


15. 

, s — + 3, — 2_ 

16. 

a a;® 4- 6aj* 4- ra:— 

fr, + 6 + c) 

17. 

a’* — a:’ + 7.' + 5. 

18 

— 7,1® 4-1. 


19. 

aj^ + 3***® + 5.*'+ 3. 

20. 

,1 ® 4- 4- £C— 3. 



72. Expressions of the form (a+b+ c)’-a®— b®— c’* 

b + ' c® =(a + 6 -f c)® —a® — (6® + c®) 

= ( 6 -f-c) {(«+ 5 + r)® a(a4“&+0‘^ 

= (Z/ + c) {a® + 4* r® +2al>+ 2Z>r4- 2ac4-^t® +a 6 + «c+ a® 

— 6 ® + hc--c^] 

= -f c) {3^* + 3ah + 36c + 3ac} = 3(6 + r) {ci(a + 6) 

•+• c ((7 -f 6 ) } 

=5 3(6 + c)(a -f 6)(a + c) = 3(0 + 6)(6 -h r)(c -f a). 

Ex. 1 . (a;+ 22 /+ 2 i:)® — + 

Putting a for x^y,b for ?/+- and c for we have the expression 
= (« -f 64 -c)® — a® — 6® —c® = 3(a+ 6)(6-f c)(c-+-a) 

= d(x + 2/4- 2 / + 2 ) ( 2 / +:? + ;:)(« + .'' + 7/)=3(.»*+ 2y + z)(y + 2z) 
X(x + y + z). 

Ex- 2 » (a4- 64 - c)® --(6 + c — ff)®— (c+ a — 6)® — (a4-6— r)®. 
Putting for 64 - c— a, y for C 4 * a — 6 and c for a 4- 6 — c, we 

have the given expression = (,f'4-2/-h«) ® — 2 /* ~**~S(a:+ 2 /) 

fi=3(6-|-c— a4-c4-«— &){c + a— 6+ a4- 6— c)((r 4- 6— c-|-6) 

•f c— a). 

«3(2c)(2a)(26j=:24a6c. 
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73- (a+b)(b + o)(c+a) 

=(a+b+cXab+ao+bc)-abc 

5; . =a(b‘'+c’')+b(c‘ + a*)+c(a* + b®)-i-2abc 
o>=a(b + c)*+b(o+a)*+o(a+b)*— 4abc 
S S=a(b-c)* + b(c— ai® + c(a-b)* + 8abc 
% ■§.= ab(a + b) + bc(b + c) + ca(c + a) + 2abc 

JS ^ a® (b + c) + b*(c + a) + c* (a + b) + 2abc 

$0 1 

w =g{(a + b + c)'*— a*— 

74- Ssrmmetrical expressions 

Ex- 1* — c) + b^Cc—a‘) + c^((i ~ b) 

= d^(b~- c) + h^(r — b^h — a) +r^(rr — 2>) 

= {h—r){a^ — 'b ^) — (a — h){lt^ — c^) 

= (6— c)(a — 6) {(«+?>)— (6 + c)J =([>— c)(r?~6)(fl— c). 

Note —The letter b introduced in tlio hinoraial factor of the middle 
term is the one winch is not found in it. We may introduce the letter (t 
in the first term or the letter c in the last term and resolve the expression 
in the same way. 

The expression may be arranged according to powers of a, 
or A, or c and resolved into factors. 

Ex* 2* a*6*(a— 6)+ 'c)+ a) 

= a*[^*(a— 6 )-f 6 “c*( 6 — a-ha— c)-|-c“a*(c— a) 

= a* 6 *(tt— V) — 6 *c*(a— 6 ) — 6 *c®(c — a) + c*a*(c — 0 ) 

= (a — — 6 *c*)-h(c— o)(c*a*— 

= 6 »(a— 6 *) 

= (a— 6 )(a— c){ 6 *(a + c)— c*(a+ 6 )} 

= (a- 6 )(a-c) {a( 62 -c*)+ 6 c( 6 — c)j 
= (a— b)(a— c)( 6 — c){a (6 + c)+ 6 c} 

= [a — h)[h — c)(a — c)(ah+ac+ he). 

Note. — See the Cliapter on Miscellaneous Theorems and Examples for 
more information about Symmetrical expressions. 

EXERCISE 27. 

Resolve into factors : — 

1 . 8 (a+ & + + (6 + c/ — (c + a)'*. 

2 . (3 + a + 5 +c)»-(l + a)»-(l + 6 )*-(l + c)^ 

3. (a* + 6* -He* — a6— ac — &c)*— (a* —to)* — (h*— nc)® 

— (c* — 


... (i) 
... (ii) 
... (iii) 
... (iv) 

— (v) 

- (Vi) 



56 


4.I.GEBRA. 


[CHAP. 


4. 

5. 

• 6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 


13. 

14. 


15. 

16. 

17. 

18. 

19. 

20 . 
21 . 

22 . 

23. 

24. 

25. 


(3— y— «)»— (I— a)»— ( 1— j/)» — (I— a)». 

ab(a — 6)+ 6c(6— c)+co(c— o). 

o(6* — c*)+ 5(c* — a*) + c(o* — 6*). 

a^(b—c) + 6*(c— o)+c®(a— b). 

ab(a* — 5*)+6r(6*— c*)+ca(c* — o*). 

a®(6*— c*) + 5®(c*— a*)+r*(o*--6*). 

a*(b—(‘)+b*(>'—a) + c*(a — 6) 

n*5*(a*— 6®)+ 6*c*(i* — <•*)+ c*a*(c* — a*). 

(f(6* — c*)+ 6(c® — a*) 4- o(o*— 6®). 

a* (6* — c*)+b*(o*—a')+r*^a*—b*). 

(o+ by (b—d)+ (b+ f)*(c— 5) + (c+ a) ®(rt — c). 

6*(l-5») + 6*c*(5*-c»)+'®(c*--l). 


a/a +' / ^ 

' \5 rj a\c a/ b\a h}' 


a* (5 — c)+6*(c — a)+ c®(o— 6), 
a(5— c)® + 5(<?— a)* +c(a — i)®. 
a*(b*—< *)+ 6*(c»— a»;+('*(a*— 6®). 
a*(l*+i ®) +5*(f® + a*)+c'(a» + 6»)+2rt*6®c*. 


OhOiyyl)-'- 

4c®(a + /^— '0) + 46 *(c 4'</ - Z>)4-4a*(& + r— a) 
— 4(a-f 6— 'r)((; + r — d)(c + a — h). 
s*“-(s — a)’ — (6 — 6)*— if 2s = tt+ 


75* The folio winjy method may be applied to the teboht- 
tion of ho'tnoqeneou^ expreshioiift of th^ second deyree involvinj^ tliree 
or more qaan titles* 

Ex« 1- la^'-’ah^oai — 6Z>* — 86c— 2r*. 


First, suppose a=0 ; there remains — 66*— 86c—2c^ 

= (66 + 2cO'-6-0-- --f- 

Secondly, suppose 6 = 0 ; there remains la^ — bar-~2c^ 

= (7a+2r)('a-c) 11. 

Thirdly, suppose c=0 ; there remains 
=r(7a-|.66)(a~6) III. 
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Combining the results of 1, II aud III, we find that 7a, 2c 
and 66 go in one factor, and a,— 6 and— c go in the other. There- 
fore the required factors are (7a-t-66+2c)(a— 6— c). 

Ex 2. a» + 26* + 2(;*-f 3a6 + 3ac-f 56c. 

First, let as=0 ; there remains 26* + 2c*-|-56c 

= (6+2c)(c+26). I. 

Secondly, let 6=0 ; there remains a* + 2c*4’3ar 

= (a-h2c)(a+e) II. 

Thirdly, letc=0; there remains a* -f 26*-h3a6 
=(a+ 26)(a + 6). . . III. 

Combining the results of T, II and III, we find that a, 6 
and 2c go in one factor, and a, 26 and c go in the other. There- 
fore the required factors are (rt-|-6-|-2c)(a4 26 + c). 

Note . — If the expression involves four letters, snpposo two of tJiem at a 
ttme to he '^ero ; if it involves five letters, suppose three of them at a time to 
he :,ero ; nnd so on 

EXERCISE 28. 

Resolve into faefors ; — 

1. fir* + 21./ y + 18y*-h28r*-i-4f5yi^-f-2fi.<r. 

2. 6a* -hl3a6— ottc— 56*4-136 c— fic*. 

3. 2»* +7/2/-l*7(:;-|-fiy* + Ilyi:; + 3:;*. 

4 . lOa * - 8a6 ~ llac-246* ~o86r-35c* . 

-■). a* — 26* + c*-f a64-2ac+ 6c. 

6. a* + 6* 2a64 2ac + 26c. 

7. 2a’* + 2y* — ^;* + ^xif-^xz—yz. 

5. 2a* -f 26* + c* 4"5a6 + 3/u*+ 36c. 

9. 2a* — 6* + 2o* + a6 + 5ac — 6r. 

10. 3 . * -f* 4.; * — Sxz + Syz + 3y * . 

Resolve into factors, applying the same principle : — 

11. 2/ *-0a«+ lOoj-lSa* 4-45a-28, 

12. 3a?* 4-7ajy—4a;-i-4y*-“7v — 15. 

13. 6a*4.11a6-13a-106* +346-28. 

14. 3 / * - Sxy + 25 1- fiy * + 40y — 50. 

15. 2t6* + 26* — 9+ 5a 6— 3a -1-36. 

16. 14c* + 33a^ + 46a: + 18y * + 42y + 12, 
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Resolve into factors : — 


17. 3»*— 2y* — 6s* — 5*2/ — 3*s— 8j/s. 

18. *2/+2**— 3)/* + 42/s+.i»— s®. 

19. 2**— 9*5— 5ay+4s* — 8ys— 12i/*. 

20. a* + 5* +c*+(i*4-2al>+2ac— 2ori+26c— 25<i— 2cd. 

76. A great many apparently difficult expressions can be 
readily factorized, when arranged according to 'powers of some 
contained letter or quantity. This is an extension of the method 
employed in Articles 67 and 68. 

Ex* c) + 6®(c— — Zi) 


= a ^(?>-c)— — r») + hc{li^ 
h — c is common 


( arranj^ed accordinj*’ to des- 
cending powers of n 


) 


= (?)— c) — a(h*-{‘hr-\-c^)-{’hc(b-\-c) } 

= (b-r)lb‘(c-aJ+brAc-a)-a(c>-n>) } according \ 

\ to powers of I ) 

c^a is common 


= (6 — c)(c — a) {6*-4- 6r—a(c+a)} 

=(b- c)(c-a) {c(6-a) + 5* - a* } 

= (t— c)(c— d)(6— a)(c+ b^a). 

77* To prove that a® -h b® + c" = 3abc, when a + b -h c =0. 

Since a-f-fc4-c = 0, o+6 = — c 

/. (a+ s= — 

or a® + h^^Sah(a + b)= — c^ 

/• a® + 3tt6( — c)= — c^y since a+ 1!)= — r 

/. a'* + 6* — 3a6c = — c* .% a* + c® =3alic. 

Hence, when the sum of three quantities is zero, the sum 
of their cubes is equal to three times their product. 

Ex. Resolve into factors (nr — + a'®. 

Since a— 6-f c + c— a=0, (a— 6)® + (6— c)®-f (c— a)® 

= 3(a— 6)(6— c)(c— a). 

Patting .<* for a— 6, y for h—c and z for c—a, we have the 
expression =aj® -fy® -fs **; and a? + j^+ 2 rr=a— & +t— c-f c— a=0 

f.e., (a— 6)® +(6— c)* + (c— u)®s=3(a— 2))C6— c)(c— a). # 
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EXEEGISE29 * 


Find the factors ot : — 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8. 
9. 

10. 

11 . 

12 . 

18. 


(a» -h^y+ -h (c« -a")® . 

(6+c— 2a)®-f (c+a— 26)® +• (a -f 6— 2c)® . 
a*(6— c)®-l-Z#®(c— a)® + c®(a— Z/)®. 

(a; — a)®(^— c)® + -6)®(c — a)® +(a’— c)®(a — />)®. 

(.t'+a)®— (.• -6)® — (tt+b)®. 

(fi— a)® + (fi— b)® — c®, where 2s = a-|-b-Hc. 




a®(b— r)® +b'^(('— a)® +c®(a-‘ 6j®, if a-Kb + r =0. 
(2a -fc)® + (2b— c;® + (2c— a)®, if a + b+r = 0. 
(.,-22/)®-h(22/-l)®-h(l-.0®. 

(ax—hyy-^(hy — cs)® -\-(cz—ax)^ . 

(3a — «)® 4*(36~s)®-h(3c— 5 )®, if s = a-f bH-r. 

n^(bz-^ey)^ + b® (c.» — oar)® -f c®(o?/— b,/)®. 



CHAPTER IX. 

EXAMINATION PAPERS. 

FIRST RERIKS ON CHAPTERS I--VIIL 

t 

1. State the rule for the x^emoval of brackets from algebrai- 
cal expressions, and simplify 2[4a>— {2y + (2a}— y)— ( 

2. Sum np 3a* — 4a&4- 7a*6®4-2a6*, 26fa— 6) — a*(6* + 4a6), 
ah— 2a* + 6*(2 + a*) and — h(6a*6 — h — 2a— 2a*). 

3. Multiply (1) 2a}*— St* + 4»— 5 by 7 jj + 9 and (2) fa* 

— Ja*.< — faj* by Ja— 2a!. 

4. Find the continued product of (>i — a)(.< -'h)(aj— c) and 
hence deduce 

5. If a = *05^ h=*06 and 11, find (1) a*-h*-2hc-c* ; 
(2) a*-hh* + c’— 3ahc. 

6. Divide .c* — (a + 6 + c)* * + (ab + ar + 6c)»— ahc by a? — c and 
the quotient by .t — 6. 

7. Find the co-efficient of * in tlie product of (/ *—aa!* + h/ * 

— raj + d) and (ai* + ^a!-p;g). 

8. Resolve info factors (1) aj* — 3.r— 70 ; (2) a;* +a’-|-2. 

(/* 

9. Write down the terms in the quotient of ' . 

a 

10. Divide 1 by 1 — a: to six terms. 

II. 

1. Define a factor, a term and a co-efficient ; and find the co- 
efficient of a}® in (1+ aj + o!* + .c*)* . 

2. Find the value of (2h + c)(h— c) + (2c + a)(6— a) + (2a4-h) 
X (a — h) when a = 1, h *= 2 and r = 3. 

3. Remove the brackets and find the value of — 

35- {4a— 5b— 6c- (7a -86+ 9c 4- lOd)} ] when a = l, 
bs=|, rssS and 

4. Find the continued product of (1) .<5+<v/a!+l, a?* — a! 1 
and u;— 1 ; (2) a* + 2a+2, a*— 4 and a*— 2a+2. 

5. Divide the difference between (a}+jp)(a;+ gf)(»+ r) and 

'(y+p)(y'^9)(y+^) ^7 
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6. When is .t*' + 2/^ divisible by Write down the 

first four terms in the quotient. 

7. Hesolve into factors : — 

( 1 ) + 

( 2 ) 1 (y— a) + 2/* (:?— —2/) , 

(3) + 

8. Collect the co-efficients of the different powers of z in 
(ppj® +3/* jp) and shew that the sum is 

a perfect square. 

9. Shew that (a + 2?))*" — (& + 2a)*' is divisible by (a + b) and 
by (a^b). 

10. From the relation , deduce a =1. 

III. 

1. What is a homogeneov^^ expression ? Shew that the pio- 
diict ot two homogeneous expressions will also be a homogeneous 
expression. 


2. Add together the squares of a-fb— 2c, l’¥c — 2a and 
c + a— 2&, and subtract the sum from the square of « + 6 + c. 


Multiply „)?;+!; +'4- + 

c a u bid 


(li) (a-H c)(b-t-c— a)(c + a-'6). 

4. Divide (1) a® — + +3«6c by n — i+c , 

(ii) o{^a^ +2)- 9«(l-3a)- I3r® + 6a» by 

5a* q-2— a. 

6. If 0=1, 6-2. c = — .J, d = 0, find the \alue of — 
a— b+c _ ad — bv _ / 

a — 6 — c 6d-|-at \a* c®/* 

6. Show tliat (a+ 6 + c)((r + 6— c)(b + c— rt)(r4-« — 6) 

= 4a*6® if a»+6* = c*. 


7. If b*"'*'’" be divisible by -H b"'‘'‘^°, prove that 

^ is an integer, 
w -f 10 

8. Shew that 5.25" {11.121" -(-9.81'} is divisible by 100 if 
n is a positive integer. 

9. Resolve into factors : (1) a(b® — c*) + bc(c* b*) + a*(c— h) 

(2) (a— 6+f)»— fl»-c» + 6». 
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10. State the remainder when («— a)(jj — b)(x — r) is divided 
by .c— jD. 

IV. 

1. State the rule for subtracting one algebraical expression 
from another. 

Prove that rt~-(h--c)=a--6H-c. 

2. If a=3, c = — 4, find the value of — 

21 

,or2a— c f5a — 7r l/a 5a— c\ *) T 

-'a -8 ”"i~ 4- -jU"— ;)j ■ 

8. The product of two expressions is Il.t* 

-p 15 £c— 3 and one of them is 2c* +4c— I ; find the other. 

4. Prove that (.t— y)® + (y— -)® +(s— .t*)® is exactly divisible 
by (x-y). 

5. Divide without removing the brackets (a+6)(Z/ + c).c® + 

}(6+c)* +(6 + c)(a— 5)<'* + (a + Z/)(a + c)ir— (a + c) 

X (5 +c) by (6 + <*)af*4'(a+ (h+c). 

6. Find the co-eflicient of a® in the square of — 

1 — 20+ 3a* + 4a* — a’^. 

7. If .» =a “6, ?/=&— c, i:=r— a, find the value of .r® +!/* + «* 
— 3*2/2 and of .c*( 2 /+ 2 ) + 2 /*(aj + c) + 2 *(.c+ y)-^Sxyz, 

8. Divide 1 — by 1 + « to 5 terms. 

9. Resolve into factors : — 

(i) a®-(h-c)» ; (ii) 10*»-7*--3; 

(iii) a*{&*— c*)+ 5*(e*— a*^ + r*(a* — 6*). 

10. Shew that (c + a+ 6) ® + (*+ a— h ) * is divisible by aj+ a. 

V. 

1. State the “Rale of Signs” and from it deduce (— a)^ 

«= — a'' and (— a)'*=+a'*. Shew that a*"^^ + if 

a+6=0. 

2. If a— 1, 5=2 and c= 3, shew that 

a''+c“^a“+5*'_ 1 _ 20 

h*+a" (f+o*^ a’^+b^' + c"’ 

3. Divide a;® + 8^®— 272» + 18*?/2 by i«+2y— 3sr. 
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4. The product of two expressions is (.^;+ 2yY + (Sx^zY and 
one of them is 4iX+2y z ; find the other* 

5. If *02, & = *08, cs= * I, find the value ofa* + d* + 3a&c 

— c®. 

6. Resolve into factors : — 

(i) aj*a— (a— 6)«— iB*fe ; 

(ii) X* + lOx® 4* 35,1* -f 50 jj + 24 ; 

(iii) (uj + y + z)(.* zx)—xyz. 

7. Shew that a“—( — is divisible by a-f 6 and thence 
-deduce that 49'*+16fA— 1 is divisible by 8*. 

8. Find the continued product of a?— a+ V'./*— x-^a 

— v^.< .< -“a—V'.t* — 6* and aj-fa + \/aj* +6*. 

9. If = 3, shew that a^-f f (a*+ 6*)-f 

10. -¥ax^-\-htY-\-ac-{‘h—\ be exactly divisible by »—l, 

«liew that a + h—0. 

VI. 

1. Prove that (i) a”' x a” ; (ii) a”*-f a” =a"*“" when m 
and 71 are positive integers and m>7i, 

2. Simplify 21 [l{2x + %)- 5 (4.»— ?/)]- 2A[i^{2x—y) 

3. Multiply (6 + c).f -f(r+ a)y+ (a-ht)z by {h—c)X'¥(c—a)y 
+ (a‘—li)z, and write the product as the difference of two squares. 

4. hJxpress in words the formula? : — , 

(i) a* — fe* = (a + 6)(a — ?>) ; 

(ii) a® 4- h) =(a-f-h)* 

5 Find the co-efficient of a*'® in the quotient when 1 is 
divided by 1+ + 

6. If t+r — 3a = 2ar, c-\-a—Zh = 2y and u + h— 3c = 2,:, ex- 
press (aj-f- 2a)(y -f 26)(« + 2r) in terms of a, 6 and c. 

7. If .L* +2aa:— 35* is divisible by i— a, without remainder 
shew that a* — 5* =0. 

8. If a*'***"^ + 5*"+' be divisible by a’ + 5^, shew that n — 3 is 
a multiple of 7, 7i being a positive integer. 

9. Resolve into factors : (i) a.f • + (a--5)»~ h ; 

(ii) 4a6.c* — 2(a® + 6*):n/4-a5y* ; (iii) a6.t*— (a*-"6*)a5— a5. 
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10. Shew that (»* +y*)(o*+ 6*) = (a»+ Jiy)* + (6.0— ay)’, or 
= (aa;— 5y)* + (6/j+oy)’. 

VII. 

I I 

1. Explain the following symbols: <, >, < 

I 

and S. 

2. State the rules for the insertion of brackets in an alge- 
braical expression. 

Enclose 3a— 26— c— 2d + c — 4/— 8/7— 56 in brackets taking 
the terms three together* 

3. Divide +(4a+ l)y + oa* by + 4 

and find the value of y for exact divisibility. 

4. Find the co-efficient of o’* in («—!)(.<;* — aj— — 2) 
and in (a— ./0(6 -- «)(c— •'*)• 

5. Multiply a* — 3a*a5-l-9a*./* — 27a*«®-f — 243a;® by 
a+ 2.t' and divide the product by a — Sa*. 

6. Shew that is divisible by a + 6 when n is an odd 

integer and a” — 6" is divisible by a + 6 when w is an even integer. 

Shew that 5®"— 1 is divisible by 24, n being a positive integer. 

7. If 15= and r=|, find the value of 2.1*2/* + 22/*-* 

8. Resolve into factors ; (i) 4-1- ^ ; (ii) 8a’ + 6® — r® -f 6ahc ; 


(iii) 46®r* — (6* +c* — a*)®. 

Shew that + * 

10 . Sbe, tb.t ( ( s+ i) . ( 

= 2 f — I ; thence find the value of ,vy + i , if ./• + i = 2m, 

\ '-cy/ ®2/ '»• 

V -4- -=2w, « — ~ =5 2a and 2 /"“- =26. 

y y 

mil 


!• Find the continued product of (a!-haX*^+ + + 
and state the laws that hold in the products of similar binomials. 

2. Find the difference between (aj— a+6;(jj— 6+ c)(aj— c-fa) 
and (a+a— 5)(i<;+ 6— c)(;c4-c— a). 
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3. Find tfce value of m for which x* + + 7x^ 4* wijc— 2m is 

exactly divisible by aj* + 3a;+ 2. 

4. Simplify [— { — I— ( — 1—1 — 1) — I — 1} — 1—1]. 

5. Shew that {x^-k-yzY — a;"( 2 / + ;:)”is divisible by (j* — y) 
X {x—z), 

6. Shew that (a+ h + c)(Z/ + r— a)(f + a— h)(a + 2?— c) 

= (a* 4- c2)a^ 

7. Divide (a + &)’'‘ — (5 + c)^ + (c—a)® by (a+6)(6 4- c). 

8. Find the co-efficient of .c* in (I 4- 2i;4- 3af® 4- 4*’)®, 

9. Resolve into factors 

(i) aj® 4- a?® 4-aj^ 4" 1 ; (ii) 4a® 4-26®— 6c® 4-Ga?>— 2ac4- ; 

(iii) (aj3 4- \){y^ 4- ?/+ 1)(2/+ 1)— (j/*' + l)(a:® 4- p’ 4- l)(a;4- 1) ; 

(iv) 4- 2a3® 4- 9 ; 

(v) (a-h64“C-l-6i4-c 4-/)® — (a4- — (6 4* e)^ — (c + /)^. 

10. Find, without ditision^ the remainder when x’ 4- a;® (a 4- 6) 
4-2.r(a4' 6j® 4- (a4- 6)® is divided by x — a — 6. 

IX. 

1. Define 'positice and negative quantities \ odd and even num- 
hers ; and like and unlike terms. 

2. Prove that a — b — (c— d)=«— 6— c 4- (7. 

3. If a=y/2, 6 = v^3, r = 4 and d=0, find the value of 
^ { (tt* 4- 6® 4- c®)C6® 4- c®)(6® 4- d®)} . 

4. Find the continued product of {x-i- m')(x-hn)(x'\’ p) 
X ( 0 : 4 - 5 ), and thence deduce the expansion of (a 4 - 6)'*’. 

5. Divide, without removing brackets^ (a4- 6)n5'*’ 4- (a® — 1 4- 7^® 
4- 2a6)a:® — (a4- 6)(1 — 2a6)aj® 4- (a — 2a64-6)x— I by (a4-6)x— 1- 

G. Simplify {x + y + zY^- (x4-7/— c)® 4- ty+z — xl® 4-(5 + x— y)* 
and shew that (a® 4- 6® 4- c®)(x®+ 2 /® 4- r®) — ( 0 x 4 - 6?/ 4*cr)®=(fly 
+ {cx-^azY + (cy—bz)^. 

7. Resolve: (i) a® 4- 6® 4- 3a6— 1 ; (ii) a®6®— a* — 6® 4- 1 ; 

(iii) 3(a4-6)® — 2 o®— 6®) — a(o4-6); 

(iv) a® — 6®4-66 c — 9c®; (v) x®4-x®— .r— 1: 

(vi) x®4-2xy — a®4-2ay; (vii) 14aj® — 37x4-5, 

8. Shew that (a 4-6)® — (6 4*cV.4“ (c —a)' = 3(a 4- b){b + c) 
X(a-c). 


5 
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9. If a = f-5, 6=1 and prove that 
(a— y6)(v'a + l)y/ a— 6= 

10. Shew that {a'‘^y)(y + z)(z+x)’--(x + y + z)(wy + yz-i‘zx) = 
and thence simplify (“ + ^) (|+l) (i + |) 

-(^^0 0 ^^!)- 

X. 

1. Define a 'power of a ([uantity and the index of the power. 
What does a” stand for ? 

Prove that (a'")’' = a’“" when m and n are positive integ'ers. 

2. Snbstitude fl + 2 for x in a:'* + i}x^ + 12a; + 8» and simplify 
the result, 

3. Find the value of : — 

2a^ — 6** + r* + a^(h — r)+ h^(2a-^c) + r®(2rt + ?>) 

2a® — 6® +c® +a*t6— r)— 6^(2a— r) + c®(2tt+ 6) ^ 
a=l, 6=0 and c=5. 

4. ^lultiply + ah — 6* by — 2a6 — o6^ and divide the 
product by a + h, 

5. Write down the terms ii\tho (potient of — 

(aj^— i/®)-f-Cr2— 7/2) ; + (a;''+z/‘0 

6. Shew that the following expressions are divisible by r f 1 

and 1: — (i) 4*’^ + 3a’^— 2a’® — 2a;®— 2.r— 1 ; 

(ii) 4a;* — 2a’® + 2a;®-:]a? + 2. 

7. Resolve into factors : — (i) IGa;* — 57a;® +9; 

(ii) 8?^®— 10— ; (iii) a;(a;+ l)(a;+ 2)(a’ + 3) + 1. 

bm * 

R. Shew that (a + 6+r)® + (a + c)^ — {a + 

— (6 + c— a;®*=Sa6. 

9, If a®’'^^+6“''' ’ be divisible by a"' +6% shew that?/— 2 is 
a multiple of 5. 

10 If + 6a’® + (• be divisible by x + c, then ac® = 6c + 1. 



CHAPTER X. 

IDENTITIES. 

78. When two (quantities are equal to each other for all 
values of the letters involved in them, they form an identity; 
the si^fuSis placed between them. 

For example, = li){a — Z>), yY -f 

(* + ?/)» and r'^ — 3(iV = (a+ 7> f + 6® + c® — ah — ac 

— he) are identities. 

But (I *’ + + c’ = '*^ah(' when a -f- ft + r = 0 is a conditionctl 

identity ; for it is true only when the condition a-h b-hc = 0 is 
52 fiven. 

O 

To prove that an identity is true, take the left side expres- 
sion and show by succ'essive transformations that it is equal to 
the other. 

The following are the ariotn^ on which the operations with 
identities are based, 

]. If ecjuals he added t) or •^nhfraf'id froei eqnah, the&'ity/t^ 
or the remainders ^ve equal. Tlius, il h, c = d, tlien a + c = 
b + d and a — c' = ft — d. 

2. If e(]ual quantities ho ntnltiplied or divide I by trio same 
or equal (juantities, th^e products or the (]notie)its are equal. 

Thus, if a — hjC = d, then a(~h I and ? = \ 

c d 

3. Any quantity may be transposed from one side of 'the 
identity to the other by changing it.s sign. This follows from 
(1) ; thus if a + ft = c, then a ~c — b for (a-r b — ft = ( — b), 

4. If two quantities are equal, their roots or th*^ir powers 
are also equal ; thus, if a - ft, thenya — v/ft and u - = ft-. 

79- Examples worked out. 

Ex. 1. If a + ft + c = 0, shew that — 

(i) (aft+ ar + ftc)® = a® ft® 4* ft®c® +r®a®. 

(ii) a®— ftr=ft® — ac=c*— aft. 

(hi) a ’ + ft* + c* = 2(aft + ac + ftc)®. 

(i) (aft+ ac+ 6c)®=a®ft® + a®c* + ft®c® + 22ft(ac+ ftc) -f 2acX ftc? 

by formula. 
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+ 2abc(a + 6 4- c) 
= + a®c® + + 2atcX0 

= a*[y® + <i*c® + • 


(li) Since a-f 6 + f=0, fl+/) = — c, •\(a+ b)(a^b) = 

— c^a— 'fc). .'.a*— — rir+ ^r. — ac. 

Again, since + /i4-r = — a. .•.(6 + c)(6— c)s= 

— a(6— c). /.t*— c^ = — ab-i-ac, »\h^'^ac=c^^ab. 

But it has been shewn that a* — hc=l^ — ac. 

*. «•— acs=c^ — aZ/. 


(^iii) Since a + Z) + r = 0, .*.(a + Z; + r)* = 0 

+ — 2(« + cfc + Z>c) 

(a^ + + (•®j® = 4(aZ> + nc + Z»c)* 

•*. a ‘ + Z> ^ “f < “^ + 2{a^h^ + + a*r®) = 4(^aZ> + «( + fcc)* 

.% a*+ +t* + «c+ Z>r)®~4(aZ> + flc+ Z/c)® by (i) 

/. +Z> *■ + c * = 2((jo + + Z/r)*. 

Ex. 2« If 3f= a + /^ + shew that (6 — a)* + (s — 6)*’' + (i— -c)® 
«= 3(s — a}(ff — Z>)(*’— c ). 

Let s — a=-r»’, .s— Z/=// ai.d (=c|; then ar+// + c=6— a 
»Z)4’ s— c = 36— (a ~h b •+■< ) =■ </ -i" b -i- i — (« + Z/ + cj =• 0. 

If a;+ 2 / + -=0, tin 11 -f 7 / • + = .‘Lryc. .\{^—a)'^+{s^h)^ 
•f (s— r) ® = 3(6* — a)(.v — Z/){ 6— r ’ . 

Ex- 3- Prove that 6 **— — a T' — (6 — h)'^ — ( 5 — r)® == 3aZ;r, if 
^ = a + b + c. 

i,= 3« — 2s = 3^— (a+ & + r) = 6— a + Z/ + 5 — r. 

/• s® — (fi — a)* — (^— Z/)‘ — (6 — ^ )'’ = (6 — a + 5 — Z> + « — c)^ 

— (5— a)® — (fi— fe)^ — ( 6 — c)^ 
=:3{6 — 0 + /?— 1} {.s — Z/ + 6— cj {.s — c + s— a}. 

Because (a' + y-r c)^— .r c^~3(.( +2/Kz/+-)(-+ 
j= 3(2»— a— Z*)(25— Z/— r)(2.^— a— cj 
= 3(a+ Z/ + c— a— Z;)(a 6 + c— 6— r)(a 4-Zi+ c— a— c) 

= 3a6c. 

Ex* 4- If rtZ> + «c + Zf =“ ] , shew that (1 +a*) (1+6*^ 
X{1 +^*1*1)= (a + ^j®(Z> + t «)• rr (a + Z/+ c— 06c)’. 

Since aZ/ + ac + Z/c= 1. l4 tt* = a* + «Z/ + «c + 6c=a(a+ Z>) 
4 -c(a+ 6;s=(a + 6)(a+r). 
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Similarly 1 + Z/* = (6 + c)(6 + a) ; and 1 + c* = (c + a)(c + 6) 

/. (1 + a®)(l + &*)(! = 6)(6 + (!)(6 + c)(6 + aXc + a) 

X (c + 6)=(tt+ 6)*(6 + c)*(c + a)* 

= {(a -H 6+ c:)(a5 + ac + 6c)— a6c} ® = (a+ 6 + c — abc)^, 

Ex- 5« If a® + 6* +c® = 3a6c, shew that 
(i)a+6 + c=0or (ii) a = h = c. 

Since a® + 6® + = 3ci6c .% a® + 6®4-c® — 3a6c=0 

/. (a+ 6-f-c)(a* + + c^^ab^^az-^hc) = 0 

*. a + 6 + c=0, or h^ + c ^ — a6— ac— 6c=0. 

(If X xy= 0 , then either 2=0 or 7=0). 

(ii) + — a6— ac— /»c=0 

A 2a2 + 262 + 2c2— 2a6— 2ac— 26c=0 
+ ( 6 — c)" + (c— «)*} = 0 . 

Kacli of (rt — 6)2, (6— c)®, (c — a)® is positive. Th9 Stini of 

3 positive quantities cannot be equal to zero unless each is 
oqual to zero* 

Since (a — 6)® = 0, a — 6 = 0 .*• ^/ = 6 
(6— c)® = 0, 6— r=0 /. 6 = c 
— a)® = 0, r— a=0 /• f /. a=6 = r. 

Ex- 6* .»’+^ = l, shew til ir ^-2 + = =.r® -f i 

JC (’2 ^^,4. 3j» 

=rj.l»+_L=A<J. 


.OJ® f i_ = 

a;2 



1 

11 

T 

IC 

II 

1 

-1. 

05® 


.r® 

V. . / 



+ J = 

a?*- 




2^ 1. 






-2=-l. 

Similarly 

it may be shewn that 

"+ 1 =-l. 

&c. 


Ex* 7 * Express (a® +62)(r2 +<Z2) as the of two Iperfect 
squares. 

(a2-f 62)fc* + (Z®) = a2c2 •fa®(Z® + 6®c® + 6®cZ* 

= a®c® + 6®d® -f a®(Z® + 6®c® + %ibcd — 2ahcd 
= (a®*;* + 6®d® + 2a6cd) + (a®tZ® + 6’c* — 2abcd) 

= (ac+ 6fZj* + (^a'Z— 6c)® [or (oc— 6iZ)®+ (acZ-f 6c)®]* 
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Ex. 8- Shew that (a* + l)(.r + 2) (x + 3)(a' + 4) + 1 is a per- 
fect sqaare. 

(<7 + l)(aj+ 2 )(j!+ 3)(ir+ 4) + 1 

= {(i>^+l)(«+4)} 2)(ic+3)} +1 

= (a*» + 6« + 4)(aj* + .5a:+ 6) + 1 
= (7/ + 4)(2/+ 6) + 1 [putting y for (a‘2 + 5a')J 
= 7/® + 10y + 24+ 1 = ?/* + 10?/+ 25=(7/+ 5)“ 

= + 5«+ o)*. 

Ex. 9. Express (2a + 3Z# + 4r)(4a + 3/> + 2r) as the difference 
of two perfect squares. 

.... 

Let 2a + 3^> + 4r = a’+ 7 / ; and 4a + + 2c= aj — // 

then 6a + 66 + 6r= 2 a. .% *r=3(a + 6 + r) 

and — 2a + 2r=27/. •*. ?/=r— a. 

]»ut (35 + 7/)(aj— 7 /)= a?* — ?/*. 

(2a + 36 + 4c)(4a+ 36 + 2c)— {3(a + 6 + r)j ®— (c— a)®. 

EX' 10* If «=a^— 6c, 7j—h^-^ac and c=^c* — a6, shei^ 
that (a + 6 + c)(.T + 7 / + ;:) s= aa’ -hhj-^cz 

(a + 6 + c)(z + y+ ;:) = (« + 6+ c)(a*— 6r+ +c®-*-a6) 

= (a-hh + c)(a^ + 6- + r* — at — ac — 6c) 

= a® + 6’* + c® — Pyahc— (a*** — a6c) + — a6c) + (c'' — a6c) 

= a(a* — 6c) + 6(6* — ac) + r(c*— aV) — nx + 6//+ r~. 


EXERCISE 90. 

Shew that — 

1. (a — 6)* — (b-^c)(c — a) = (6 — c)* — (c— a)(a — 6) = (( — 

— <a— 6)(6— c). 

2. (a-6)* +(6-c)^ +(c-a)^ =2{(a-6)(6-c) + (6-c) 

X (c — a J + (c— a)(a— 6)} *. 

(a— 6/ + (6— c)^ -f (c — a)'* 

4. (3a — 26 — c)^ + (36 — 2( — a)^ + (3c — 2a — 6)'* 

= 3(3a-26-c)(36-2c-a)(3c-2a-6). 

{ft* + ah + b*)(b^ + be + c®)(c* +ac + a ®) 

X(c— o). 
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If a +6 + c=0, shew that — 

G. a® + a6 + 6*==6* + &c-f-c®=c* + ac + a*. 

7. (2a- 6) « + ( 26 -c) 3 + (2c- a) » = 3(2a- 6)(26- .0(2c- a)* 

8. a(6+ c)® + 6(c + a)* + c(a + 6)® = 3a6c. 


9 . 

a® 4 6® 4 c® 

2 /I 

1 1 

a® +6® 4 c® 

= -8(a + 


10. 

/I 1 1> 

>*_ 1 1 

1 

Va"^ 6 ^ cJ 

* ” a'-* ()'■“ 

+ 7*- 


T, a* + 6'* + c’ a®4-6®+r® 

II. __X 

lo a® + 6® + c® a® + 6‘‘+c'‘ a-* + 6®+c^ a^+6* + c* 

X - — X i . 

2 e> 4 

[f 2/J = a + 6 + f, shew that — 

in. 5 ® -f (s— a)® + (s— Z>)® + (/?— c)® = (a® + 6® + c®). 

14. 4a® 6 * — (a® + 6 » — c 2 ) 2 = 16«(.9- o)(s-- 6)(s— c). 

15. a(s— 6 )( 5 — c) + 6 (s‘— «)(^— r) c(.<?— a)(^f— 6 ) + 2(«— a) 

X ( 6 — 6 )(s— c) = a 6 c. 

IG. (s— a)® + (s— 6)® 4 (/?— r)® + 2(a6 + ac+ 6r) =35*. 

17. If 35= 2(a+ 6 + cj, then (i)(2a — 5 )® + (26— 5 )** + (2c— 5 )'' 
= 3(2a — 5)(26— 5)(2c— s) ; (ii) (&— a— 6)® +(s— 6— r)® + ( 5 — c— a)® 
= 0 ( 5 — a — 6) ( 5 — 6 — c)(5 — c — a). 

18. Prove that (^— a )® + ( 5 — 6 )® + 0 ( 5 — a)(.v — 6 )c=’c®, if 2^ 

= a 46 + c. 

19. Shew that (.r— a) f.r— 6) (a— 6) 4 (.< — 6) («— c) (6— c) 
4 (?• — c)(a;— aj(c— a)= (a— 6)(6— c)(a— c). 

20. If .r® — ijz^a^f '?y® — acr=6®, c® — prove that 

(a®ar *- b^y 4 c®c)= (« 4 2/^ 4 6® 4 c®). 

21 . If .r4j/ = a, and •^y=^b^y shew that a® 4//® = a®— o6*a 
and .t' -f 7/* = a^ — 4a® 6® 4 26’. 

22. Shew tliat a^ 4 6 ’ 4 — 2a®6® — 26®c® — 2a*r® = 0, if 

a 4 6 = c. 

23. If a’ 4 ^ =a, shew tliat.r® 4 - 4.r‘- 4 ^ 4.r4 - = (a4 1) 

.(’ M ® .( ® .T 

X(a®— 2). 

24. If a6 = .r?/ and 7«a 4 -^ = a? 4 y, shevN that .r®4 ?y® = m®a® 

. 6 ® 
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25. If a+ 6 + c- a?> + ac+ 5c, (a + 5)(5 + c)(c+a) + a5c is a 
perfect sqnare. 

20. Shew that (i) (a? + 2)(a:+ 4)(a:+ 6)(»+ 8) + 16 and 

(ii) (ic + a)(j: + 2a)(a; + l5a)(a; + 4a) + a* are perfect squares. 

27. Express (a + 5 + c— d)(a + 5 — c+d)a3 tho difference of 
two squares. 

28. Shew that + + c^) (ax + hy + cz)^ 

+ (ay — + (cx — az)* + (cy— 

29. Shew that a® + 5® + c® + 5a6c (a5+ ac+ 5c) = 0, ifa + 6 
+ c=0. 

30. Shew that 4®*~* + 4"‘*'^ — 4" + 9 is a perfect square. 

31. Shew that (i) 3(2a — h — c)(c — crj = difference of two 

squares ; (ii) 2(;u* 4-r® — xy — yz — ;:.(;) = the sum of 3 squares. 

Prove that — 

32. (a + 5 + c + d)* + (a— 5— c + d)* + (a— 6+c— d)* 

+ (a + h — c— d)*=4(a® + 5* + r* + d®). 

33. c)^ t5®(c— a)® + c®(a-«5)® = a* (5* — c®) 

+ 6®(c® — tt®) +c*(a® — 5®), 

34. (a + 5)® + (5 + c)® +(c + flr)® — 3(a + 5 (5+c(c + a) 

= 2\a^ + 6® + c® —3a 5c). 

35. a&c(a + 5 + c)^^ + 7 =a5c+ (a+ 5)(5+ c)(c+ a). 

\a 0 c / 

30. (a +5)® — a® — h"* = + 5)(a® + a5+ 5®). 

37. If a;+7/ = «, xy=h, shew that fl + a:®) (1 + ?/*) = a* 
+ (1-5)®. 

38. a*(5 + c) + h^(r + a) + c®(a + 5) — a* — 5® — c® — 2a5c 
= (5 + c— a)(c + a — 6)(a + 5— c). 

39. (a® — 5r)(5 — c} + (5* — ac)(c — a) + (c® — a5)(a — 5) = 0. 

40. (cC® — t/-)*’’ + {y^^xzY + (::®— a*?/)®— 3(j;® — ?/:;) (]y*— a:;:) 

X ( 2 ® — ajjy) = (»® + 7 /® + jr® — 3ar7/w)® = (.T* +2,7/;:)* + (y* + 2a:a)* 
+ (5* + 2a?,y)® — 3(aj® •i'2yz){ij* ’^2xz){z^ + 2ar7/). 

41. If a= 2 / + i:— a?, x-^y, c=x + y — then a® +5* 

+ c* — oahc=4{x^ + 7 /* +r* — •^xyz), 

42. Shew that a(h + c — a)® + 5(c + a— 5/ + c^a^'b^c)^ 
+ (6 + c— a)(c +a— 5}(a + 5— -c) = 4a5c. 
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IIKUTKST COMMON FACTOR. 

80- LGfinitions — One (^unvtity is said to be a measure of 
^iiotlier, when Lne ioriDtir is contaitied in the latter a certain 
aminber of times exactly ; thus 4a is a measure of 12a, since 4(1 
is contained in 12a exactly three times. 

If two oi* more alifebraical expressions be arranjjed accord- 
ing to descending powers of some common letter, then the 
factor of the highe.*«.t dimensions with respect to that letter 
that divides each of them without remainder is called their 
greatest cofUDioii mfmsnre. 

The term greateU common mcAi^nrc is not appropriate in 
Algebra ; be(‘riuse wlicn numerical values are assigned to the 
letters contained in the expressions, the numerical vrtlue of the 
•G.C.iM. is not necessarily the Arithmetic G.C.M,, of the result- 
ing numbers. Thus aj— t is the G.O.M. of (a;— 4)(ox + 2) and 
■(®— 4)(a* + 18) ; when x = S, the G.C.M. — 4 becomes 4, and 
the expressions become 101 and 101 whose Arithmetic G.C.M. 
is not 4, but 104. 

The term Highest Cvmmo}L Factitr or Divisor is therefore to 
he preferred. 

81- The H-O-P- of simple expressions. 

liule . — “ Find ilie Jl.C.F. of the numerical co-efficients, 
and annex all the letter.s which are common to all the expres- 
vsions, and raise each letter to the lowest power to which it 
occurs in any of them.” 

Ex. Find the H.C.F. of or*' and 20x^7/*^** 

The H.C.F. of .5, 15 and 2‘J is 5; the letters common to 
the expre.^sions are x, y and c ; the lowest powers to which 
they occur are .r®, y and r ; therefore the H.C.F. is yz, 

EXERCISE 31. 

Find the H.C.F. of 

1. and 2. leoj^Z) and 20x*z^. 

3. atid 4. and 45 p* 

5. 2aj*7/*, and 4.< * y^z. 

0. 17a®6*c^, and t58a°6“c*. 

7. 54a*c*j’‘ «nd81a^^*c®. 

6. I4a”*'^"6"‘‘^ ^ and 110a”*‘^*b®+«~*. 
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82. E-C-F> of Compound Expressions which can be readily- 
i«sol 7 ed into Motors. 

1* Find the H.C.r. of o*— 6 ®, «*— 2ah + 6 ® and 

a* —6®* 

Here a* — 6* = (a+ &)(a— 6), a*— 2ai)+ Z>* = (a — h)^ and 

— 53 5 = ^ah + 6 *;. 

TV’e see at. once that a — b is the only common factor ; there- 
fore theH.C.F. is a— 6 . 

Ex* 2* Find the H.G.F. of a‘^ + 4 a;-f 8 , a®— 2 a:— 3 and 
a* + 2 a;+ 1 . 

Here «• + 4® + 3= (aj+ + a’®— 2a’— 3 = (.r+ l)(a — 3) 

and «® + 2« + 1 = (a + 1)®. Therefore the 11 .C,F. is a? + 1, because 
it is the only common factor. 

EXEECISE 32. 

Find the H.C.F. of : — 

1 . a® + 6 ®, a®— a 6 + i® and +q®/j® + . 

2. a* + 1, a® + 4a+3 and a® + 60 + 5. 

0 . a:® — 1, a:® + 3« + 2 and ar^ + 3a’® + 3a’ + 1 . 

4 . a;* +7a!— 18, a:*— 8 and .r® — 4. 

f). at®— + c)aj+ y® — (a+ + a/^ and .r® — 2/./ h?/®. 

6. a;® — 7«2/ + a^id a?® — ary®. 

7. a?* + 4 and a;® + 2a’ + 2. 

8. a*^ —a:, 2a;® —4a? 2 and a;'* + a’® — 2a’. 

9. 40,’ + 12a?® + 9x and 4a?® — 2y — 12. 

10. a® + 3a — 10 and c"* — a® — 14a + 24, 

11. a* +a6 + ac+ he, -h 2ac + c* and a** + r *. 

12. a?** +2/® + z^ — Zzyz and + 2a’?/+ 

83- H-C P. of two Compound Expressions whose factors 
cannot be readily found- 

Buie,— “ Airanpe the expressions accordinf]c to descending 
or ascending powers of some common letter; take as divisoi 
that one wliose degree in the common letter is not higher than 
the degree of the other, and the remaining one astlie dividend ; 
perform the division till yon get a remainder of lower degree 
than the divisor ; consider this remainder as a new divisor, and 
the last divisor as a new dividend ; then consider the new re- 
mainder an'sing from this division as another new divisor, and 
the last divisor as another new dividend. Continue this process 
till there is no lemainder; the last divisor is theH.C.F. re- 
quired.” 
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84- The truth of the rule depends upon the folloTving 
principles : — 

(1) If jp divides ./I, then it will divide For since p 

divides A, we may suppose A^orp; then thus 2' 

divides mA, 


(2) If p divides .4 and J5, then it will divide wA±7iB, 
For since p divides A and B, we may suppose A^xp, and J5= 
y/p ; then mA±nB=mxp±wjp=^(mx±7iy)p, Thus p divides- 
mA±:nB. 


85. Proof of the rule given in Article 83. Let A and 

B be two expressions arranged according to descending powers 
of some common letter, aiid let the index of the highest power 
of that letter in A be not less than tlie index of the highest- 


power of that letter in B, 

Divide A hy B : letp he the quotient and C 
the remainder. Divide B hy ('; let g be the 
quotient and D the remainder. Divide C by D, 
and suppose that there is no remainder, and let?* 
denote the quotient. 


B)A(p 

pB 

UTBiq 

jG 

D)C(r 

rV 

0 


Thus w’e have the following results : -l=^pZ> + T, B — qG-^h 
and C^srJD^ 

First, we shall show ihnt D is a common factor of A and B. 

Since 0=7 J), V divides (\ 

/• D divides q(^ and also qC'h IK (Art. 81). 

That is, jD divides Ji; tor B=<j(J+ h. 

Again, since I) divides 7/and 0, it divides pj^+ C\ (Ait. 84). 

That is, J) divides A ; tor A^pB-t T. 

Therefore B divides A aiuli^ ; that is, D is a eominoniactor 
of A and E. 

S€C(>7Ldlij, we sliall show that J) is the H.C.F. of A and B, 

For, eveiy expie^sion wliieii di\ides A and B divider 
A^pB, or C. (Art. 84). 

Thu.s every expression which is a common factor of A andH 
is a common factor of B and r 

Again, every expiession which divides and C' divides 
B^qO or P. (Art. 84). 

Thus every ex])res>ion A\l)ich divides B and r divides 
a and I). 

Therefore every expression v\hich is a common factor of 
A and B is a factor of IK 
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But no expression hijaflier than i) can divide J) exactly. 
Therefore J) is the H.C.F. of A and B. 

Note. — Kvery common factor of A and B is n factor of their II.C«F. 

86. Ths process of finding the H-C-F- is often simplified 
"by the following artifices:— 

(1) We may remove any factor of either of the expressions 
-which is not a factor of the other. 

(2) We may multiply either of the expressions by any 
quantity wliich does not introduce a common factor. 

(^>) Simple factors of the expressions may be removed; 
the H.C.F. of the expressions is the product of the H.C.F. of 
these factors and the H.C F. of the quotients. 

(4) We may treat the divisor and the dividend, at any 
stage of the process, in the same way as the original expressions. 

Bx« 1* Find the H.C.F. of 9a* + 9a® + 9a* — 27a and 6a® 
+ 18a* + oOa® + 18a*. 

Those expressions are equal to 9a(a '' 4 a* + a— 3) and 
4>a*(a® + 3a* + oa + 3) respectively. 

By the third rule of this Article, wo may remove the factors 
9a and Ga* w-iio^je H C.P. is 3a ; wo f!l^s^y now find the H.C.F. 
of a® 4- a® 4- a— 3 and 4- 3a* +r>a ’hS, and multiply it by 3a. 

« * 4- a* 4- a— 3)a® 4- 3a * 4- oa + .3( I 
a® 4- a® 4* a — 3 

2l2a* 4- 4a 4- (> (Kcinoxc tJio factor 2 which is not 

a *"+ 2a + 3 }a ® 4- a * + a — 3 f a — 1 » factor of the 

a® 4- 2a® + .3a Dividend). 



a* + 2a 4* 3 is the Il.O.K, of a ‘ 4- a® 4 a— 3 and a® 4* 3a® 
4* oa -h 3. 

Hence the H.C.F. of the given o\pr('ssions = 3a(a® +2a4 3). 
Ex. 2. Find the H.C.F. ol lV® ~ i:)a?4- 14 and a;*— 15«* 
4-28»— J2. 

To avoid fractions in the quotient we multiply the latter by 
2, since 2 is not a factor of the other expression. 

.r * — ir>.r® + 28a; — 12 

2 

2t® - L\c 4 14)2a;*-30*® 4 56a;-24(a; 

2a;* — 15a;* 4 14g 

— 3| — 1 ^ 42a!— 24 (Divide by —3 which is not 

5i* 14« 4 8 3* factor of the divisor)* 
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Multiply encli term of 2»* — 15iB + ]4 by o whicli is not a 
factor of 5a5* — 14* + 8. 

— 14j!+8)l0a;® — 75.r + 70 

7j28aJ* — 9 lir+ 70 (Divide Ia 7). 

4u;“ — +10. 

Multiply rV® — 140* + 8 by 4 to nvoid fractions in tbe quotient 
4aj® — l‘6x+ 10j20ic* — o6j’ + *^2(r> 

20«* — 6.'a’+ 7)0 

919^18 (Divide bj &\ 

X — 2j4tr^ — lo,t’+ 10(4,r— r> 

*l,r* — Sir 
’ 10 

— + l(* 

Therefoietbe H.C.F. is 2* 

Ex* 3* Find tlie il.(\F. of 4.( ’ — 9.t^ + G?*— I and G.r** 
— 7y-«+l. 

In this case, it is advaatngooiis to arrange tbe expressions 
according to ascending jiuweis ot d\ 

1 — 7a;* + G.t'') — 1 + Gir — 9^;* + 4crV — 1+ 3 
--l*f 7.>*-Gy^ 

2u’'Ga; — IG.r- + tJx * + •!./ ^ (Divide bv 2 > ). 

;r^ 8c> + 

:J -f Lsr'*__ 

— — 8 .e + 2 4 .r * — 1 (».» ‘ ( Div ide b\ — *8/ ) . 

1— + 2cr*)l— 7.r* + G»®(1 + 3x 
+2»c* 
ox — 9a’* + 6.T ‘ 
l\x — 9x* +6*’^ 

Tberefoie the IIaJ.F. is 1-— 3a’ + 2a;®. 

87* H-C-F. of more than two expressions. 

If we have three expressions .1, C, first find tbe H.C.F. 
of two of them, A and B ; let Jf be thcII.C.F. ; then the H.C.F. 
of D and 0 is the H.C.F. of B and C. 

In tbe same way, we may find tbe H.C.F. of /nz'r alge- 
braical expressions. 

Ex. Find the n.C.F. of a*-'rat2, a*-4fl + C and a» 
»^6a* + 11a— G. 
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The It* C. F. of the first two is a— 1, which is found to be 
a factor of the last; hence a — I is the H.O.F. of the three 
expressions. 

EXERCISE 33* 

iFind the II.C.F. of 

1 , ic® -f cij* + .t* — 3 and + 3.r® -f o.r + 3. 

2. -f 2*® + a; — 1 and a?’ — .r* — 2a; + 2. 

:]• — 11a’* — 9 and 4*® + lla*^ +81. 

4. 3a’^ — 13.r* + 23a?— 21 and Gw^ -1-cC* — 44a? + 21. 

5. Ga?-* + cv"* — X and 4af® — 6r* — 4.r+ 3. 

'6. 3*® — + loa;+ 8 and .r"’ — 2a?^ — G®** + 4®* + IGa; + 6* 

7. ®’ + lla?* — 51 and + ll.r+ 12. 

8. llo*^ + 24®* + 125 and ,v^ + 24.r + 55. 

0. 1—4®* + 3®* and 1+ .i?— ®* — 5®* +4®^. 

10. 12a* «♦+ 120a ^7?* — 132a’® and 3a*®’ — 27a’® ' + 39a*®* 

— 15a^r^ 

11. — 2 ^®’ + (^—1'®* + px’—q and — yr’ + f p — 1)®* + yr 

12. 2*5® ‘ + 5®’ — ®— I and 20® ‘ + r* — 1. 

1.3. ®’ — 7®+G and G®’ — 7.>.* + 1. 

14. + 2®* — a;+ 1 and .r’ +® — 1. 

15. 5®+ — ®3 — ®2 — 5® + 2 and 5®* — ®’ — 7®*+ 5®— 2. 

IG. a®’ + ®*(6 — a) — ® a* + 5 + a?)) + a(a + ?/) and Jtx — ®‘' 
(a + 3 — ah) — a.i [a+ h — l)+a*. 

17. l + a*+a* and 1 +2a + o* — a*. 

18. 3®’-7®2-18t’-8 and 2®’-3®a-17®-12. 

19. 2®’ +9®*J +®a*— 12a’ and 2®*+ 15®’a+ 10®*a* 

+ 45®a ’ + 18a ^ . 

20. ,/ ■ + 2®^ — 5®2— 7® + 3dnd3i;*— .3®' — 18®’ + ®* + 2®+ 3. 

21. I®'' — *8®’a® + 28®*a’— 24j?a‘ + 21a’ and G®* + 21®’a 

— 12®*a* — 21®a’ +9Ga*. 

22. ®^ — 2a(a— 5 ®* + (a* + 6*)(a— 5)®— a*3® and ®* — (a— 

®’ + (a — />)!»*®— Z;*. 

3®* + (4a— 2a6 + a* and ®* + (2a— 6)®'*^ 

— (2a6— a®}®— a*6. 


23 . 
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24. and 

6 b 4 4 

25. a* + 3rt*6 + a*** + a*5 + al>* + 5* and a^+a^h 

26. +26a;— 24, ai’ — lOaj* + 31«— 30, and a;® — 11»* 
+ 38aj— 40. 

27. a;® — 3.r— 70, x'^ — 30.r + 70 and a® — 48a; + 7. 

28. 1 — 5a;2 +4a;*, 1 + 2a;'— 3a*® — 6a;* and l + 2a; — 4a;® — 8a;*. 

88- To find the H C.F- of two expressions b 7 destroying 
the highest and lowest terms alternately- 

Ex- 1. Find tlie H.C.F. of a' •f2a’ +2o +1 and o® — a* 

— 7a + 3. 

Let a* + 2a® -f 2a + 1 = .4. and a* — a* — 7a + 3 = 1?. 

The H*C.F. of ..1 and 7? is a factor of -4 — Bxa = a* 
+ 2a® + 2a + 1 — a(a * — a^— 7a + .3)=3a* + 7a2 — a— 1 (suppose 
•tlus= G). 

Tlie H.C.F. of A and 77 i.s a factor of C — 3J?=3a® + 7a* 

— a— I — 3(a® — a" — 7a + 3)~ I0(a® + 2a— 1). 

Anrain tlie H.C.F. of A and 77 is a factor of J5+ 3(7= a® 
— a® — 7 a + 3 + 3(3a* + 7a* — a — l)=10a®+20a* — 10a = 10a 
(a* + 2a— 1). 

We have shown tliat tlie H.C.F. of A and 71 is a factor of 
10(a® + 2a — 1) and of 10a(a® + 2a — 1). 

Since lOa is not common to them, a®+2a — 1 is their 
H.C.F. 

Ex« 2. f'ind the H.C.F. of 2.r® — llx® — 9 and 4?;® 
+ lla;' +81. 

If 7) bo their ] 1 .C.F,, then D is a factor of 4 1 *"* + ll.c* + 81— 
2(2fl5"’ — 11a?* — 9),/.e., of 11 (.l** + 2i* + 9), i.e., of a;*' +2.1*® +9...(i), 

Ap;ain, D is a factor of 9 (2c® — 11 .t?‘- — 9)+ (4r® + ll.c‘ +Sl), 
/.c., of 1 lci’*(2a5 ’ + .r* — 9), i.e.y of (2.c* + af* — 9)....(ii). Therefore 
D is a factor of (i» and (iij. it is a factor of their sum, l,c , 
of tr*(a’® 4*20;+ 3}, i.c., oi .c* + 2.i?+ 3. 

Since a** + 2r + 3 cannot be furlber resolved, 79= x® + 2 1 ; + 3. 
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89« Sliseellaneons examples. 

Ex. 1. What value of a will make 
2(a* +ci)«* -f- (11a— 2)a!+ 4 and 2(a‘'* + a*)dj* + (11a* — 2a)af* 
+ (a* + 5a)x + 5a— 1 have a common factor ? 

Divide the one expression by the other as in finding their 

H.C.F. 


2(a* + a)ff- + ” 12 ( 0 ^ + 0 *) x ** +(llfl"—2rr) » - + ou)r + 5^/ — 

( llfl - 2 )» + 4 J 2-o-‘4-fl-)a-^ + (1 1a -~2ah*^ + 4(n 


ir 

I na 


(fi*4- 5a-- 1 

(a*+ a)j!:+ 5a— l]2(a^ + a).r* + ( 1 la— 2)aj -f 4[2.r 
2(a * + a ) a:® 4 1 O^.r— 2x 
ax 4 4 


ax + 4] (a® + a)x 4 5a— 1 [a + 1 
( « ® 4 a)£ 4 4a 4 4 
a — 5 


In order that the expre.^^Rion.s mfi}' liave a common factor^ 
the remainder a — 5 must =0 •%a=5. 

Ex. 2. If »4j!5 be a roinraon faciorof a.r® 4 fctr4 r and 
c*® 4 5*4 a, find the value of 2 ^. 

Dividing a*T®4 hx +c by a;+2>, the remainder is ap^ — hp-hc. 
Since ir4jy is a factor of au:® 4 i[/.Y4 r, this remainder ap^-^-hp 
4r=0,..(i). 

Again, dividing ca®4?/Y4a by .r4 7 >, the remainder i.s 

cp^-^hp-^ a. Fit the same reason, C 2 >®— 4a=0 (ii). 

From (i) and (ii), we have 2 >®(a— c) 4 c— a=^0. 

/, X)* = 1 .*• p— ±1- Axil is a factor of each of 

*'.t a— c 

the expressions rx* 4 Z/y 4 r and cx® 4 ?>x 4 a. 

/. a4 54 c-=0, or a 4 c= 5. . , , (Articles 70 and 71). 

Ex. 3. Find the condition that a.r® 4 5® 4 c and dx^ 4 ex 
4 / should have a common factor of the form x-¥p. 

The common factor of ax^ 4 5x4 c and dx® 4 ex 4/ is a factor 
of rf(ax® 4 5x4 c;— a(c/*T® 4ex4/), /.e., of x(5d— ac)4 cd— a/...(i). 

Again, the common factor of ax® 4 hx 4 c and rZx® 4 ex 4/ is 
a factor of /(ax* + 5x4 c)— c(dx® 4ex4/), z.c., of x^{af^^cd) 
4-x( 5/— cc). 
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Rejecting the factor x which is not a common factor of the 
given expressions, we have the common factor of the given 

expressions as a factor of «(a/— cdJ) + 6/— ec 

It is clear that if the given expressions have a factor of the 
form aj + p, it must be a factor of x(hd—ae) + cd-^af and 

x{af^cd) ■{'hf^eCj i*e., of (hd — ae)( 

\ bd^ae/ 

and {a f ~—cdj f cH- 

\ af-^cdj 

Therefore / ./-f 

\ ^ hd-aej 

~ (cd---af)^ = (^/— ec)(ac— 6(2) which is 

bd^ae af-—cd ^ 

the condition required. 


EXERCISE 34. 

1. Iffl5 + (tbetbe H.C.K of a;*+2^‘^'h7 anda®+p* + 5 ', 
j)iove that (p— p )a=^— y', 

2. If or^-¥px-\-q and x' +p'« + (/' have a <*ommon factor of 
the form + shew that it is also a factor ofp.r^-i-(g — p*),V’—q\ 

If ,r + a be a common factor of + pa;+ q and + rx + 6, 
Hnd the value of a in terras of p, q, r and 

K ]f a;+a be the IT.C. K of a® +pl^’ + g and ai^ + gric+p, 
thtu either a + 1 = 0 or p = (/. 

5, If .r® — p.r® + 2 *^’— r and .» px^ + q* aJ— r have a common 

factor of the form x — a, then a = ^~ 

p-p 

0. I f the expressions ax^ — (Sa + 6)r.r® + fa* + bc^)x + d and 
— 6)r.r® + a(c®— a^).r — (2 have a common tactor of the 
form px^ + qx-hr, prove that this factor is an exact square. 

7. Find the relation between a, b and c in order that a,} * 
4 - 6.r + c and ca;'' + 6a:* + a may have a common factor of the 
form £C* + a:+ 1. 

8. If.r + pbe the H.C.F. of x^ + ax + ab and z^-i'cx+lc, 
shew that p=6. 

f>. If a; +p be the H.C.F. of a:* +na;+ 6 and a** + 260*+ ex/, 
shew that p = 

a— 26 

6 
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10. If a? + tt be the H. C. P. of oi* +mx^l and x* + nx + 2> 

shew that a ^ , 

11. Ifax* + 6 a:+r and a.i:* 4- (a + t).c + a have a common 
factor of the forma;+^, shew that each of the expressions (a— c) 
X (6 + c) and (a— 6 )(c— a) is an exact square. 

12. If aj + pbe a common factor of .r * + 6 ® + c and x* + ax + d, 
shew that it is a factor of hx^ + (c--a)x"^d, 

13. If (7 and + 2aj+ 6 tt have a common factor, 

find it* 

14. What value of m will make (m— — 27?ia;+ 24 
and £c^ — (i»j + 3)a’*— ( 2»n— 45)a;— 30 have a common factor ? 

15. For what value of a will — a^* + 19a: — a— 4 and 
— + l)aj» + 23.1:'— a— 7 have a common factor ? 

16. If x’ +p.u + 7 and +p*x + (/ have a common factor, 
then ( 7 '— 7 )^ + (>>'— i/ 7 ) = 0 . 



CHAPTER XIL 

LOWEST COMMON MULTIPLE. 

90- When one nlofebraic expression contains another as a 
"factor, the former is called a multiple of the latter* 

The Lrnoest Common MnUiple of any number of algebraic 
expressions, arranged according to powers of some common 
'letter is the expression of the lowest degree in that letter, which 
is divisible by each of the expressions, without remainder. 

The term least common multiple is not appropriate in Algebra; 
for when numerical values are assigned to the letters of the 
expressions, the numerical value of their L.C.M. is not neces- 
sarily the L.C.M. of the values of the expressions. Therefore, 
the term Lowest Common Multiple should be preferred. 

91- L.C.M. of Simple Expressions, and of such Compound 

Expressions as can be easily resolved into factors. 

liulc . — “ Find the L.C.M. of the numerical factors and 
after it write down all the factors that occur in the different 
expressions, raising each factor to the highest power to which 
it occurs in any of the expressions.” 

Ex. 1. Find the L.C.M. of 18a^6*c, and 7a* 

The L.C.M. of 18, 6 and 7 is 126. The different factors 
that occur are a, h, c and d ; the highest power to which they 
occur are a*, 6*. c and d®. 

Therefore 126o^h®cd® is the L.C.M. 

Ex. 2* Find the L.C.M. of 7(aj*~-y*)*, 5(vC— t/)^ and 

The Jj.C.M. of 7, 5 and 21 is 105 ; and (or* — //*)“ 

X(<r— ?/)® ; and y)(a:* + a’y + y*). 

The different factors are a;+y, .r— y and +xy+y^. 

Their highest powers are (» + y)®, (a — y)* and i- zrj-^ y*. 
Therefore^the L.C.M. = 105(a; + y)®(.c — y)*(a;* + «y + y*). 

EXERCISE 35. 


Find the L.C.M. of 

!• 3a;*a, and 27a5*y*5** 

2. 8a^6*c, 12a6*c* and 20a*5c*. 
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3. and -hx^h^, 

4. a** - 4 ,t + 3 a nd x* — 2a? — 15. 

5. — a®, a*^— a'^ anda**— 

6. a?® + 5./- 4- 4, oj* + 2x — 8 and aj® + 7.(’+ 12. 

7. a?® + (rt + 6).i’ + rf/i, **+ (h + c).r-h 5c and .r® -f (c+ ^/> + c^. 

8. .r* + (, h — r)a — br, a?* + (r — a)x — ca and a*® + (a — b)x — ab. 

9. 2.r- — X — 1, 2't ® + o.r-|- ] and 4.r* — ox* + 1. 

10. (tt® — fc®)® and (a» ~5*)(a— 5)3. 

11. a-(5 — r)-hh*(n — a) + c*(a — 5) and (a — 5) ‘ + (5 — r)*' 

+ (c— a)3. 

12. ^ ^ ■¥ a* h * and (a -i- b -i- c)(ab •i' ac+ hc)-^a/H\ 

92 - L-C.M- cf two Compound Expressions. 

Rule * — IMvide <-iflier nt‘ the expressions bv their 
and Tniiltiply the quotient hy the other.” or JJivide the pro- 
duct of the expressions hy their IF.C.F., niid the quotient is^ 
their L.C.M.” 

Let A and 7/ be the two i^iven expressions, and 7/ tliei)’ 
H.C.F, ; then pi * hxmI where p and q have no coni moii 

factor, since 7^ is the Inchest eoiniiion lacroi’ of A and Jl, 

The of plJ and qh is clearly j qli ; hnf 


This proves the rule. 

^ote. — SiiK*'^ the L.C.M. of A aiel /; = (.! n Ti) clivitied In lIicmt H. 
it follows that t/.e inoditri (»j A ami li^thar UA'.l'. x their 

Ex. L L.C.M. of — :L 1 and a;^— 

—*4' 1. 


—a?' 


First expression = [x — 1)3. 

Second expression — 1) — (,< — i) = — 1) 

— (a:— 1 j®;./ — 1). Therefore their H.C.F. is (a* — 1)'' 

Hence the (a-_l)»(* + 1 ). 


(x 1) 

Ex* 2. Find the I...C.M. of a** + 'Ax* 


~4x — 12 and A- 2x ' 


-2. 

First ex pression ~ .< ® (x i A) — 4(,<: + — 4){xA‘ A) 

~ +2)vJc— 2Xa?+ 3). 
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Second expression — ,i;* (« + 2) — (» + 2) = ( a;* — 1) (a: + 2) 

= (a + 1)( X — 1^ (85 f 2). Their H C F. is a; + 2. 

Hence the L.O.M. = 

* + 2 

-(x*—4)(x + 3)fx*—l), 

93- S7er7 Common Multiple of two algebraical espree- 
.sions is a Multiple of their Lowest Common Multiple* 

I et A and B be the two expre'^sions, and 3/ their L.C.M., 
and let N denote any other common multiple* Suppose, if 
possible, that when N is divided by 3/ there is a remainder JB ; 
<] bein^^ the quotient. Then It — N — gM. 

Since A and /i are factors of M and JV, theref jre they are 
al*so factors of N — t.e., of IL (Art. 84). 

Tims Jl is a luiiltiplo of A and ; but F is of ‘otner dimen- 
Mions than 3/, which, by supposition, is their L.C.M. This is 
absurd; hence tlieie can be no remainder 7* ; that is, JV is a 
multiple of 37. 

94. L C.M. of three or more Compound Expressions- 

Find the L C.^M. cif two ol them (*1 and B), If ,37 be this 
L*C.3f., then t.he L.C.M. of 3f and (J is the L.C ]\l. of d, 
and t'. If N be this Ji.C.M., then tlm L C.3f. of N and T) is 
the li.C.^r. of J, 7?, G and D; and so on. 

Xotc. Wo can easily deduce from the forejijoin^ Arcicl-'s utiat 

(1) The L-C lff* of two expressions is the E-C-F* of all 
their common multiples- 

(2) The H-C-F- of two expressions is the LC.M- of all 
their common factors- 

95- Miscellaneous Examples 

Ex 1. If O' +p he the H.C.F. of 3 = + a.^’+ h and + d, 

she V that their L.C.M. = a*® ( — ^)x* + />®)x + p(a— p) 

X (c— p • 

Dividing 5 by .r +p, the qnoliont is ii4-a — p and 

tlie remainder is p® — up + b. 

Since x + p is a factor of 4- ar + h, the remainder p®— ap 
+ hniu.’-t-0. 6~-ap— p® (a — p). 

Aorain, dividiri| 2 f ar* +rx + dby.T + p, the quotient is x+c— p 
aud the remainder is p” — cp+ d. 

For the same reason, p® — rp+ d=0. .••d=rp— p® =p(c— p)* 
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We have a’* +aaj + ft=(a?+j3)(»+a— p) and .T* + ca5 + e? 
*= (<r + p){a: + c— p). The L.C.M. of the two expressions 

(a?* + <iic+ 6)(ir* + fii5+ d) , . , . j\ 

= 1 ^=(.r+ a— p)(a** +caj+rf) 

® + p 

= (« + a--p)(aj* + caj + cp— p®) V cZ=p(c— p) 

= »^ + (a + r— p)aj* + (ac— p*).T+p(a— p)(c— p). 

Ex. 2. The H.C.V. of two expressions is aj— 4 ; and their 
L.C.M. ib a’® — 9ai* + 26x — 24 Find the expressions. 

The L.C.M. = 26«-24=^ (a’-2)(ar-3)(a:-4;. 

The H.C.F =ar— 4. the product of the expressions = 

H.C.F . X L.C.M. = (a— 4j(.r— 2)(«— 3)(aj— 4)J 

It is plain that each expression must contain a’— 4 as a 
factor, ard that the other factoisof the expressions must have* 
no common factor. Therefoie the expressions are (.r— 4)(,r— 2) 
and (*— 4j(a— 8); or .t— 4 and (a:— 4)(a;— 2)(cc— 3). 

EXERCISE 38. 

(The student maj, with advantage, find the L.C.JVF, of the 
expressions in Exercise 33). 

Find the L.C.M, of : — 

1. 6a^ — 11a* +oa — 3 and — 9a*+5a — 2. 

2. p — 9a;* + 26® — 24 and a* — 10«* + 31a; — 30. 

3. 2.T* + (2a — 36)®* — (26* + 3a6)® + 36'^ and 2®* — (36— 2r) 
X®— 36c. 

4. 4 4®'' 4 7®* 4 ) 1®4 4 and 6x* 4 T®"* 4 4®* 4 T)® 4 2, 

5. 4^^* 4 8a* 4 21a* + 18a + 27 and 3a* +6a'* + 17a* 4 I6a 
+ 24. 

G. G®*— ll® + 3, 4®*— 4®— 3 and 6®* 4 25®— 9. 

7. 6a* — 19a + 10, 12a* — llo + 2 and 8a* 4 10a — 3, 

8. a* — 3a + 20, a* — 5a + 12 and 3a® — 5a* + 16. 

9. ®® — 2®* — ® — 1 and ®® + 2®® + ®+ 1. 

ll*. a6+2a* — 36* — 46c — ar— c* and 9ac + 2a* — 5a6 + 4c* 
+ 86 c— ] 2 6 *.i»'f» : u SnncM 

11. If the H.C F. and L.C M. of A and 71 he ® and y respec- 

h ^ ?/'* 

tively, and if ® + 7/=9>ia + — ; shew that®' +7/'‘ = ?w®a®-f-^ . 

m ^ 

12. The L.C.M. of two quantities is ®* — 5a*®* + 4a*, and 
their H.C.F. is ®*— a* ; one of the quantities is ®'^— 2a®*— a*r^ 
+ 2a® ; find the other. 
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13. If a? + iZ be the H.C.F. of ^ ax + h and 

prove that their L.C.M. is x^ + (a+a'^d)a:® + (aa'— d*)a; 
+ (a— d)(a'— 

14. If fip be the H.C.F. of a and 5, aod y be *their L.C.M., 
shew that a* + 6* + aj* + 1/® is the sum of two squares. 

15. Ifaj + pbe the H.C.F. of ii* + aaj+5 and aj*+ca7+5, 

their L*C.M, will be as® +.T®(2a — p)+ap -f \ -f. 

I P J P 

16. If a;* + 7285 + 1 ard a:® + 7ix^ + 1 have a common factor, 
determine n ; and then shew that theL.C-M. of these quantities 
is 85* — 3a;® + 2a!* + » +1. 


17. If the H.C.F. of two expressions be x — 5 and their 
L.C.M. be a;® — 13a:* + 52a5— 60, find the expressions. 

18. If the H.C.F. of two expressions be a: + 4 and their 

L.C.M. be ir® — — 17a’ + GO, find the expressions. 

19. If a; + 1 be the H.C.F. of two expressions and a® + 6a;* 
+ lla; + 6 be their L C.M., find the expressions. 


20. If a; + d be the H.C.F- of aj" + aa’ + ad and a;® + caj+ 
their L.C.M. will be a;® + a;* (a + c) + acx, 

21. If O’* + aaj+ 5 and a;* +^a?+ 7 have a common factor 

the first degree, then their L.C.M. = a;® +^^^ — 




5— g 


dr, 

of 


22. If H,, be the H.C.F. of and 2?, B and C, 

C and A respectively, then the L.C.^I. of B and C = 

X H.C.F. ot -I, B and C. 

a U 2 “^^3 ^ ^r ^ ^ ^ m ^ 

23 If the H.C.F. of a.r* + 2hx + c and Ix^ + 2i7.r + c is of .the 
foi' ’ x+p, shew that their L.C.IM. is (.i’ — 2){ax+ lyhx+ 1). 



CHAPTER XIII. 

FRACTIONS. 


98- The fraction - denotes that the unit is divided in(,(j 
h 

b equal parts, and that a parts of these are taken ; the fraction 
denotes that the unit is divided into {n + x) equal parU, 
and that (a— .r) of those are taken. 

In the fraction a is called the numeraior and h the 
b 

denortiiiiaior, 

Kvery integer way bo considered as a fraction with unity 
for its denominator; thus^=^. 

97* Revalue of a fraction is not altered if the numerator 
and denominator be divided or multiplied by the same quantity. 

a a 

a am, an n 


It follows from this that wo may cliange the signs of iunh 
numerator and deuomiiiat^or of a fraction without changing its 
value. 


Thus g— . 1 * _ (a—x) (— I) 

b tx(— ]) — tJg— a? {2a— a;)( — 1) 

a + a 

— 2a+a? Pi— 2a’ 

98. A fraction is said <0 be in its when its 

numerator and denominator have no common factor. 

Rule for reducing a fraction foils simplest /om.— “Divide 
both numerator and denominator by their H.O.P. ; the quotients 
are respectively the numerator and denominator of the reduced 
fraction.” 
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Ex* 1- Reduce ^ to its lowest terms. 

0(a''* b + ab^) 

Here — h^) ^2ah(a + h"(fi — ^ 

i:y b-i" ftb^) k)ah{a-\-b) 3 

1'he II (\F of the nmiierator and denominator being ‘2a^ 
(a+ 6). 

Ex. 2. Reduce ^ to its lowest terms, 

a * + 24a + 5o 

The H.C. K. of tbo numerator and denominator is a* F 4a + 5. 
Dividiijfif both bj'' it the (piotients are 11a® — 20a+25 and 
— la -i- 11. 


JT<‘n(V the fiactioii in its lowC'jt terms = 


lla^ -20a-t- 25 
a® — 4a -f 11 


EXERCISE 37. 

Reduce to its lowest terms : — 


1. 

cT®-— 

.> 

a® —.‘la 

a?® — (IX 


9a— 

*■» 


4 

3a?>— 12a® 

<>. 

la® + (5a /v 

4. 

d»»— 16a» ■ 

5. 

a»- + a®/^® + />’ 

t>. 

X ‘ + .'"“j/* + y* 

7. 

/®-4r+:l 
.< ® — 7 a? + 12 


Ox’— 7 1—20 
— ^7 .»• + .■) 

9. 

a:® — Sa* — 1 

— \,x — .i 

10. 

x’ — Ox* + 1 lx — 0 
a;®— :U’4-2 

11. 

,7 . 4 . 

a® — 2a/> + 

12. 

(»r® — + 4 

27^ -«* — « + 2’ 

IS. 

— IG^J® + 2.1r-6 

11. 

— .r*jy + .n/® — 


— llic® + 17.C — ()* 

. 1 ’* + 2a;®^® + //^ 

IT). 

cT® — :]r— 2 

2r'* + ;lr— r 

16. 

.r * — /i.r* + v — a"’ 

aj^ — a' 

17. 

.r'' — 39.rF70 

18. 

a?® — lOaj® + 1 19a* — 245 

70* 

:ib‘x+lil) 
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27a;*+63«» — 28/ 
on "*• 8j!*y -f \^xy^ -I- 16?/^ 

8j:*+4ajy — 24?/* 

22 3a*x* — 2a«*— 1 

4a‘''a;® — 2a*aj* — 3aa;* + T 
22 5a^4-10a*a;4-5a^r » 

a^aj + 2a*fl5* + 2aa;* -h »** 

Qo 2a®6* + 26*c® + 2c*a* — — ?>* — r’ 
a* + fc* + 2aZ#— c* 
a®+5® + r * — Sabc 
"" ' (a — 6)*+(6 — c)* + (c — a)“ 

2 ^ (a — + — n® + (< — a)'* 

a*(/i — c)+6*(c — a) + r*(rt — /*)* 
a* + ab + «<; + br 

/?*(b+ c) +b*(c + a) + r*(a + b) + 2abc' 

4)- (2a + b)* — (a— b)* — (a + 2bV 

(2a + b)(^ + 2b) 

2,S. Ca+ft + c)’’-a'’-?*'’- c' 

(a + b + c)(ab + ttc+ be) — abe’ 
oo — l)* + (a + b — 2)(a + h — 2«b) 

~ ~(a6+ l7^(^+ b)“2 

ab+2a* — 3b® +4be + a^e*_ 

2a* — 9ac — 5ab + 4c® — She — 12b®* 

99- To reduce fractions having different denominators to 
equivalent fractions having the same denominator. 

Xlule * — Take as coTrraon denominator the L,C.M. of all 
denominators; divide thisL.C.M. by each denominator in turn, 
and multiply the quotients by the corresponding numerators ; 
the products so obtained are the numerators of the equivalent 
fractions.*' 

Koie- CoTni»are tbo corresiKindiiig rule in Aiitlimotic, 

1 ♦> 

Et 1. Reduce and to equivalent fractions 

2a? ^xy by® 

having a common denominator. 
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The L.C.M. of the denominators is 12xy^* 

Dividing this by each denominator in turn, the quotients 
are , 3^/ and 2aj; multiplying these by the corresponding 
numerators, we get 62 / 9?/ and lOar, Therefore the fractions 
9f/ lOas 


are 




Ex. 2. Reduce - ■, — and to equiva- 

b*—a^ (a + b)* (a—h)* 

lent fractions having a common denominator. 

The first fraction may be written — — by changing the 

signs of both numerator and denominator. 

The L.C.M. of the denominators is (a+2))^X(a — Z>)* ; 
dividing this by the corresponding denominators, we get a® — 
(a— and (a4-6)®. 

Therefore the required fi actions are : — 

— 2(a*— Zi*) 3a(u— b)* , 4^.*(a+6)» 

(a+ 6)»(a— 6)*’ (a+ 6)^(1— by (^-r6)»(tt— 6)*‘ 


EXERCISE 37 A. 


Reduce to equivalent fractions having a common denominator : 


1. 

a 

— and - ■' 

2 

1 

and 



^6’ 




a’ 

b c 


3. 

a 

— and 

c 

4. 

1 

^and 

1 


he 

ac 

ah' 


ab* 

he 

ac 

h. 

1 

1 

1 1 1 

and — . 






a — 

& h— 

r (• — a 





c>. 


‘1 

] 


HTld 

1 



(a- 


r)’ (6— r)(r< 

-n) 

(a— 6)(«- 

~c)* 

7. 


l 

and - 

1 





a6 + 6- a 

“ — tt?* a» 






1 _1 

n* — a6+fc* fc* 


8 . 
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!). \ , - - } anJ \ 3. 

.t’*— 3 u; 4-2 ti.f + 0 »* — 4«4-8 

10. f±l and -f-,. 

»— I ’«*+»+! .t* — 1 

n. _.®- , ^ and- 

a^ + ab±ac+bc -h ah ■¥ be -v ar c* + a6+ac + 6r 


.t* — — {h-^c)X'¥hc 

and . 

100- Addition and Subtraction of Fraotions- 

’Rule . — “ Transform the frarfions into eqaivalent one 
liaving a common denominator ; then fidd or subtract th 
imnierators, as the case may l)e, ie(auiini;r tho common denomi 
nator/’ 

Ex. 1. Find the sum oi ^ and 

a h 

The common denominator i^ ah. 

\ h ,1a . h , a />+ a 

a ab h ab ah nb ab 

Ex* 2- Find the sum of ^ and /* 

(t — h 

The common denoinina<oi a* — //®. 

. a ^ a[n + h)^ a® + a h -h a‘^ 

a — b u® — 6* a® — h^ 


•Cl r» ct* Ti* > ^ a t ^ — a* <-+a* 

Ex* 3. iMmplify — + . 

^ ^ ,0— a (^+a* <2 — a* 

Here tho L.C.M. of the denominators is (.r* -f a*)(<?;®*~c 
:«*•— a* ; therefore the expression 

(x-ha)(x* +a^)(x‘ha) — — a*)(»* — n^)+ (x^ + a*)(g* 


X 



TRACTIOXS. 


=” l(x^ + + 2x^a^ + + -a'* a;) — (a* + a‘— 2a:*a®) 

• +f®^ +a''+ 2a!»a=)[ ~(,i— a^) 

jr* + 2flra;'* + 2*x'*a? + 6r=a® 4* 


Ex. 4. Simplify -“I- ‘ + J±(_ 

(a — A )( s— <f ) (/y — a)(ci— 6 ; 

Here 4 =- -It/- . 

(/) — a){x-‘h) (a — b)\^i — b\ 

Therefore the L.C.M. of the derjorninutors is (a— t)(ar— a)*(aj— Z^) • 

therefore the expression - ^ ^ 

^ (r/— feKi- a)(.f — Z;} 

a I' — nh + CV — hr — (/iX — oh-h r.i — ijr) 

~~ fa — 6'^ —»)'»— 6; 

a/ — /y.y — h-^nc .f (a — ?>J + rfa— Z>) 

//(x— « < — />) (a — Z>)'aj— ay(./ — 

((/ — /iV • r v) f ’hr 

EXERCISE 38 


Sini piif\ 


, 1 + X 1 — » 

T+7+T* i-.( + .' 

2 S ”• 

P). ^ + 

2x4*1 4x4*1) ;i»4*! 


2a+^lb 2Q-:lh 
2a—V,l'^2aT:'il' 


. ft — X 2ft ft '^4- ft* » . I - . 1 

♦». - 4- -f . — I + »• 

r ft — i .f — (i~ I * a; 4- 1 . 1 ’ 4* 2 


?’* ^ X 

1— ac 14- 


u 4* X ft— i o’* 4“ a - 


^(.^ + 1) lot-t— 1> f. •2>-4;:) 


o o n .. o 

10. ^ 11 " + "" - " 

.T 1— ‘Jj 4t* — 1 ^(t— If)’ (a— 6)* a— t 

. I t 2 + 1_ 

(a— 2)(tt— 3) (^T— l)(o— m) ;U— lj(o— 


12 , 
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13. 


15. 

17. 

li:!. 


19. 


■ 20 . 


21. 


‘>2. 


23. 


24. 


2. 14. ® . 

ab{a—h)* b a ' ‘ tt* + £r* a+o! 6’ 

»+y _ X —x^ i j jg _A_+ ^ 

y x + y A*ij—y^' Zx + y 2x—y -ix^—y^' 

1 1 

(a!+l)(^+2) ^J;+ 1 )(^j’+ 2}(* + 3) 

I i_ +_JL__ 1 

l-« (l-xj* (1-®)*' 

^ + ** + . 

1 — .(■ — 1 1 +.!'•* 

_^_+ ^ _ J 

9Ca— 2) y(a4-l) 3,a+ 1)«‘ 

1 2 ^ 2 

aj— 1 __2(.r-f^2) ^>4-5 

(aJ + 2)(» + 5) (a? + 5)(.r — 1; (.t* — l)(a;— 2; 

a®— 6c ^ 6® — ra ^ c® — 

(a-hb)(a + cj (6 + 0(6 + a; (r + 'i)(r + />/ 
g— 6 _^6— c 
a + 6 6 + c r + g* 


95 ^ + _ _ ' 

:4aj + 2 jc® — 5cr+(J a;*— 8aj+ir/ 

O'* 1— y4-y®_ l + .r + .r® ^ 4.z;(l + a?®) 

l + a; + .c* 1— uj + a:® l+a’*+aj** 

07 fa^)^ + (r— rO“ 

^ ’ (6-r)(c-g) (g-6)(c-g) 

28. - + _2a__ 

(.r— g)* («— g)'* («— g)^* 

29 _ 2— 3g __ 16g-~g® 

2— a 24 g g®— 4 

30, _ -L. + 1 

l+a + a*+g® 1— a— a®+a^ 1 — a* — (^4 ^ 
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101* Multijplication and Division of Fractions. 

J. To multiply two or more fractions : — 

Rule. — “ Multiply the numerators of the fractions together 
for a new numerator and the denominators together for a new 
denominator aud reduce the resulting fraction to its lowest 
terms." 

EX.I. Maltiply 

X — ^ + &)(a+ Z/)_(a+ 6)* 

4 (a— /O* 4(<i— t)* 4(a— 4(^—6)* 

Ex. 2. Multiply ~-~K by 

a * + 6** ®)* 

Product ^ Z >)(a » + a b+ h ^)(a + b)^ 

(a! + b^X"— (a + 6)(a2— a6 + ^») (a— 

^(a* + ah+ + + 2a^b + 2ah^ + 

(a^ — a6+fe*j(a— 6) — 2a®6 + 2a62 — h** 

J7. To divide one fraction by another : — 

— “In\ertthe Divisor and proceed as in Multipli- 
cation." 


Ex. 1. 


Divide 


a*-7.2 

a + 26 


by 


a — h 
'5a + U6 


rx A* A a^-“b^ 5a + 6b (a + b)(a^b)S(a + 2l) 
Quotient = x , =~ r ~ro rx / /a~ 

a+2(; . a— 6 (a + 26)(a— 6) 


= 3fa +6)# 

■n rt IX- -j a^ + />^ , a®— aft+fe* 

Ex- 2. Divide- by 

a** — a — 0 

. . a® + 6* a— 6’ 

Quoueut = ^,_^3x^5:::^, 

_ (a+6)Ca* — ah + h*){a — b) 

(a — 6) (a® + a6+ b^)(a^ — a6+ Z>®) a® + a6 4 6®* 


?> a a ^ a 

Kvie, -=,-~r= , x ^ = r- 
(0 0 c be 

a b a c ac 

and - = a.5- j,- 


c 
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expression a;® + 1— - — ^Is a mixed fraction ; 

«K "f" X 

L— is a rowjpZccr fraction. Thelattcris simplified thus : 


The — 

r b+4-- 

djj¥ i d1 i- 1 

fl _ o(df-h('^ ^ njf-h 

bdf 4- be 4- (j hfif +• he + (‘j hdf -f he + (f 
df^e 

IJl. To find the IL C,F, mid L C.M. of two or more J ni'd iom . — 
Rule . — “The II. C F. two or more fractions in their lowest 
the H.C.F. of numerators j 


terms = ■— 


the Ij.O.M. ot dciioniiiiators 
moie fraction^ in thrir lowest terms-- 


- ; and the L.C.M. of two or 


- . .1 • 1 X the L.C M. of numerators 

e fraction^ m thrir lowest terms-- ,,,,,, . . — 

the hl.C.F.ot denominators 

Ex- Findthell.C.F.aiidL.C.M. of““, Here the 

be uc ah 


fractions are in their lowest terms. 

m • TT the H.C.F. of o’-*, and e’' 1 

Their H.C.F. — '3-*- = - . 

th«' L.O.M. ot Ic, ac and uh ahe 

• T n \T fho L.C.M. of a®, h- and c® a-h^c^ 
Iheu- L.C.M. 1 

:=aHr-e'\ 

EXEECISE 39. 


Simplify : — 

^ a— Z/ 

(a-t Z; * ’ ab+ b‘^ 


a * — ?/ ' . a" + h'^ 

a'-* — + * a— 6 


a;*— 6* .r * — bx \ a-hh) \ a— 6/ 

a+6 ax+x'* \ a^xJ 
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0 . 


7. 


b. 

9 . 

10 . 

11 . 

12 . 


11 


15 


16 

17. 

18. 


19 


20 . 


a(a— 


ag(a-fa») 


a*+ 2 a«+a!“ a*— 2 aa 5 + .o'* * 

^ ^ ^ ^ ^ A_\ 

\a+6 a— 6/ ' \a— 6 a+ 

( flg-f y\ v 

2 / ^ + 2 // ‘ •^•■^ 2 // 

\ + 

\«* — 1 /^ x^+y^/ ‘ \ap^ — 2 /“* x^-^y^j 

a? + fp 


1 




2ah 
a^ -f 6 * 

(a® + h^-c^y ' 


-«--■} 4 ( 


a+ r\ 
6 “ ) 


^}- 


f a* + _a’ + ir* \ — 5 

- i’“ a’ - aj* V C fi' 


_ —x^_a'-x\ 

\a^—v^ a’ -aj* V ’ + a + aj>* 

/fT-6 (a-bXh-c) -) 

\l+ab'^l + bcj • \ (^l+nbXl + bc) S ' 


2 (a- 6 ) 


2(a-t)+ 


2 c» 


c+ 


c ‘6 


6 *- 


7 
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Find tbo H.C.F. and L.O.M. of 
■ "ai. 

a +6 a—b a* + l* 

22 rt!* — 4 , x’‘ + 2x* 

(ar+1)* ^a!*-4a!-12‘ 

2^^ <t* — 1 o® — 2 a+l , a* — a 

(a* + l)*’ a® -Hi a® -H 2 a* -Ha* 

24. and 

6 c(a-t- 6 )( 6 -Hf )’ ac( 6 -H<?)(c-Ha) a 6 (a-H 6 )(c-+'a)* 

102. The following resuUs are important, and the student 
IS required to work out and verify each* 

1. ^ . 1 . 1 

{a — h)(a — c) {b — o){b-c) (c — a)(c — h) 

2. I- -I — 0. 

^ {a — b){ci — c) (h -a)(b—G) (C’-a)(c—b) 

+ £! 

{a — b ){a —c) {b—a){b — c) {c—a){c—h) 

^ 

{a — b){a — c) {b — a){b—c) {c—a)(c—b) 

ft' I I 7 I 

{a — b)(a — c) {b — a)(b—c) {c—a){c—~b) 

ft ^ 1)^ • 

f). — _ - -H + = + 

{a — b){a-c) (b — a)(b—c) (c—a){c—b) 

’^al + ar-\^hGm 

EX- 1* Simplify: — 

+ c ^ c-Ha ^ a-H& 

{a — b)(a — c) {b — a){b — c) {c^n){c-b) 

,, . a-\-‘b‘\-c—a , a-H&+c — h , a-H^ + r- n 

expression {b — n){b~c) {c-‘oj(c’—b) 


u.-{- l + c) — c)'^(c — a)(c — h) ^ 

-5 ^ + « I 

\{a—b){a—c) (b—a){b—c) (c— tt)(c— 6)J 

ar(ct+&+c)(0)-(0)=0,.,(nsiDg 1 and 2). 
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Ex. 2 ‘ SimpUt'y 

1 


1 


(«— aXa— 6)(a— cj (a:— b)(h---‘a)(b-^c) (a:— c)(c— a)(c«— ft)’ 

Expression = -f 

(jr— aX*— ft)(-c— r) c) 


^ J[^ _ 

(a?— ti) ftX*- 


+ g— r) ^ ftn 

( ft- aj(ft — c) (c— a) (e— 6) J 

»w N + two similar terras 1. 

-c)L C(a-ft)(a~c) J 


■{ 


ft + c 


•) ftr 

, ^ -f two similar terms ^ -h 

(a-h)(a c) ) (,a- 6 ),a — c) 


+ two similar terms 


] 


] 


(x--a){x~-b)(7i — r) 


[a-Mo} x{u;+]] 


Ex- 3 - Simplify :— 

(b+1)' 


/nMug 1 , 4 and Example 1 ). 
(<•+ 1)3 


(a~'ft)(a - 6 *) {b—a){b—G) {c^a){c -b) 

t a* > 

Expression = { __ __ + <wo similar feiras > 

^ \{a-h){a~r) > 


+ 3 


r 

t(a- 6 )(a-c) 


+ two similar terms 




(li— b)(a—c) 

+ two similar terms T + -f;: — +two similar terms^ 

J C(a- 6 )(a-c) / 

=:(a + ft + c)+ »3xl + 3 x0 + 0=a + ft + r + 3 ( iisin" I, 2, 3, 5). 


EXERCISE 40 . 

Simplify : — 

1 (a+iy ^ (h+ ly ^ ( r+l)^ 

(a — ft)(a -o) (h-~a){l)- c) (r—a)(c~~b) 

2 — be ^ h^—ac ^ c^—ah 

(a— ft)(a— c) (b—a){b—r) {c—a)(c—lbf 

3 + l ft^-fl . 

(tt— ftjCa-cj (ft-a)( 6 — c) (c-a)(c— ft)’ 
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4 j. nb *+mac . nr*+mba 

{a—b)(a -cj (b—a)(b—c) (r,—a)(c—b)' 


j. 


o* + o* _j_ a* + b* 


5^ ^ 

(a™6)(a“-c) ‘ {b—a){b—c) ' (c— a)(c— 6/ 

6 + O + c(a-{-h) 

{a — b){a--c) {b -a){h-~c) (c— a)(c— &)’ 

rj (a+^)(«^ -4~3 ) (b-\- 2)(fc“f‘»^) . 

(a— 6)(a-f) (6— a)(6--c) {c—a){c—h)" 

g _a* + a-f-l ^ ^l±A±l_ +_![1±£±A_ 

(a — &)(a— c) {b--c){h — a) {c— a){jc-- b)* 


9. 

10 . 

11 . 


a^ + l ^ b»4»l c^-fl 


(a—h)(a-~c) {0 — a){b — c) (c — a)(c — 6) 

a*±l ^ h^±l ^ c*±l 

(a—b)(a-—c) { 0 — a){b--c) (c — a)(c — h) 

^ 1 

(a— AKr/ () (// 1)(6 -a)(h-c) 


1 


12 . . 


I 


I 


(r IXr — a)(r -//)' 


+ * 


aia—h){fr — c) b{b — a){h — c) c{( — o){v — b) 

13. 1 + j 

{a — lj)(a-~-c) {0 + jc){b — a)(^b~-c) 


14. 




(c-fcr)(c— (7)(c -h) 
h 


(a~i) {a — It) (a —c) {b— i) (h — a) (b — c) 


15. ^ 

(a— IXct — 


16. 


ia—x)ia--b){a — c) 
a* 


(c-lXr-aXc— 6/ 
+ tlie other two similar terms, 

the other two similar tei*ms. 


{a'-x){a’-bXa — c) 


17 . 


+ the other two similar terms. 
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18. 


19. 


(a— l)(a— 6)(a— c) 


+ tbe other two similar terms. 


+ the other two similar terms. 


(a x)(a — h)(a — c) 

20. — -f — ^ + the other two similar terms. 

(a + aj)(a— 6)(a— c) 

103 . Miscellaneotis Examples. 

The methods employed in the following examples will kelp 
cthe student in simplifying many difficult expressions. 

1. Simplify —Izl + . . 

{x — a){x~b) (x -h){jc ~c) {x-c){x—a) 

Now 

(x — a)(x -h) (x — a){m~b) x — n x~~ b 

h —c _T- c—{ v-h )_ 1 1 

ix-b)(x—c) (x~b) (x—c) x—b ai—c 
~ ® ^ ^ 

{x~-c){x-a) (x-r)(x-a) 

tlie whole expression = ^ ^ — 

uj -a X h x—b X— c 

+--L— L.=«. 

x—c x—a 

Note F^ach frucrion is rosuh’’ed into two parnul tVa *n*ona 

« +-L. + _l +3 

0+0 c + a a h 

L. I • 

6+c c+a a+6 


2. Simplify 


The numorator= 4- J -f- 4- 1 ^ 

04-^ c4-a a 4- 6 


{ splitting .3 into 3 ones) 
+ 6+^ 
c4-tt 


_a4-fc4“C ,a->rh-\-c . rt4“fe+c 
6+c 


a+6 


-A tho expression =5 


0+6+0^-^ + A +-J!_ \ 

\o+c c+a a+o/ 
= a+6+c. ^ 


(a+6+c) f 

\6+c c+g a+ 6/ 

+-JL + _1_ 

6+c c+a a+6 
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^ (a-f c)* — (a+6)*~<j*^(6+c)® — a*' 

Expression =(g: +?'--cV<»r i±g)+ (^+«'-c)(6-a+c) 
(a+c+6)(rt+c~6) (a+6 + c)(a+i~c; 

(6 4“ c+ a)(& 4“ c — fl) 


_^6~c_^^)~a + c^r+^^^c7 + /)-c + 6-a + c + c + a-?> 
a c n ’i-b-{- c /7 + /)+<* ^ ^ ^ 

==LtA±5==rl 

a + 6 + c 


4. 

-(i . i) (.• (il i) 

X(6=>+c«--«‘‘) + ^i-+^^j(c=‘+„==-6») 

asi-Co' + i'-r^ + f^+a*- //^} + ?,(a*+t»-c*+[.*+c“ -«') 
2a 2b 

+ ~r/^* + c‘^ — rr^ + r^ + — 

2c 

« l(2a^) + i (26^ j + 1 { 2c^;= a + ?. + r. 

2 c 7 2b 2c 


r>. Simplify : — 

a^(cy—hzy 4* b^(az—cxY + c^{bx—ay)^ 
hcA*(cy — bz) + ocy\az—cj)’¥ahz^{bi —ay)' 
Numerator=(aci/— «6z)‘’ +{nhz -5cr)® + (/^C( -~ncy)^, 

♦Since acy — ahz + abz— be t + ba —acy'^O 
/. {acy—abzy + (obz—hciy + (bc» —ary)^ = l)(acy ~abzp 
X(ahz — hcC)(bct ~-acy):=dabc(cy ~-bz)(aZ'^cx)(b.( — ay). 


Denominator = a* 6*c*.»* 
\ (•^(16 / 
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CV P\i-r) + q\r—p) + r»(p-q)= (p-q j(q ^r)(p-r) \ 

~ {hjC’^ay){cy-^ hzXcx-^az ) 

_ ^ahc(cy~- hz) (az-^cx) {hx--~ay) 
ay ) {cy^ bz) ( ca;— az) 


/• the given expression s= 
= -~l]ahc. 

G. Simplify ; — 

1 I 


+ &c. 


(a+ V){a + ^1) (a + 2Xrt + 3) (a + ^Xa 

Taking the first two, we have ^ + 1 

(a + lXa + 2j (a-h2)(a4-3; 

a-fo-fg-fl 2(a4«2) ^ 2 t, 

(a+ lXa+ 2)(a + 3) (tt'^ IXa^* 2X<^ + 3) (a+l)(a+3) 


2 1 2 

ttt- — and , we have — 

(a+ !)(« (« + 3)(a + 4y (a -4- IXa + 3) 

1 2rt + 8 + tt -r 1 3(/i + 3) 


Taking 


(a + 3Xfli+4) (a-h l)(a + 3)(a + 4!^ l)(^a + 3)(a + 4) 


. . ,4 ; Taking tliis and the fourth term, viz 

(a + lX« + 4j " ’ 


(a + 5 ) 


, wo can shew that the &ura=! — 


4 


(a + I )(a + 5 )* 


Similarly the sum of five termsrs _ andthesum 

(r/+ Ijfa+fi) 


of n terms = 


Simplify : 

1. 


(a f 1 j(a + a -f 1 / 

EXERCISE 41. 

l—h /> r 


(tt + 2)(^+2) (6 + 2)(rs.2) (r-r2)(^a + 2/ 


-h^ 
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a^^hc ^ ^ r^'-ah 

{a-^ b)(a’tc) (6 + aX^+c) (c + aXc + 6/ 
a — c _ h—a ^ c — h 
{(i^b)(b—c) (6— cXc—a) (c—a)(a—bf 
4— a—6 ^ a+c— 4 c—h 

C2-a)(2-b)'^ Ci-aX2-c)‘^(2-6)(2-c)* 

J^+.d + 0 + 6 +C 

;c-~a Qc—b x—c 

» — a x — b X -c 


^_±?/+y ±_>-±?+3 

‘C-y y -5 


_JL-|-_L_4-_J_ 

x — c a—x x—b 

-i_— ?_+_t+l 

X—C x—a x—b 


o 4 ‘?> 4 -c ^ 3 

<7 4- 6 "He 4“^ a-^h-\’C a-^b 

( 74 ' 6 +c 4*«5 a + a 4-6 

Jl+_^+jL+-2-- 

6 — g c — 6 ( 7 — c q — (f 

_'!_+ JL-+ _!L + _!L 

/i — g c — 6 d — r g-~(£ 


.T-fO, «4-Cta '4-^3 «4-«« 

4- -i_4-..,4.-J— 
aj-f-g^ «4-aa ^4"^? * * i®4'a„ 

x^-(x^-lY x^{x-lY-\ 

(«* + — *^(»4-lX — 1 a;*--(a?4-l)* 

oj* — (g — 6)-* . a^ — (x—bY , h^-~(x—aY 
(^6)*— g^ (aj+aX-i#-* (a4-^)* — . 
(a?4-2y)*-?/^ (a;-y)^ — (2a;4-3y)^--y^ ^ 

(*4-yX-“4y“ (x-^yY-y^ (2aj4-yX-%^* 

at) »c ca 

(c»+a*-6*). 
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17. 


'Lli (a’ + fc>-c»)+‘’^(5’ +c''-a*) + '’t.' 
•Mb 2bc ^ 


h + t 


c + a 


IS. " 


a® f Zi* I .74. /7 4 I 4 4\.c*+a* 

— — (Z>^+c* — a*) + — — 
a‘6* c*a* 


(c» + a3-6^). 
c®a* 

fc* + a* — J*)« 


19. 

20. 
21 . 


ra" — 6")® + (c*— a*)’ 

a‘'(6— cj-i^6-*(c— a) + c‘*(a~6) 
a’r&— <•)’ — a)* + r/*('a — 6)' 

Zi'(c--aj+ r ^(a— 6) 


(6+ r— 2a;^ 


(c+ a — 2h)^ 


(ai'd ~2r)(r+ a — 2dj (a-i- b — 2cj(b+ c—2a) 

. (a + h-2cy 


22. 


24. 


(c + a— 26)(6+ c— 2«1 

■“‘(r‘)"‘‘C-;)"‘-(H) 

“C ;)-G-:)-a-o 

a^(h^ — c^') 6^(c*“-a*) + c®(a® — 6^) 

abia— b)-\' bcib c) + ca{c—a) 

1 + L + . 1 

(.c 4- J)(2.c+ 1) ( 2a^ + lX^l.c + 1) + l)(l4 + Ij 


4- - - . What is the sum of n terras of the above ? 

(4»4- 1)( 5.c 4- i ) 
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IDENTITIES AND FRACTIONS— Confinucf/. 

104- If two algebraic expressions are identically equal for 
all valnes of the letters z, 7 , &c., involved in them, then the 
coefficients of the like powers of z, 7 , Ac-, in each expression 
are equal- 

If px+qyf=‘ax+hii foi- all values of cVnd y, then p=a and 

5 = 6 . 

Since po!-!- 22 /=- aoj-l-t?/ for all values of .r, it must bo true 
when a;=: 0 , /. qy^hy^ A 9=6 and A p= 5 a. 

If + for 

aZZ Talnes of r, then ./l=a, C=r, D= J, &c. 

Since it is true for all values of a’, it must be true when 
«= 0 . 

A u4 = a, A 

Dividing both sides by a?, .5+O.r-f 

By putting aj=0, it may be shewn that B^b ; similarly O^Cy 
and BO on. This is the Principle of Indeterminate Co-efficients* 

Note.— If fl,+a2»+a,a."+&c.-0 for all values of a, then aj= 0 , 

03 = 0, dc. 

105- Application of the above Principle- 

2 

Ex* 1* To resolve . , ..into two partial fractions. 

(x~-l)(x -S) 


Let 


A B 

=r ^ where A and B do not con- 


4:ain x. Then 


(r— l)(a? — 3) u;— i 

2 ^ ll) 

U— lX*c~3; 


A 2 = il(a?— — 1). Since this is true for all values 
cf a!, it must be true when »= 1, A 2— d(l — 2=— 2^1. 

A A= —1* Similarly when 1 . 

2 


(ar-lX»--{r 


- 1 + 1 . 

.r— 1 -o 
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Ex- 2- To resolve 
fractions, 

7 -X X* 


(a;-l)(a;-2)(sp-3) 
A B 


-^into three partial 


^ ^ 0 ^ 

Liet — ^ - 4 . where A, B 

(ic— l)(aj— 2)(a?— 3) ./—I a— 2 j:— 3 

and 0 do not contain x. Then we have x^ A(x-^2)(x^S) 

+ 3 ) + G(* -lXa?- 2 ). 

Since this ia true for all values of a\ il ipust be true when 
«= 1 , /. 1 =^( 1 - 2 x 1 - 3 ), /. 1 = 2 ^, /. A = l. 

Similarly, when a* =2, 4 = 7f( 2 1x2 3), /. Z?= t. 

And when cr= 3 , 9 = Ofo l)f 3 2 ), .•.o’=S* 

. (T'* _ 1 4^9 

’*(.i*-~lX»- 2 )(,r- 3 )~' 2 (.r - 1 ) '®- 2 2 (l^iX 

Note. — Th»» student is referred to Chapters XVII and W\ for more* 
examples of the Ap])licatioiJ of this riiiiciple. 

EXERCISE 42. 

Resolve each of the following into two partial fractions • — 


1 a- h 

(aj— a)(.r h) 

•> „ 

»> •>* 

(a 4;(.f + 2/ 

3 

^ ^*-4® 

(.1 + 6)(.c + a) 


*> «• 

(2»— i)(3<r— 1 j 

6. _ 


(2»— i)(3<r— 1 j a)(x+ b) 

Resolve each of the following into three {)artial fractions : — 
o 3 a«®+Z>» + r 


{a + i){a +2)((f-l* 3) 

10 1 0y^-41y4 37 

(y-l)( 2 /- 2 )(y~:{)' 

j2 12a’* + 73®+ 106 
(.T + 2)(j’ + 4 X(b + 3) 


2a* -10^ + 1 4 
(.r-2Xa- 3)(»- 4)' 
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106. Examples worked!out. 

1. If shew that ‘'±2^21^ = 2. 
a+o a — 2a aj— 2o 


.y- f 2a ^ a?4-2fe ^a;-~2a4- 4g^.r— 26-f46 
{c— 2rt x—2h x—2a tp— '26 

= 1 + -^+ n ._ iL =2+4 f - V +— 

.K— 2(1 9— 2b \iB— 2rt i#— 26/ 


= *’+4 j ~ 2 (t 6 4- 6a! — 2(76 *) _2+4 

I (•«-' 


2aX»— ‘26) J 


■ f 

Ic*-: 


= 2+1 


6)- 4flf6) „ ^ 

iil+i: ^2+4^-;^ 

(a*— 2a)(.c— 26) ) 


aj(a+6)— 4a6 \ 
»--2a)(»-26)J 

4a6— 4a6 ^ 

-2aX»-26) / 


1 =2 + 0 ^ 2 . 


2. Find the value of--*- when « = 

(ii!-(i-6)» a+6 

^ 4- 6* ^a(a + h)-\-h^ 6* 

a 4- 6 a 4" 6 a 4- 6 

•••" "=(7-^6 W 

,r+T- -'"^a+l ••* ^ = ,, + 6 ^2) 

Asrain a, = ’}l±^h±!'"-.2h ^ 1 


ic— ff -6 = - 


^ = ,, + 6 

'«• 


.From (1), (2) and (*4), — —z 

{x — n -hy 


n-yb a + 6'(a4-6)* 

_ a*6* y (a 'f-6)* _ , 
(a4-’^* a»6« * 


-•{. If // = </ac*, shew that ^ 

c^'dh b-h'dc 


^ow ^ ^a(s/c + 3v/a) 

C4-36 c+3v^ttc -v/e(>v/c i- 3(v/a) 

6+3c v'ac+S^^ (/cC-v/a f 3v^c) t/c 


.( 1 ). 

(2). 
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Since and ^ ^ are each equal to , therefore, 

c + ;:I6 /> + 8^- ^ 


Z> + 3a __ g4 3& 
c + Sh 6 + 3c 

4. If i= , shew tlmt J ±-'’ 


c h — ab 


h b — ar 


1 _ A+f 

tl h hi 


Now - = /.A- //A = r(rr -f 6i. 

6* 0— c/A 

•\b—ah=ac^bc h = (tb-\-ac+h(‘ 
•\b — ac = ab-{‘hc=^h{n-^r) /. /> = 

. 1_ rt + r 

'•a A-«c‘ 

Again since A = « A -f- '7r+ Af, 

• _A — Ar ,l A-fr 

• • (t — j — — • • — — - , 

A + c a A — At* 


/. A - hr^nh -i-fir^^ath-^r) 


If fl 5 = .1! — //=/ / ~ \ shev^ thnt z+y 

1+ffA •' 1 +h. 1+of ^ 


4--:= 


a — b h — n-^a — c , r </ 
l + ffA 14-A^ ”^l-l-(’(7 


Afc- /f) 


4-fa l + dc§ 


T\ h(c- a) . . , cfA — a) 

(l4aA)(l4Af; ^ (l-l-ca)(l + 5c) 

— a) f h ^ \ 

(l + Ar; C1 + «A i + caj 
^ (g — A) (f— (f) f b — c ■> 

1+Ac \(l + (fA)(l + ra )S 
^ (g — A)(A~f)(c — g) __ 

~ (1 + a6X 1 + ^'cXl + cfl) ~ 
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EXERCISE 43 

Find the value of : — 


1 

<(<— (i)+ < 

(.-h) 

' V 

khen t 

_ 2a6 



(o-aX‘ 

-b) 


a b 


2. 

« —a / t 


__ a6 



(-5 \< 

-26/ 


a + 6 


*> 


1 -2a 

when t = 

a + b 

— • 



( +a — 

•26 


/ 

4. 

a(a— f) 

— wluni 

2ar 

as: — , 



(a-"0(^ + w 

a 

4- c 




/ — 4(f + 26 1 
— when =a 

4-6 

»)• 

\i-2&y 

( ;f-2a 

46 




Cd— ')(^— 

— "w hen 


(tb—td 



(c+ 


a 

4* 6 4- 1 4 

"(7 

7 


- — 1 %vlien » = 

2a6 


f # 

, —a 4 — 

fc b 


a + 6’ 



(( -a)(i- 

■h)(, + 2n 

4- 26) , 

w hen 

=:2(a4- 


(6+2(l)(t 

+ 2bXi,- 

a 6) 



i) 

(< — aX'- 

b)(<i->-l) 

when « 

■\-ab 4- 6® 


(K~-a — b){b o) 


a 

+ f> 

10. 

1 + n f 2i 
iTh 

+ 6 + r ^ 
+ a 4- r i 

, c^ — ab 

when t = — , — ^ 
a 4- 6 2c 

11. 

- 'when / = 

at — b 

'^ + 6^ 
2a6 • 



1 '> 


(~Y 

when 


+ (d 4-' 

1 ij 

\,+2d/' 

l. -dj 

3(c4-cC) 

1 > 

2 — 7y® + 

- when t z 

_ a — 6 

and y - 

a + b 

1 y 

7^* — » * + 1 

y 

b 



1 A 

* + 2a t 

-2a . 

4a6 V 

TirhAn » = 

ab 

14. 

26— t 2b + L d* 

-46» 


a+b* 


a( I— c) 

(o—aXa—O) 




•when t = 


all 

a + 6— 



15 . 
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I . 1 a— ft 1 1 

16. — H ; r when ^ 

.v—a X — ft x* — ab 1 . 1 

2a 2fc 

17 . Tvheng- (t-^h+c.-^-d 

(pw — a — c)(qz—c^--d) p-^q 

18 . x=Jt. 

(w(za. — a — u) a-f-^ 

19. -{-. — : ^ _L_ when x = a-^bm 

2a r 2a 0 2bx 

o A •' + V — ^ 1 £i + l T ah + a 

20. — ^ — - when w =— — r ana ?/= . — . 

. /■*_!_ 1 /»/._!_ 1 ^ X./. -L 1 


Shew that — 

21 .s-(« -a) ;fo .7. ■_(. 

2 ft<; — (b^+c'^ — tt*) (s — "ftl(K-- r) 

2 >, £!L + -oif ^ 

(x — a){x—h) {X -b)(x -r) (t — r)(® -a) x 


’TA-l} 


o;i. l%7i!=l a and ^^\(p>+ 

O* 6“ (( ^ , 1 y iir pV 

p +-r 

p- 

24. — ^ - =0ifi 
fn(n x) 9i{a x) mix— a) 

= lL(jji — n + a), 
m 

25. LLI: ''1=' if and ,j^ 

107 - Esamples worked out- 

1. If a + 6 + c=0, shew that — 

i. i+l+>» 0 -, (ii) fU*+!V=i+l+A> 

ob be oc \a b cj tt® b c* 
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^ -f- — - — ^ — — Oj 

^ ’ a' + i'-c* t' + c'-tt* c»-^a*-b* 

^iv)- ?--+ ^ =0. 

^ '^a’^ + lc 2i‘ + ac 2«=‘ + ah 

(i) i+ l+ -^==0; V«+^ + C=:0; 

ab be ac ahe abc 

\a b c / 6® c* \al ac be J 

= ^ + ^ + ^ . V + — + ,- =0[by(i)]. 
c* ab ac he 

( 1 I 1 \* 

_ + + ) 

a ~b b — c c — a/ 

=_J _+ J_+- JL_ 

(a — b)^ {b — c)^ {c—ay 

(iii) Since « + //+^=0 •*• a-\-h=—c •% = 

A a" + //" + 2tf7y = r" A a* + ^" c^ = -- 2 ab. 

Similarly 4* = — 2Z>c and -1/'^=^ ~2c(u 

* JTpripp ^ -4“ ‘i“ 

a^^b^-c^ V^^c^-a^ 2 ab 

— L— J_=— 1/ in- ^ +i\ = 0v -^7+ ^-+ 7- = 0[by(i;]. 

2 hc 2 ca 2 \ab be ac) ab ac be 

(ivj Since O'i-l+c—O, A a= — (b + c), A a^= —a(b + c) 
*0 + hc = a^ + bc’-a(b + c). A 2a^ +br = -ir be 

— ab — ac=a(a — b)-~c(a -b)=(n — b)(a — cj. 

Similarly 21 /^ + ar = {b — a){b — c) and 2r* + aZ/= (c—a) 

X(c-Z>). 

tt a ^ ^ C g 

2 a'^ +bc 2 b^-i-ac 2c* 4aZ> (a — b){a—c) 

+ h + . 0 [by (2) or Art. 1021. 

^ ib-cKb^af (c-a)ic-b) J 

2. If -4 ^ = :: — , then shew that 

abc tt+6 + c 

(i) {7 = — Z), or 2/=:— c, or c=-"a; 
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r,n - + — + i=_J • r I* ^ ^ = L 

a* c® o® + 6® + c®' a* 6® c® a® + 6*+c®* 

»ndgenerallj(iv) -^+-1- 

0) Since -+^+^== ?: 

a b c a+b+c 


ah-^r bc+ ac ^ I 

abc a + + c 


/. (a + ^ + r)(ab + dc + be) = abc 


m\ (a-h b + c)(ab+ ac-\- be)— abc=^0 *, (a -h b)(b -h c)(c + a) =0 
/. a + b = 0 /. a = — b; or b-{-c = 0 , /. b — --c\ or c+a=0 


(ii) We have shewn that a——b /• a* = — 6* 

.. i+l+i=-l+i + ’ =1= L__ 

(?** b^ c* c** + 


•/ a ® + 6 * = 0 


(lii; Since a = — b a®= — f) 

l+l..L=_»+i+l = 1 _ ..a^ + i==0. 

/® b' c® i’ 6® c® rt* + 6’ + c'' 

(iv) Since a = — b, o*"+® = — 6*’’+’^ V 2?j+ 1 is odd. 

_1 +^_ +_!_=_ J_+ 1 +_JL=_1_ 


52 «+l 




2n+l 1 7.£n+x _f 




V ^2"+^ + h 


If a?> + ac+ 6c = l, shew that — 

({) +_^1±1 4- r^ + 1 

(a + b)(n -h c) (b-i- c)(b-j’ (f) (c-t(i)(c-i-b) 

= 3(rf6+ac+^c). 

fii) = (a+/>)(/> + o)(c+fi ) 

1— ai?> l—Z/c 1 — ca (1— a6)(l~f/c)(l— ~ca)* 

(i) Since ] =rr& + (7r+ &c, =a^ -f- <76 -j- ac + 

=a(a+ 6)4-c(a4' 6) = (a + 6)(a + c). 

8 
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Similarly l + l.* =(6+a)(6+f) ; and 1+c* =(f+«)(c+l>). 

Hence the given expression = — - j* 

(a+hj(a+c) (6+o)(6+c) 

(ii) Smc© flc*^ be ~ Ij •** 1 £/ b — be ~ c^c? b)« 

•*. SimiJarly 1— be = ab + oc=a(b+r) 


.. = and- =- 

1— be a i—ca b 

, a -t-h , b-hc , e + <* 

• • ^ + 4- = 

1 — no l~oe 1 ca 


1 1^1 __nb4*o<’-hbe_ 1 

e (lb abr abc 


J 11^ 

c (I b 1 


n + b 

* ah 


b-f-e 

i-be 


e + n 

I -7 a' 


4. If + ^ =0, then shew that — 
a b <* 


(i) 


b® 




(n + b){ii -H i ; (b-h e)(b+ n) (t + n)Ce -h b) 
(lb 


= 3; 


Oij + ^_-^.a+b+e = 0. 

n-fb b+c e4"ti 

,.N e* J . I . 1 n .ah + ac + br ^ 

(ij Since -+-+-=0, .. — , =Q. 

abc abc 

.% ab + ac+ bcs=0 •*. o®+ ab + be + ea=a* 

•% a(a + b) + e(a + b)=a® .% (a + bX(^+ c)esa^. Similarly, 

by adding b* and e* to both sides of ob + ac+ be=0, we can get 

(b + c)(b-f*a)=b* and (c+ a)(e + b) = c®. 




- b» 

- ~ - ■■ - ^ _ •!* 
k • 7 O • 


(a + b)(a + c) (b + a)(b + c) (^e + a)(e+b) a* b* c® 

= 1 + 1 + 1 = 3. 

((ii) — ^ + r^ + -— +a + b + e= + « 

a+b b+c c+a a+ b b+c 

ea , ab + ac + bc . bc + ab + ae , ra+hc + ab 0 

4. + b s= T — + 7 — + . = 7 

c + a a+b b + c e + a a + b 
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5. If a+i+c+d=0and l + J+*+?=0, prove that 

a u c a 

a* -l-f* =^0. 

Since a + + = 0, a’^b = — (c-\~d). 

Since ^+-+^+-,=0,.-. ^ + f = -(- + i) 

abed n b \r a J 

= - ‘l+I^ i = \ ab=cd. 

ab cd *tb cd 

Again + + »‘Ja^(a-f 6) 

^^ c ^~^ d ^-:^ cd ( c + d ) a®-f ^*+c® + tZ® =~3a/>(rr + 5) 

— 3f ci(r 4- tZ) = — *^ cd(a + 6) + ^ cd^a 4- />} =0* 

6. If a + h + r =rt?ic, shew that ^ =a6c. 

no— L 6c— 1 cn - I 

Since a + 6+ c = (i6c, n + 6 =n6c— r=c(a6— 1). 

Similarly, 6+ c=a(6c— 1) and c + a ==6(ac— 1). 

TT n + 6^/)+c.c+a _cfao— 1) a(6c— 1) 6(ra— 1) 

n6— 1 6c— 1 m— L n6 - 1 w — 1 cn— 1 

= r + a + 6 = ah (\ 

7k If t+y^aZf y-^z — h,c and z-^ i =ry^ find the value 
P 1 a. 1 1- ^ 

^^a + l t + l '■ + !■ 


Since ( + y = a;, .*• > + y + : = a; + ;=;(a+ 1) 

. , I +y+z . 1 _ s 

••“+l=— T" ’•a+ 1-..+2,+.- 


Similarly ,• +-i 




**ri-M'^6+l .t' + y + 5 . i+y + z . t+y + z 

_ ' 4- /y 4- , 


8. If a+5fc = l, tt&+ac+l>c = J, ahe-^f, then — _ 

ai -00 

+ — ^ — +— ?— «=??. 
5 + ao c + a6 4 t 
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Since (f+ Zi+ c = l, A a = l — (6+c). A a+ Jr=l— (i + c) 
+ ir = (l— Z()(l — cj. Similarly Zi + ac«=(l — a)(l — r) and c+ab- 


a-i-br b + or r ab (!--?))(]— c) — 


1 


(1-aXi-O 


3— (a + Z/+ c) 


1-1 + 


J-r/ + l-A+ I- 

(1 — tO( 1— l-“(a + 6 + r)+ {ab-\-ac-\-hr)— air 

3-1 _2_27 

8 4 * 


J_ 1 

3 27 27 


T^. +— ^=1, tben (i) 

h + r rt-fc n-ft h + c a-^r a + h 


— 0 ; (ii) -^4--^ =— + 

6H-/‘ (/ + /' «4-6 


(i) Now -£ +-^4. =l 
6-1- (?4-r /7-f-6 

. Ka-^-b^r) Xf/H-Zi + r) , , , 

— -+ 7 + , ' = a-htH-c 

a + r a^h 


a + - 


b - i ^ C 


+ 2 j + 


a + c 


+ C+ =0 + &+ c 

a+ 6 


.*• 7 — + — +- — j =(a + 6 + c)— '(a+ 6+ c) = 0. 
O-r C tt+ c a+ 0 ' ^ 

(ii) - *-?> + r) ^ ?>"(q + 6 + c) ^r^ra+ 6+r)_Q 

/>+c a + c a + 6 

/. a* + - — + L*+ JL_ + c 2+ _^_ = 0 
/> + c a+c a + 6 


=• _(o» + z,» + c“). 

/> 4- /• if 4- /» /» -I- 


6+c* a+c a+6 
10. If a?>c = 1, prove thaf 


1 


I 


-? + - 


1 


1+0+^ 1+C+- 1+1+ 

b a 
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, Now 1+ a +-.=o6c+a+ac=o(&c+l + c). 
b 

H.cf^ = l+c+6<-and 1+6+1 =^1+'"®+^ 

a c c 

. 1 , 1 .1 L__+ 1 

l+a+l i + c + 1 1+6+1 <!'<=+ ^ + n l+c-^Oo 
h a c 

+ TTn~/ _/i v“(^ + 

r+oc-f-l ^c+l-fo \(i J 6c+i + c 


EXEBCISE 44. 

If a + b + r=^0f prove the following identities : — 


1. ^ + 1 + - + -^ + ,— + 4- =0; 




a h c a-\-b h-{-c c+tt + 6‘‘c®+c^a^) 

= 2 . 

(l'{‘b ((-{‘C (* -j* 

{a -j- c)(b^c) (a i’b)(a'j-c) (fi + b ){b + c; 

1 . 1.1 


=2 /'f+UM 

\u b c J 


:>. + -6M +" + '■' 

be ra ab 

4. a? (6 — r) + &*(< — rt)4*c''*(a— 6) =0. 

*), a'^(b-\’r)-\-b'^(r + a) + c^(a+ b) +Sab(‘’-=0. 

iK 


7. 

8 . 


f?-!'' -t 

6 + r _^r 4-flt \ 

if,— 


1=9. 

\ <• 

a b J 

\b + c 

r+a it+bj 

f 

fi* 

b^ 

+ _ a. _ 

,.2 

= 1. 


2«*+6r 

26* + ,(c 2. 



n» 

6> 

"f* 

,.3 

=0and"'^'”' 

"I> 

2a* + 6c 

26*‘ + ar 2f 

•* +a6 

h — r 




+ 


-6>) 


a 


a — b 


9. 


2a'^i>bo 2c*+a6 


= —(«& + ac 4 be). 
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10 (n‘-br)‘ ( fc»-ac) » 

{b^ — ar)(r^ — ab) (r* — a6)(»* — be) 

, (c^ — ah)^ _Q 

( 0 “— 6r)(6* — r?r) 

11 + - =0. 

• ^ 2 ^.,.a __552 ^a^ 52 _ 5,.2 

10 ^Ll- - + - — + A 

r)6/- + 2(fe* +r^) + -fr*) 5f!6 + 2(a*+ 6*) 


= — + ac+ 


f + f: 

+ 26^X6“ + 2f/r) (6^ + '‘lac) (r^-^^lab) 


+ =0. 

(r* + 2ah)[(f^ + 2bc) 


If ^ 4- ^ ^ , prove that — 

a h e a-^b-^e 


14. (- )* = '\+i;l + T* 

\a + b+c/ a’ 6* 

,r { I \*"^‘ _ 1 ^ 1 1_ 

\f, + 6+r / 


16. If^ +,-+^ = — r — - (a + b)ib+cXc+a) = ahi-. 

(the a + 64-c 


17. If ^/^>+ ac + 5c= 1, then 




X.. ^ y 

_____iil!A£L ^ • i::A^+lr?[?+i:”''“=a+6+c. 

(1+ a*)(l +i>*)(l+ c*) ’ 6 + r a+Z) f+o 

If a + 6 + +d =0, prove that — 

IS. a«» + ba-c*-cZ* = 2(ci-aZ^). 

10. a** + fc* +c® + (Z® =3(c + e2)(a6 — cd) =3(a+ Z>)(c(Z“'-a6). 
20. + 1'* =2{(ab — + (ac — bd)^ + (a(i+ 6c)*} 

«— >4a6c«'f. 

21 . l(a» + H-c» +d») •»• X ?! t A * 
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It a + h + c=abc, prove that — 

22 . " + ^ = 0 . 

I I ra /'I Ali \ 


23. 


24. 


L-a‘ l-6‘ (l-d'Xt— 

. c a(l-hc)» _Q 

*^1 j”/t Lowl a. 


l-h“ 1-c' (l-6‘'Xl-c“J 
r (t hCl— cfi)* 

1 — c“ 1 — a* ( 1 — 

2r 2n 2h 


25. = . 

l~a^ 1--6* 1 -6-“ l--a* 1—^® l~c* 

*Aa-a^ Sh-b^ Sc- e^_Sa~ a'' Sb-h^ 

l~3r7“ 1 -;^c- 

27 Z)-fr c + rr _ a + Z> Z) + r c-h^7 

1 — rt?) l—6c 1 - Crt 1 —ab 1 — 1 — ca* 

28. If «4-y4-;:=:0 and + ^ =0, then .<*-}-?/“ -f;:* =0 and 

A y z 

* + 2/* + '^^ =0. 

29. It W^ = 0, then -— + -J— + =0. 

*) A T c ^ b b C j V ct 

so. If .r= 7 ? 2/ = 5 and z=^ , 

a+0 64 -c c-f-a 

thenj±^. 1±^. J±£ = L 

l-y l-z 

81. If.r=?! — ^,2/ = ^ and«=^ -, then z + .njz 

HOC 


= 0 . 


82. If .r + ^ = land.- + l = l, then 7/ + ^ = l. 
2 / •' 


33. If__L-.+ _!_+_! — = 0 , then (a— ?>)* + (&— r)* + (c— a;* 

n—b h—c c—ii 

= 0. 

34. If oa: = »/, liu=.t', then—? — + — = 1 . 

« + l 5+1 

3.'. If .1 +ij=:a.c, y+ z=hy and c + .i =cr, then (o—l)(5—l) 
N(c-l) = l. 
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36. If j! + j/ + c= -4 aud .l•^/ + ^/s+sa! = 5, then npi— + -r^- ■ 

1 + .(' 1 + 2 / 

37. If .« + 2 ^ = r/:r, 2 / + :; = 6 <* and s+.r = cy, then (a+ 1)(^+ 1) 

X (c + 1) = 0 if ,t‘ + y + z ^Q. 

38. If a + & + f = 1, ab + nc + bc = 2 and a® + -fc"* =3, then 

l+i+l=±’ 

a» //* ()4 j 

39. If = 1 shew that ^ — + — ^ 

1—a 1—0 1 — c l—d I— rr 1 — 0 

40. If ' +~ = 1, then +a* 2 /+~= 0 . 

y .r 7/ .0 

41. If (a + 6Z)(6 + c) = (l-'a(Z)(l — 6c), then (a + c)(b -h d) 
s=(l — ac)(l — bd). 

42. If 0 ? + ?/+;:-= 4 and firy 4 * 2 /;; + r-r = 5, shew that 

=0. 

1-2/ 

43. If oj-f 2 / 4 -j= = 0, then - +-^+— =3. 

2/^ ^2/ 

44. If a-f 64"f-f2 = rt6c, then — L_ + -I — - =1. 

l + a 1 + 6 1 + c 

45. If f7 + 6 + c = 0, then c *^ + 6^ + c^ +(ri6 + ac+6c) 

x(a2 + 6* + c^) = 0. 

4G. If .r = ^— 2/= 2 := shew that 

c a a b be 

2(x^y^ + x^-y^-z* = 0. 

47. If cc = y — and then xy + v-: + a’;: 

6+c ^ o+c a+6 ^ ^ 

+ 2xyz = l. 
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48. IE .«' + 7/4-;3 = t2w, y-k‘^’^v. — ax^z-\~.i‘-\‘U = hyViVLdx-\-y-\-u 

— cz, then — 4-, 

l-f(X 1+c l4-<i 

49. If X — dx+hy-^^cz, F=//i +ry4'a-s and Z — cx-\‘ay-\‘iz^ 

f?hew that (a^ 4-6“ + c^ — a6— nc — 6r)(/ “ + 7/“4*j3“ — jy—yz—zx) 
= X“ -f Y* 4- - X Y- YZ. 

oO. l£a4-64-c=0, then X 

7 o 

.*)J. If 2s=g + 6 + r-|-d, then 4((T^Z-l-6c)“-^(g“ — 6“ — c“4-d“)* 

= lG(s — gX^"' 0)(s— c')(s — d). 

52. Jf g^ 4-^2 4-^3 + (s— ai)^4-(s— «*)* 

+ (« <’ 3)^ + {s— a + + (s -(T„y=tt^ * + (ra‘+ns *+ 


-o ci *1*1^ 2r ^ 4,» , 8.' _ 1 

0 . 3 . Shew that - + — - — + — + - . , . = 

g*ft a*-r>i* g® 4 -.t a—.o 


54. Shew that (i — yY + 4* ^ — 2/)* 

( 2 / --)* + ( 2 /-s)^(=- 'J^ + C'- ')■“(' 2 /)*} = 2 (,i “ + ?/“+ 5 * — ,(y 

55. Shew that (6 + r— a^c+a -5)(fr + 5— r)+fi(6+f— «■)* 
-f 6(r 4- g — ' 6) “ + r(g + 6 — r) “ = 4g6r. 

5G. Shew that (g — rr) “ + L) (6“ — d“) 

/g6-h 6“ + — d“ \ “ .. a-\-h 

•{— 7 ^ ) ■' '“^= 3 - 

57. If «=ft + 5+c, then (as+Or)(/js+ar)(rs+ai) =((i+l/)^ 
X(/, + ry^(r + a)\ 
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58. ltSt=‘a+b+<', («-«)* + (8-6)* + («-<•)* =2 K«-a)' 

X (s-6)* + (8— i)*(8-c)* + {s-r)»(s-(i)*}. 

59. If - — + . — +T — r= 1. prove that— 

l + l-i-w + wZ 

(i) Zni» = l, or (ii) (l+Z)(l+mXl+w) = — 1. 


60. 


Shew that ^ 

n-^'ub w -h be n 4* ca 


n(a — b)(hj—c)(e^i^ 
(n+ab){n + bi'){n+ ca )* 



CHAPTER XV. 

EXAMINATI()N PAPERS. 

SECOND SERIES ON CHAPTERS X--XIV. 

I. 

1. Shew that (ax-^by + czV-^{h,vA‘Cy + azY is divisible by 
(a — + (^;— c)y + 

2. If rt+Z»+r + 6Z=0, shew that 
X (Z>+ c)(c + <i) = 0, 

3. Find the H.C.F. of 4»“ + 3»— 10 and ® + 7.i * — 3.<— 15. 

4. Find the L,C.M. of .»* — 6.»* + ll< — 6 and 9i * + 26f 

—24. 

6. If .<* — 6# -fa® and — ftr + 6* have a common binomial 

factor, shew that 2 (a + 6)® =a//. 

.. -ri. a +6 , (f — b , i ^ 

0. It i‘= >and?/= . ..shew that — ^' = i»/+rr- 

a— 6 a-fZ>* .< — y AO za 

^ 4“ e# "f 

7. Reduce^ ^ 27^^ ^ 3, + 2.//® + 

5. Simplify — c){b — il) 

r d 

(c— rt)(c— 6)(r— (d— (/X^ — 6)vd— c)‘ 

,, . 2a— 6— r 2/>— a — r 2c--a-^b ^ 

y. Shew that r Tw ,+ 77 vT \+ 

(a— 6)(a— c) {b^a)(b^c) {c^a){c--b) 

^ — 12.r+ll . .• t i? 1 ^- 

10. Resolve ^ IX ^X into partial fractions. 

II. 

1. Resolve into factors (/y® + Z'® — r®)(rt® +r®— 6®) 

+ (a*-f-c® — 5®X^“ + — tt®) + (Z/® + c® — a®X^“+ — <"“X 

she»th..4.(>:) c*;) (^»).(^:)' 
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3, If a + Z> + c bea factor of ab + bc’\- ac, then it is also a 

factor of a® + + c*. 

4. If 25 = a+ 6 + c, prove the following identities : — 

(i) 2(s— a) ( 5 — 6 ) (5— c) + a( 5 — 6 ) (5— c) + b{s — a) (s — c) 
+ c(8 — a) ( 5 — 6) =abc. 

(ii) 5 ( 5 — a)(5— 6) ( 5 — <•)= {b + rya^ (b^cya^ 


— ( 6 *— c*)*— a*}. 

5. If the H.C.F. of two quantities be .< — land their pro- 
duct be6<'®— 7.<;® — 42«* + 86r*— 42t 2 — 7.c + 6, find their L.C.M, 


6 . 

7. 


If 


a+c 


1 

46’ 


then b — 


a + r 


o* ... fw-f 11(2?/+ 1)(2?/ -1-3) w(2n— I)f2/i4“l) 

Simplify (1) .. TT ; 


(ii) 


< — 1 


+ ■ 


* + l 


a-* 

■'-l‘ 


c Tf _ /-7 I. . (.,+o)(h-.<) 0^ + a^)(h» -.,‘) 

a If,. 

9. Find the value of ^^^2 + 1^^2 + Y+r^ ^ 
<16 + ar + 6r = 1 and ahr = — I . 


10. Shew that (.f,®— 6)^" — (2« ® + .< * — 14«+ 12)" is always 
dii^isible by (./' + l)(t'— 2)( r + 3)(.» — 4). 


III. 

1, What is an identity ? Prove the following identities : — 

(r-aXr -h) (.f h){,~r) U-r){r- a) 

W (f — a)0;--6) ('^f b){n — c) {b—c){b — a) ’ 

(6) C<;-2/)® + (//- ;r)^ + =3(aj-y}(7/“^;)(x7-.f }. 

2, Shew that + ^ay - - 36* is divisible by ?/— a if a + 6 =0. 

3, How do you find the H,C.F. of two or more fractions ? 

FindtheH.C.P.of and 

c*— a 6 
(c— a)(c— 6)' 
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4. Fiod the H.C.F. of 21i “ — SS** + 1 and .♦®-~55r + 21. 

5. If (a—5)* + 6(a— 6)+l =0, shew thafc.r+a is a common 

factor of .( + 1 and .< * -f (a+ 1 hi -fl. 

5iP«+2a;a — 15 pj-6 


(>• Redace to its lowest terms 


7a:® — 4»*— 21a;+ 12* 


(a— 6j(a-c) (h— a/(h— r) ^c— tt;(c— h;* 

If *=a(i/ + c), 2/"h(.3+ a*), ;:=r(aj + 2/), shew that 

1 + a 


+ l-. + T^=l- 

1 + 6 1 + f 


7-P - I__ I_ 


9. Observing that ^ — =- — — - , simplify 

(a:— p)(a— X'-q aj— p 

a® — 6* ^ 6® — r® r® — o® 

( ( I ®-6®) (I*®"— 6® J(aj®“ -'r® j - J® - tt®')’ 


10. If 


1 


P 




(x + 2 ^ 0 ! + o) a: + 1 a* + 2 a? + cl 


- . findp, q and r. 


IV. 

1. State and prove the Rule for finding the L.C.M of two 
algebraical expressions. 

Find the L.C.M, of I2a'^ + 4/i® — 3a — I and 8a’ — 4a® — 2a + 1. 

2. Shew that a®a:® + 6®?/® +i ®r® = 2(ahxy+hryz'i’arxz) if 

^(a x) + ^{hy) + = 0. 

.■>. Reduce — to its lowest terms. , 

o •” + «'" —2 

4. Shew that 

ar(a— I 0r{( — 6) + a6(6— a) 

^0^6®)3 + (6®— i®)_^+(i‘® — a®)® 
(a— 6^’ +(6— r)® + (c— a)® 

5. Find the H.C.F. of (a’+y)’ — a;’ — ?/® and a:^ + a:®!/® 

6. Resolve ir.ro fad ors (i) (I + a)®(l + 6®)— (1 + 6^®Cld-a*) ; 

(ii) a:(7/® + i:®— a;®) + 7/(2;® +a;®— 2 /^)* 

,7. If oa:®-^6a;+ I and d®® — has + r have a;— 1 as a common 
factor, shjew that a® — a6d + cd® = 0. 
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8. If a» + 6»+c» = (a-h6i-**;*, then a*"**^' H- 6***+^ +c®"+^ 
j=(a + 6 + 

9. If 3(a* + 6* + c*)=(<i+ 6+r)*, shew that a — 

10. Simplify the following complex fractions : — 


(0 


2/ + - 


y + 


Z/+' 

2/ 


(ii) 


./ +- 


a* + - 
J’-t- ' 


V. 


1. If ^ + a«* + (a*— 2a5)af— + 3ab(^* be divisible by 

3f + a + 6, shew that a* + 6*H-r®s5*3a6r.. 

2. Prove that if A measares P and (7, it will also measure 
mB±,nC. Find the H.C.F. of p^nq +Stip^q*-^2npq^ •^2nq^ and 

— 4mp^ — mp^q + Smpq^. 

3. If two fractions are equal to 1, shew that their difference 
is equal to the dilBPerence of their squares. 

4. Shew that 2**''^^ +3*"*’ • is divisible by 1 1. 

5. Pesolve fi) a* + J- + 4 ^a* -f + 5 ; 

a* \ n*/ 

(ii) iK* + 2(a + b)x^ + (r?® + 4ah + + 2ah{a + h) 

y aj-f a«h*. 


r c* rf /•x(o+ h+r)* — (a + 2^ — 6)® — (2h-~ /’)•** 

<3- S,n,pMy(.)' («-i>^a.)(2b-0 “ ' ’ 


aO r- 


4a®' 


6fT» 


4a 


(ic— a)" («— tt)” ’ (a;— a)"-* 


7. If 2s=^a+ 6 + r, shew thai 


(•«-«)* 

6 


(«— r) (»— aH^— c) 
0* + fe* + f * 


(s — a)(^ — ' h) (tf — a)C«— b) («— c) (s— a)(« — 6) (s — c) 
S, If a; 2 /s=sl, prove that — 

x(«*0- 
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9. It A==ax + by + es, B=ex+ay+hz and C=hx + ry+aZf 
prove that (o* +Z»* +(® — 3a6e) (»*+ + 5*— = .1* + j8* 
+ 0»-3ilB0. 

lA o* I'f a* + rj*+l , b* 6* + 1 

P ' ^ C“* + «+ l)(a-6)(a^) (6»+6 + lX6-cX6-'^ 

T** + r* + 1 


(r* + 0 + 1 ) 0 — a;0— 


VI. 


1 . If (a— 5)(6— r*) = 0*"“^)*» (c— a)(a— 6) ==(6— c)* 

and (b^r){t — a) =(a^b)^. 

2. Prove that any common multiple of P [and Q is a mul- 
tiple of their L.C.M. 

Find by factors the L.C.M. of 12« ** —15.ry +32/* and G#* 
— 6.-‘y + 2/7/2— 22/\ 

3. The G.C.M. of two numbers is 6, and their L»C,M. fa 
.>0. Find the numbers. 

4. If the L.C.M. of A and P be equal to the H.C.F* of O 

and V, shew that = ^-. 

’ Jj.G.M. oi (' and /> C.D, 

b. S.mplify (.) ■ 

* ^ (»+!)“+«“ + («— 1)’ ’ 

(gy— &y)* + (asc+ hy)^ 

1FW6 ' 

h. If a + fi + c = 0, shew that (a6 + or)(o6+ Jr)+ (ac + a6) 
X {ar + he) + {be + a6) (5c+ar) is a perfect square. 

7. Shew that . 

a— r+26 a + 2iC—h 

Shew that '^ + JL 

0— r i — a a—b 


D, Find the value of 


(a— ?>)• + (r— a)* + ( i— r)* 

Ca--6)(a-c)(6— 0 * 

-4^. when ..=^2=^ 

at-^by aq^^bp 

andy=^^.' 

aq-^op 
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10. Shew that j- + - — ^ — 5 L 

(«—»)(>* -1) {n—')/)(n—2) {n—zj(ii—3) 

n— 2 ^ y-3 ^ 

(n—x){n—2) (n— 2/)C»-3) («~rX»- 1)’ 


] . Resolve into factors (ah + cd){r^ + d^) 

+ 4- — £?*). 

2. Divide .1 *(r + y + 3) + 2(^?/+ 4-y+ 3) — x—y -3 

by aj®+ 2a’j + 2a’y— 

3. Find tbe HX.F. of 5aj»-3,»-2 and 

4. Shew that (a® + 6*)^ — (a^ — 6*)^ — (a* + — c^y 

= (a + fc 4- (*)(& + r— a)(c 4*a — 6)Cfl+ 

6. If a+5=cr, h + c=ayy r + cr = shew that — L- + _? 

x-t L y^l 

= 1 , 

£ + 1 

6. Shew that .i (» — 2a)(t + a)(« — a) + is a perfect s([uare. 

7. Find the L.O.M, of ^ + a* and a' ** + a*. 

O T>_J '^*>0 ^ + 4 J •, 7 . J.,.— 


S, Reduce 


— 3tt 4- 2 


to its lowest terms. 


9. Simplify (i) 

S{y-x) y + .v 


+:} 

,... <)'+’■ ’■+P J“+7 

(”) 1 ^ ; 

_L_+ — + — i- 


" + 

2h - a 2a -h 


q+r r + p p+</ (26— tt)(2tt — 6; 

10. ]f a4'64-c = 0, shew that — 

(ah + ar + Uy 4- (a® - af')(' =0. 

VIIL 


1. Shew that t(y-~zy +y(z -x)^ -r z(i --yy - (x - y) y—z) 

X (£-./)(« 4- ?/ + £). 

2* Ifa? + p be the H.C.F- of a;^ + aa;+ 1 and a® 4 6^ 4- 2, 

then p — -t — • 

b — a 
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3. State and prove the rule for finding the H.C.F. of two 
.algebraical expressions. 

4. Ifa</*+ and 6** — 2{a^c)xy--^hij^ -lave a common 

.factor, then + hxy + cy^ is an exact square. 

5. If fic + y 'f* - = 2(1 and aj* + «// + y * + a® = 2a{x -r y ) . shew that 
>(» — a)^ -t (y -a)^ (z — a) ^ =a*. 

6. Simplify : — 

(,•■) " 

(n® — hr)(l)^-^(ir) (6*— acXc*— a6; (' • — — bo)^ 

/ji) a^O ' —b) ^ h^(a—r) ^ r’‘(b— •) 

(tt + '■>) (b ‘i’ r )(J) a) (j' + a)( b) 

7 If = thetta= + 6» + c» + 2al» =i. 

{b + ar)^ 1 — a® 

8. If (a + 6)® 't- (?> + r)* '1- (c* + (ly = 4^a6 + fee + •, shew that 

<x= 6 = (• = (!. 

9. Shew that + qx^ + r is divisible by x® -f /, if gr=:pr + 1. 

10. Decompose — '* into the sum of three 

partial fractions, 

IX. 

1. Find the relation between a and h in order that y ’^ — bay 
+ 46 may be exactly divisible by (y — 6)*. 

2. Shew that + } + ^ + 

\a b I 

3. The H.C.F, of two expressions is a— 1, and their L.C,M. 
is a’ -^10a^d-35a* — 50a + 21 ; find the expressions. 

4. IE a®(6— c) + 6®(( — a) + c"(a— 6)=(a— 6)(a— c)(6— c) 

X (pa+ g6+ ?r), find jp, q and r. 

5. Reduce to its lowest terms. 

4cu® + 44x+ 120 


l\®_ (fT + 6+C + d)® _/ ] I \ 
d) abrd \ad be ) 


9 



130 


AI,GEBRA. 


[chap. 


6 . Simplify (i) + + + . 

(a + 6)(6 + c)(a + 26 + r) 

(ii) 0 ^r—a ^a—h _^ (a—b)(b~-c)(c -a) 

^ .1 — a x^b »— c (.<— a)(.f — 6)(.t— r)* 

7. if .^^ + tta;-i- 6 , and x^ + a'x+b* have a con)mon factor of 


a 6 — a' 6 '^ 
6 - 6 ' ' 


the firbt degree, shew that their L.C.M. is 

a:?)} -“’S' 

8 . She^ that ( 64 - f — ff)(r4-a— 6)(fl-i- 6— r) = a*(6+r) 

-f 62 (c+a) 4 -c®(a 4 - 6 ) — a*— 6 *— c® — 2 a 6 r. 

9. Find the value of ( — ^ \ + (.. S \ when = 

V^— ly V‘^+1/ n+l 

10. If -hr '* — 26^, show that ^ ^ =r . 

64 -c 0 4-6 (r 4 -c 


X. 


1. How do you find the H C.h\ o^more than /m*o expressions 

Find t he H C. F. of ‘ ^ 4 - 8 .t — .‘I, .r * - 2 .^ — 7 .c 2 4 . 2CU’- 1 2 

and — 4a: ^ 4 - 12 < — 

2. Shew' that >’'—1 v{a. 1) is divisible b} (»- 

3. Reduce lowest teims. 

2U’^ — 377* ‘4-b 

4. Simplify (a’4-?/4 r')S-(7,4-j -.f)»-(c 4 - / -?/)» 

~(i+y--z)\ 

5. If (fl-h 64 - 0 )** = o'* 4 - 6’^ 4 - o’*, prove that (« 4 - 64 -c)® = o’4-6'' 
4*c®. 

6 . If a* 4 - 6 ^ 4 - <^^ = 0, prove that (( ^ 4 - 064 - 6 ^)’ 

4-fa"“afc4-6*)3-6ca(a^4-a*624-6^)=~8f*. 

7. Resolve into iactors (i)ic^— 3a6i + (a+ 6)(a® — a6+6®) ; 

(ii) ./ — 3 aa:® 4 - 3 (r 7 ^-~ 6 r)f — (a® 4 - 6 ® 4*c® — 3a6c). 




coed 


shew that 


a*( 6 — r) __ h^(a— c) 
a— d 6 — d * 
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Simplify (i) 


(ii) 


05^1 

Iv 



f‘-') 

l» y J 

^ ( 

ri_L' 

= y 

) + ?/ 1 

(j-y-i 

ri_i( 

y / 


1 ^ . 

l + x + l 1 +^+ 1 ’ 

X . 2 ^ 


a’t2/+J/ + - +‘ + *■ + 3 

(iii) «-y 

.*_+ 2 / 
y—~ 

10. Ifa:+ 2 / + *=0, shew that i ’ + y'* + ;’ = — fi.tj/;X 

(xy + yz + sx) and i ‘ +y"+ z^ =3x‘y‘z‘ —2{'y + yz + zi)', 



CHAPTER XVI. 

IXYOLUTION. 


108. If a quniititj be continually multiplied by itself, it 
is said to be involved or raised ; and the power to which it is 
raised is expressed by tlie number of times the quantity has 
been employed in multiplication. 

Thus, a X* a or a® is the second power of a ; a x a x a or a* 
is the third power of a ; and so on. 

If the quantity to be involved has a negative sign, the sign 
of the even powers will be positive, and the sign of the odd 
powers will be negative. 

Thus, — aX — a = a®; — aX — aX — a=— a* ; 

— aX — aX — aX — a=a* ; and so on. 

109. A simple quantity is raised to any power by multi- 
plying the index of every factor in the quantity by the exponent 
of that power, and prefixing the proper sign. 

Thus, = ; (ahy"=ahx ahx, ah to m factors, 

==aXaXa to m factors X 6 x 6 X b .to m factors = a”* x 

And (—a")”' = + a’"" if m^isri'ew; or 

—a”*'* if m is odd, 

110 • To raise a Binomial to any power. 

By actual multiplication, the following results can be 
established. 

(a+h)^=’’a^ +2ah + h^ 1 ^ 

= 2a6+Z>a j 

faq. /j)3 = a^ + 3a2/v + + 

(a— h)* = a® — l]a^h ^ *Sah^ ) 

(a+ h)*==a^ + 4:a^h + 6a^h^ + 4ab^ + 6* I 

(a — — 4a®6 + Ga®6® — 4a6® + 6*3 

10a*62+ I0a*6® + bah^ + ?>« ) 

(a-h)« = a® — 10a26» + 5a6^— J • * 

On examining the above cases we observe : — 

(1) The number of terms in the resulting expression is 
one more than the index of the power. 
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(2) Any power of a— 6 differs fiom that of a + 6 only in 
thi.v, that the signs of the terms of the former are alternately + 
and — , whilst those of the latter are all + . 

(3) The first term of the expansion is equal to the first 
term of the binomial raised to the given power. In the suc- 
ceeding terms, the powers of a decrease by unity, and those of 
h increase by unity. 

(4) The co-efficient of the second term is the same as the 
index of the power to which the binomial is raised. 

(r>) If we multiply the co-efiicient of any terra by the 
power of a in that term, and divide tl»e product by the number 
of that term, we get the co-efficient of the following term. 

(C) The co-efficient of the terms eejuidistant from the 
beginning and the end are equal. 

The above laws enable us to expand a binomial raised to 
any power. 

Ex. 1. Expand (a + 6) ® and (a— Z/)®. 

The first term =a®. The tei'in =()a®h. 

The third terra = o ^ = 1 Txi ^ . 

The fourth = a''l^ = 20a' 

The fifth term ^ = l.'.o*?.'’ , 

4 

The sixth term 

5 

The term = = 

G 

Hence, (a+h)®=a® + 

•f 6ah® + />® and (a — &)®=a® — Ga'Z) + 20a®Z>‘'’ + 

— 6ah"-f 

Ex. 2. Expand (a— 2?/)^ 

The first term =a’^. 

The second term = — 7fl?®(22/) = [ — 14«^?/]. 

ThetWreZ term=+ ^*''(%)‘' = 21*''(2'/)* =[84a’=i/']. 

a 
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The fourth term = — — ^ ’ ^x*(2yY — — 35a!* (2y)® 

= [— 280a:*»/»]. 

The fifth term = + »’C2y)* =35a!»C22/)* = [560a->j/*]. 

The sixth terra = — ^’^’^a’‘‘(2y)® = — 2]ai*(2y)® 

O 


= [-672**2/’]. 

The seventh terra = + ^ .■r(2y)- = 7(r(2y)“ = [448ary«]. 

Tlie eighth or last term = — — ^ ^ (2y)* = — (2y) * 

= [-1282/']. 

Hence, («— 2v)^ = t 14aj®«+ 84a?'^?/® — 280:1?'^?/’ + 560.2 j^7/* 
— 672 1 + 448V - 1282/ ' • 

Ex* 3* Find the co-ef!icienfc of ,in the expansion of 


(a:+ (i)^* 

(aj + =aj^ + 8aj^7 + 


/8x7 


- or 28 ]x^a^ + 


/28x6 


ort^6 


) 


^,8^3 Hence the co-efiicient of a?® = 56a®. 

jV^. 1*. — A trinomial raisod to any po^ver may be expanded by the re- 
])eated application of this rule. 

EXERCISE 45- 


Expand - — 

1. (x-of. 2. (((* + l)\ :3. (a’-2)*. 4. (--!/)•. 

r>. ( 2 -a•)^ 6. ^ 1 + 

9. (l-fa + rf*)‘. 10. (.r - 1 + a:*)®. 11. (^ax-hhj)^^ 

12. {ax^ +hx + r)’' . 

Simplify : — 

13. (a+6)^ — (a — 5)®. It. (< + ?/)’' + (' — ?/)^. 

15. (a+hy — a''^-h\ 16. (a + b)^ . 


!)" 


7. (4-l-a'*)’. 8. (3a;-2a)®. 


Find the co-elficient of- — 
17. ct ^ in (2a; + n)’. 

19. a;^ in (.< — 3a)^. 

2L in(l — /)*(!+ 0^* 


18. .( ® in (( — 2yY, 

20. a;® in + + 

22. .6® in (l-a.)®(l+.t;)» 



CHAPTER XVIT. 

EVOLUTION. 

Ill* Evolution, or the extraction of roots, is the reverse 
•of involution and it is the method of determining a quantity 
which raised to a proposed power will produce the given 
quantity. 

To find thorootof a simple quantity.—** Divide the exponent 

of each factor by the index of the required loot, and prefix the 
root of the numerical co-efficieiil.’* Thus, = ; \^27a* 

Sign of Roots. — The root of a positive quantify is positive 
or negative it the index of tlie lOot be an even number. 

Thus, ^/a®s= ia ; t^T6a^= 

The root of a negative quantity is negative if the index of 

the root bean odd number. Thus, y— a® = —a.* 

The root of a positive quantity is positive if the index of 
ithe root be an odd number. Thus, ya" = a®. 

The root of a negative quantity is impossible when the 
index of the root is an even number. Thus, ^ — 2 is an imagi- 
nary (piautity, 

112. The ordinary method of extraoting the square root^of 
a compound expression- 

Jiule. — “ Arrange the given expression according to ascend- 
ing or descending powers of some contained letter. 

Find the square root of the first term, which is the first 
term of the required root ; subtract its square from the given 
• expression, and divide the first t«‘rm of the remainder by double 
the pa? t of the i*oot already found, and tlie cpiotient is the 
second term of the required roof. 

Double the first term of tho root, and add the second term ; 
multiply tho sum by the second term, and subtract the product 
from the remainder ; if there is no remainder, the square root 
is found. If there is a remainder we divide the first term of it 
^by double tlie part of the root already found : therpiotient gives 
the third term of the root, and so on.” 

The rule is deduced from the following : — 

(a + b)^ = a^ + (2a+ b)b. 

(a + 6 + c-)® = a* + (2a + b)h + (2a + 2b + ry. 
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(a + & f r = + (2a+ &)b+ (2a + 2h + r)r 

+ (2a + 2h + 2r~i- cT)d. 

Ex. 1. Extract the square root pf 4a* + h* + 4aZ>. 

Arrange the expression according to powers of a. 

2a) 4a* + 4a6 + 6*(2a + h 
4a* 

4tt 4:ah-^b^ 

4ah+ ?>* 

The f«quare loot of 4^® 2a, which is the first term of the 

required root We placp H to the right of tlie given expression 
and also to the left. We now subtract the square of 2a from 
the given expression, and the remainder is 4a&q-?>* ; then we 
double 2a, wj3.cli gives 4a, by which we divide the first term of 
the remainder, and this gives 6 as quotient, which is the second 
term of the scpiare root We place it after 2a to the right ; and 
we also add h to 4a Again ve multiply 4a-f/> by ’ 7>, the 
second term ot the root, and subtract the product from the re- 
mainder. Since there is no remainder, we have 2a4*?> for the 
required square root. 

Ex* 2* E xtract the square root of — 2a; '4-3.1* — 2.r-bl 

The expression is arranged according to powers of j. 

* a?i — + — 2it4-J(,(® — a’-f-l. 

2a?*— 5 —2r' 4- 3a**— 2a? 4-1 



2.T* — 2.r 4 1 2a’* — 2ir4- 1 

2,r* — 2*4- I 

Hence tl e required square root is a*— .r4l. 

Ex. 3. K xtract the square root of — 

x^’ — 6aa?’ 4- 150*0** — 20a 4 loa'^o** — fia’ aJ4- ^ 

Arrange tlie expression according to descending powers of a. 
a® — 6a®a?4- ]5a*.r* — 20a® a?' 4 15a®o *— fiaa?' 4- 

f— 3a*a*4 — ic'' 

2a® — 3a*of — (ia'^.r-p — 20a®o'®-H 15a*a?^ — Oao*' -f a**' 

— 6a'r4 90*0** 

2 a® — 0 *?' 4 - 3 aa:*[ 6 a*o’* — 20 a'aj * 4 - 1 .5a*® ^ —Ga* ’ 4*'^' 

60*0** — 18a'o"®-+- 9a*,T’ 

Sa' — Ga*a?4-6aa;*— a?®! —2a hr® 4- Ga*.!*' — Gaaj'-f 
— 2a®w'4- 6a*£>** — Gao ’ 

Hence the required square root is a® — 3a®a?4-0ace* — a*'. 
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Ez- 4* Exlract tlie square rootiof — fO^ ^5 

The expression is arranged according to ascending powers 


2- 


a 37a* 

a'^ a* 

'2 80' 

“"lO 25 

«+-^. 

,n'‘ 

M + 

2 80 

10 25 


a a* 
2 16 


2-2-" 5 




5 lO"^ 2.-< 


2a^ 


a ^ 


5 10 '^2.'. 


Hence 1 — 4 "*'”^ reqniied scinare rcc't. 

Ez. 5. Extract tlie square root of : — 

Arrange the expression acrordinrj to descending powers of a;* 

a!*V" + 2a!’ + **-2r + ‘'^+J -1+ 1/ ,4+,,— -U-, 

/ a-» J-’ x'V .r 


I ‘‘ 1 1 

2 »® + al’-J*’ + -r® — 2 .r +-+ 2“ " + 

I T .r* X 

l2i»'’ +** 


2*s + 2,- 


2 1-21 
-2X+-+ ' + 

O’ .r^ a? ’ .T 


-2a’-. 2 + 


.a 

1 

>.2 


2 1 

o^a + 2a?- + , 


a * ’ 

Q O I 

,r ) a’ ' 


Tlie square root is x^ + a*— ^ + ^5* 
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Ex. 6* l^xtract the square root of : — 


- 2 + 




(.♦4-4aj*-f 5«*-h4/-f 4 

la such examples as this, we mast first see whether the frac^ 
tion 16 tn ztb lowest tet ms. 

Now the H C.F. of 4» + ^ -1-4/ -f 9 and + 


q-l/-|-4is/*4-l, therefoie 


4 ^4.9/-*-|-4/q-9 


-h4/-*-h6/-*4-4/-h4 
_ (4/-f 9X/*-hl) _ 4/+9 

1) ,2q-4/4-4‘ 

fill • > i , 4 / “4- 9 

Ine ^iveii expression = ^ — J-h , — , 

^ ‘ aj'^-f-4/ 4- i 

. 2,^— 4/-1-1 


< 4- 4/ 4- 4 

'JUie s(|uaie loot of ibo numeiatoi* is /^4-2/ — 1, 
^J^he square root of the denomimttoi is 4-2 
/. I’hc squaio loot of the irnen expiession 


^4-2/-1 
^ + 2 
1 


EXERCISE 46. 


Kxtiact the squaie loots of ^ 

1 81 4- 18a6/ ^ 4- c * . 2 49a^ - 96“, 

> -\-2ahf * -{-2a() --\-2hct + c^ 

4. 9-6t4-13/2-~ t/34.4/^ 


o (2a^b+h^y-^(a^- 2ah^ ){\ab+} ). 
6. h8(*-2/ ^4-1G/* -8/4"1. 


' 4-4t* 4- 
4 


ai^ .a^ o 

3 


Aa* 


7 . 
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163 

H. 9j:* — 2,«®y+ g" + 9^*. 

^ .3. a .«■ 1 

9. 2-2+16- 


10. 

( * 4.7 ♦ X' 

4y‘ + .( •■ y‘ 

12. 


13. 

i ^ ^ 

f/ ‘ a* ^ a ‘ ^ 

U. 

(a — hY — 2(rt 

15. 

a* 4 h' i 

16. 

a* + 2(2i.-r; 

17. 

(»n) ■- 

IS. 


19 

'“ + ‘•2' + 2-' 

20. 

a*+‘2-. f 


»r* y* X y 3 






la' f !27a“ + 2J?a — 4 


113. Whenn-\-\ fujatc^ of asipcaie root have heeii, jouhd by 
the ordinofry methody n more matf he obtained by diviblon onlyy 
snpposiny 2n-}-l In be the u'hole ntnnhcr of jiyureb in the root, 

hei N represent ibo niniibei* whose square root is required ; 
a tlie part of the I'oot already found; and t the part to bo found ; 

then, = / -'-f 2 u», /. == 2 cif -f t*. 

•*• — = r + If we sliow that ^ proper fraction 

then / =tlie quotient of 37 — divided by 2a. 
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Since x contains n digits, cannot, contain mcie than 2n 

digits ; but a contains 2«4- 1 digits. Therefore is a proper 
fraction. 

114. Miscellaneous Examples. 

Ex- 1. To find the sqnare root of ./♦-fit + 9* 
bj the Method cf Indetermmate Co-efficients, 

Let + 12i + 9 = (.(* + p<'-f 5 ')® ; then a*^ + 4ir^ 

4- 10a* 4- 12a? 4- 9 4-2jpa’^4-^2)*4*25)a*4-2j9(^a?4-(2^. 

Since this is true for all values of a, the co-efficients of the 
like powers of a, are ecjaal. 

Hence, 2p=4/.p=2; p*4-2g = 10; /. 2q — \0-—A = 6»\q=S 
•Mhe square loot of the given expression is a* 4- 2^4- 3. 

Ex* 2* To find the square root ot 4fl*4Z>'*4*9f'*4*6Z)c 
— 12ar— by reducing it to the form {A±.B)^, 

The given expression=‘(la*4.Z/* — 4(/?>)49( * 40?>^ — 12</f 

== (2a — 2/j* -I- 9r 2 — Gr(2a — h) 

= (2a-Z/)*4-(-'3r)24.2(- 3r)(2a-&) = (2a-/>-3( )K 

Hence, the square root is 2a— &— 3r. 

Ex. 3. What value of .r will make x* 4. 4.? * 4- 10*^ * + 14a-f IV 
a perfect square ? 

Zi*w/e.— “ Extract the square root in the ordinary way and 
put the remainder = 0.'" 

«*) a* 4- 4a5 4. 10a* 4- Ua4* 3(a* + 2a-i- 3 

X* 

2a5* -4 2a 4a® 4- 10a* + 14a -4 3 
4 a® + 4g* 

2®* 4^ 4^4" djOa* -4 14^43 

|6a*4l2®49 

2.<-G 

Putting 2a— G = 0, we have 2a=6/.a = 3. 

JJx. 4. The remainder after finding the first two terms of 
.* square root of the foim aa*4ha4c is— G®*4 li4l *> deter- 
mine the root. 



XVII.] 


KVOI.UTION. 


141 


is the whole expression of which the square 
root is a.c*-|-6ajq-c and (ax^-^hxY is that portion of the expres- 
sion which is necessary for finding the first two terms of the root. 

/• (2a«*-i-26aj-|-^)r = -- 4-4.r-f 1. 

Since this is true for all values of x, the co-efl5cients of the 
'like powers of x arc equal. 

/. ^2 = 1 26c=4 /• Z>=±2;2ac=— 6 

/. as=T3 the root is — 3.t’® + 2a;+l or — 2a;— 1, 

or thus • The form of the trial divisor after finding the 
.first two terms must be 2ax^ + 2bi, 

m\ the form of the remainder must be (2ac^ •¥2bx + c)c. 

•\ (2aa:* + 26t + c)c= — Hence a, 6 and c 

can be found. 

Bx. 5. Find the relation between a, h and c in order that 
ax^ + bx + c may be an exact square. 

If ax^ + bx-hc bo an exact square, it must be the square of 
.a binomial of the form Xy/a-\r^c. 

/• ax^ + Z;aj + c = (xy/a + + c. 

^ ar m\ 6® = 4ac. 

Find the relation between o, 6, c and d, in order that x^ 
+ ax^ + bx^ + ( a’ + d may be a perfect square. 

If the given expression be an exact square, it must be the 
-square of a trinomial of the form x^ •{rjpx + y/d. 

/. a'* +aa5‘* + 6«* + ra; + d = (** +2^35 + = + 2pa;* 

(p* + 2y/d)x^ + 2xp^^d + fZ. 

Equating the co-efficients of the like powers of x, a=2p ; 
'h=p^-^2y/d-, r = 2p-/d. y= 4^; 6=-^ + 2'/d and c = av'(?- 

46— a» = Sv'd and c* =o*d, 
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thus : Extract the square root in the ordinary way thus ; 


or 1 


/* (2 ^ 
x* + az^ + lx^ +cx+d + 2 ''«+ ' ".J" 


2*® + 




ax 


3 + bx^'\-rx-)rd 


rt* 


ax^ +--X 


2a’* + a* + 



)+«• + »/ 

Now this remainder must ratiisli identically if the given 
expression is a peifect square. It will vanish if 

ir o*"! ^ ir 

/. 2 — 4J — a^a 

m\c-^a{^d) = 0 s,\ c—a^(l oo(^=-a^tl. 

Ex* 6- Extract tlie square lOot of 1 — a’ to 4 terms 


111 fl * 





8 

■"Tg 


J 







*r*'l a** 


2 


'■"IgJ ““ 8 

as* 



a*» , 

_a;+_ 

4 



— _ j- _ 

8 ^1(> 

a:® T ic^ 



hx^ as® 


G4 


g,5 

“64“^^o 


Gl G4 2o6 
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Hence v'Cl-*) = •••!-“= 

= f 1— ?—?!— 5!"]*— ^1— 

L 5i 8 16j 64 64 256 

St* ® ^ 

Changing the sign of a?, we have v^(l + .r) = 1 + ^ ^ 

Ex. 7. The product of any four numbers which increase 
or decrease by a common difference together with the fourth 
power of that difference is a perfect square- 

(a + ir)(a + 2aj)(a + 3a3)(a + 4®) + .<*’ shall be a perfect square. 

Expression= {(a+ ®)(a+ 1®)} j(a + 2.r)(rt + 3®)} + .r* 

= (a® + 50® + 4a‘®)(o* + 6a.T + 6®*) + 

^P(P + ; putting y for a® + 5aa’ + 

+ 2 /^ 0 ’^ +a’'’ =(/)+ ®“)® = (a^+ 5a® + 4r® + .r^)^ 
= (a* + 6a® + 5®'**)^. 

Hence ®('a’+ 1)(®+ 2)(a4 3)+ 1 and (a’— 2)a(,r + 2)(a’+4) + IG 
are perfect squares. 

l.E, — 21ie product of (ivy four (on&erntive iiiimher< together 
ti'ifh unify is a 'perject sguaie ; and the product of any four conse^ 
entive odd or even nu'iuheis t(>(j(fher ivith 10 Is a perfect s(piar(\ 

Ex- 8- If three numbers increase or decrease by a common 
difference, then the product of the first and the third together 
with the square of the common differences^ square of the second- 

(a + ^)(a +3®) + ®2 — (a + 2®)^. Now {a + x) (a + 3®) + ®* 
= a* +4a® + 3a:* + ®^ = a® + 40®+ 4a® = (a + 2®)*. 

Henco (a+ l)(a + 3) + 1 = (a+ 2)® ; and (a--2)(a— '6) + 4 
s =(( — ) und (o— 5)(a— 55) + 45® = (a — 35)®. 

EXERCISE 47- 

Find, hy the Method of Indeterminate Vo-efficienfs^ the square 
roots of — 

1 : 9 ®^ — 12 ®^ + 10 ®^— 4 ® + 1 . 2 . — 1 ®+ .]®®+ 2 ®*. 





4. 

T). 

6 *. 
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+ ijxy'* tj^ ‘\-y^ + \ox^y^ , 

*c*— 6a;®y+ 13**2/^ — l^xy * + 4?/^ . 
aj8 — 2a* +2a'’ -f a ^ 


7- 9«; + 24;-'+34“-: + l2“-7- 


12 ^ + 4 '^*. 


8. 16a'‘ + loa’ — 4a^ — 28a — 11 + — ? . 

a a* 

9. 4(^—2) ^ + 20(x^2y + (*>’-2) * - 60(a;--2) + 3G. 

10. (a- 1 )* + 6(a- 1) ’ + 5(a- 1; ^ - 12 (q - 1) + 4. 

Find the square roots of the following reducing each to be 
form {A±BY '• — 


11. 

a* + 6* +. 

4 2tt6~ 

- 2ai — 25< . 




12. 

a ‘ 4- 46 -f 

^ — 4a* 

6=“ + 2a'', Uj< 

r*. 



13. 

(a+ \ - 

4f«-l 

V 1^' “'+ 1 

+ 2 

!“■+ \) 

+ 3. 


\ 

\ - « 

) «* 


\ “V 


15. 1 


T 4^( 

+ ^ '^ + 6. 16. 

+ 

t/® 2x 

:^ + 3. 


K. -* / 

\ 

■ / 


y 

X 


For what value of / will each of tlie following expressions 
he an eiact S([uare ? — 

17. f-6/’» + lli»+3. +31. 18. r^ + 4i’* + 2i*~3. -1. 

19. ^ ^ +4/>i ^ — 36^ » — a'*. 

20. 4c’ +2it" + 44i® + 12i + 124. 

21. 25<^- 30a^ + 49a* I * — 22a’i + l-a'’. 

22. < ’ + 0^*’ + 10.2+ , ^20. 

23. The remainder after finding the first two terms of a 
squaie root of the form a»* + 6( + f la ia:*~’2i+l. Find the 
whole root. 


24, The lemainder after finding the first two terms of a 
square root of the form pt*+( 7 . + risGt/* + 18t- + 9; determine 
the whole root. 
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25. The remainder after finding the first two terms of a 
square root of the form a»* + 5aJ+ c is 12ai* + 12^3+9. Find the 
•whole root. 

26. The remainder after finding the first three terms of a 
square root of the form />a® + qa^ + ra + s is 6a^ + 6a^ + 18a + 9, 
F^ind the whole root. 

27. Find the relation between a, h, c and cZ, in order that 
sc^ + 4aic* + 6hx^ + 4cx+ d may be a perfect square. 

28. Find the relation between p and q in order that +px 
4- q may bo a perfect square. 

29. Find the relation between p, g, r and s, in order that 
+ qx^ + rx-\-s may be a perfect square. 

30- Find ^tbe relation between p and in order that 
+Qp^q^x^ + {p^ + q^)x^ •¥ p^q^ maybe a perfect square. 

Find the square root of each of the following to 5 terms ; — 

31* 1 — a®;l + a^. 32. — ; a* + a:^ 

33. l+x+x^; 1 — x-hx^, 34. a + h;a — h. 


Shew that each of the following is a perfect square : — 

35. 4(aj + l)(aj + 2)(2a; + 1 ) (2a: + 3) + 1 ; («" + » + 1 ) 

X {x^ + 3x + 3) + (iu + 1) ■•*. 

36. (a: + 2)(2.r+3)(3«+4)(4a:+5)+(a3 + l)^ ;(a3-a-6) 

x(a3-.3a--5&) + (a+26)^ 

37. + 2a + 2)(a*- 2a + 2)(a * + 3; (a * + 2)(a^ + 1) + 1.' 

3j. (a: + a + Z>)(a’ + a + 36)(a: + a— Z/)(a; + a— 3Z;) + IGZj*. 

39. (a — hj^{b — c)^ + (h — c)®(c — a)^ + (c — ay {a — by. 

40. 2{(x+yy +(2x—9fy}. 

115. The ordinary method of extraoting the cube root of a 
compound expression. 

Buie , — “Arrange the expression according to ascending or 
descending powers of some contained letter. 

10 
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Find the cube root of the first term, which is the first term 
of the required cube root ; subtract its cube from the expression, 
and divide the first term of the remainder by three times the 
square of the root already found, and the quotient is the second 
term of the required root. 

Add together three times the square of the first term of the 
root, three times the product of its first and second terms, and 
the square of the second term ; multiply the sum by the second 
term of the root and subtract the product from the remainder 
already found. If there is no remainder, we have the cube root 
required. If there is a remainder, we divide it by three times the 
square of the two terms of the rootalready found, and the quotient 
is the third term of the root. Now we treat the first two terms 
as if it were the first term, and the third term as if it were 
the second, and proceed as before ; and so on till we find no 
remainder, or as many terms of the x'oot as we may require/' 


The rule is deduced from the following : — 

(a+ hy =tt* + (3a* + 3a6 + 6*) 6, 

(a + 6 + o)® = + (3a* + Sah + &*)6+ {3(a + Z/)* + 3(a + b)c 


Ex.l* 3 i]xtract the cube root of 8a* — 36a* + 54a— 27. 

The expression is arranged according to descending powers 

of a. 

Sa**— 36a^ + 54a— 27(2a— 3 
8a* 

3 X (2a)* = 12a* — 36a^ •+• 54a— 27 

3(2a)(-3)= — 18a 
(..-3)* = 9 

— i8a+9 — 3G a*-t- 54a— 27 


Hence the cube root is 2a — 3. 


Ex. 2. Extract the cube root of : — 

8»* + 64-1445-36®* + 102(8* + 204*''- 171ir». 
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Arraiij^e the expression according to the descending powers 

of 2 . 

8a;«— + 102x*— 171a!» +204*»— 1443!+ 64(2x» 

8»“ [— .ja +4. 

4J(2*®)*=T2^ — 36)0+ I02x'— I 7lx“ + 2r)4x*— J44xH:6i 

3(2x»)(-3*) = 

— 18a-> 

(-Sa-)* = 9x» 

12»«— 18x’ I 

+ 9a;«| -36i- »+ .54x*-27.f‘ 

3(2»* — 3*)''= 12*'* — .3(ia* + 27*' 48x* — 144** +204** — 144* 
3(2**— 3»)x4=24a*-:!6* +64 

4* = 16 

12**— 36*'’ +51*'— 36®+ 16 48**-<-144*» +204**— 144j 

+ 64 

Hence the cube root is 2i'— 3*+ 4. 

116. " When 11 + *Zfigtoe6 of a cube root have been obtained 

by the ordinary method^ n moie may be obtained by division only 
-supposing 2n + 2 be the whole number of figures in the root. 

Let N represent the number whose cube root is required ; 
a the part of the root already found ; and u' the part to be 
found; then N'=a'^ + +3a^x+ Ijai^ 

•• N — =3a^x + Sax ^ = g+ ^ . 

3a^ a oa* 


If we shew that + ~ is a proper fraction, then t = the 
a oa* ^ 

quotient of divided by 3a*. 

Since « contains n digits, x is less than 10'*. /. is less 

than 10®”. Since a contains 2n + 2 digits, a i& not less than 

a To®” 1 

is less than i.e., less than 

Since x is less than 10”, x^ is /c5s than 10'" • 

Since a is not less than 10*"'*^^, 3a* is not less than 3y 10“^ 
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Hence * + ^ 


fraction. 


is less ihan-i + - 


EXERCISE 48. 


~ •*. it is a proper 


Extract the cube loofc ot : — 

1. 8aj"’— 36*" + 66*"— 63.f" + 33**— 9aj + 1. 

2. «(«•■>■.*) ♦6(.+ ‘) + 7. 

3. ‘-it! + }^-3x+ 1. 

64! 10 1 6 2 4 

4. *«(*» + ll)-3,»*(*3-2)— 3*(*» + 4)-8, 

5. 1— 9*(I + 11 1^)+ 39.1" + 156*" — 144*® + 64*^ 


5. a" — +3/a* + - \ — 5 

a" \ a"y 


/, a®-f — — 12a — +.)la -f - — 112. 

a * u " a 

S. a“+^ — <> + ^ a 

y. a® — 6a''b+loa‘h^ — 20rt’6® + 15o“6' — 6a?< +/>'’. 
10. a:“ +*’ + 1 ^-3u() + 1)=‘(®® + 1). 


• 11. a’-l+ \ -3 a +^V«+ ^-2 

a * y aj \ a 
12. a.'—y''—:'' + -ii^x—y){:—.,)(y+z). 

117. The fourth root of an expression is the square root of 
the square root, of the expression. Tbus4/i6=./(v'l6)=.v/4=2. 

^e sixth root of an expression is the square root of the cube 
root of the expression ; or the cube root of the square root of the 
expression 'iims. i/(j4=v'(y64)=v''i!=2; or = ^(v'64)=.y8 
= 2 . 


118- Miscellaneous Examples- 

£x< 1- the cube root of a* + 6 j;’ + 15** +.20** 

15** + 6* + 1, by the Method of Indeterminate Go-efficients. 
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If the given expression be a perfect cube, it must be the 
cube of a trinomial of the form ^ +1. 

A .t « + 6^;“ + 15aj^ + 20 1‘» + + 6 « + 1 = (.. * + ;?.« + 1)^ 

= a;® +32?»® + (terms containing ,i*, .t .t* and ui) + 1. 

Since this is true for all values of the co-efficients of the 
like powers of .( are equal. Z. 6 = 3/? .*./? = 2. This value must 
be^verified by equating the co-efficients of the other powers of 

Hence the cube root of the given expression is ac® +2* + 1. 

Ex. 2. What value of x will make + 9*® -f 21a;^ — 90?® 
— 42.15® + 33.1’ -f 1 a perfect cube ? 

Rjile . — “ Extract the cube root by the ordinary method and 
put the remainder = 0.** 

+ 9o?® 4- 2I.r * — - 42i ® -f 33o?-+. l(a:® -f 3.r~ 2 

.3(0’®)®= 3o!^ 9^® + 2 105 — 9o‘ ^ — 42o:" 4 - 33*4- 1 * 

3(o‘®)(3o’)=9o5‘^ 

(8j')2 = 9** 

3o‘^4-9o5®4-9*® 9*® 4- 2 7*^ 4“ 27*^ 

3(o?® -4- 3o:) ® = 3* ^ -t- 18o;® -i- 27*® — 6* ' — 30 f ^ — 42.i ® 4- 33*4- 1 
3(a5®4-30(-2) = -6i®-.18.r 
(-2)®= 4. 

iJ,i + IHa: + 4 -Cr ’ :’.<>■ ’’ — 4 2.=‘ + :j 6r-8 

— 3*4-9 Remainder. 

- 3* 4* 9=0. /. 3 , = 9. .r = 3. 


Ex. 3- Eind the relation between a, ?>, c and d, when a*® 
4-6 ® -I- r. < -f fi is a complete cube. 

Let a.t ** 4- 6«® 4-c« 4-(Z = = p*'*® -l-3p®5«t® 4-3pg®* 

4-<?L 

The co-efiicients of the like powers of * are equal. 

/. a=p® ; 6=3p®(7; c=Spq^ and d=q^, 

••rr^^’-Uy ’^c’'spq'^'q * 


, a^6* 
d c® 


ac'* = 6®d 


. (1). 


Again, ad^p^q"^ and hc=9p^q^, A 9ad = hc (2)* 
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£z> 4- The product of any tlu^e consecutiye numbers to- 
gether with the middle number is the cube of the middle 
number. 

i.e., (a+ !)(«+ 2)(a+ 3)+a + 2 = («»4-2)'*. 

(a+ l)(®+2X®+3)+a+2 = (n + 2) {(o+ l)(a+3)+ 1} 

= (a + 2)(a+2)‘‘=(a+2)*. 

£z 5* The product of any three numbers which increase 
or decrease by a common difference together with the product of 
the square of that difference into the middle number the cube 
of the middle number. 

(a + />)(«+ 36)(a+ .••)6)+ (25)»(rt+ 3h) = (a + 3b)\ 

Lett aide expression = (o+36)}(a+?()(a+56)+(2i»)“{ 

= (a+ 36) {« + 4- r)i(' + 46'} =(«+36)(a+36)* 

= (a 4“ 36) ** • 

EXERCISE 49- 

Extract the cube root of each of the [followinglexpiessions, 

by the Method of Indeterminate Go-cffinente. 

J. + + 3(),+8. 

2 8t® + 48c(» + 60<''.r*-80c’r'-90f«.r‘“ + 10&‘'. -27/ 

3. 6*'4-15/ *-20/» + ir>/-* -6a;+l. 

4 i + 3. + 6.(' + 7/‘'-fG.''-f3. “-fir®. 

f.. ,0+ 15,' + 1^+20+ ® + \ + 6.L 

ic* / ♦ as*’ 

6. 27a:«-C.r— 54/’— 44.-> + 63.* + 21.®+l. 

What value of «■ will make each of the following a perferi 
cube ? — 

7, 8/®— .36<' + 66a)*-G:L» + 33,®-ll, + 6. 

8 l + 6,-421,* + 44*-' + G3,' + 58»’ + 23,«. 

9. — i — ir' --^+G. 

* a:* 

10. ii!*-6ii:'+ 15»®-20*® + 15a!®-7a>•^8. 

11. 8a!*-fl2a!’-Gi»*-lla:»+3a!* + 5*-27. 
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12. Find fourth root of + 

13. Find the/owr^/i root of 

14. Find the sixth root of a*® — 12a?® + 60aj* — 160 q:* + 240a;* 
— 192.i?+64. 

15. Find the conditions that a?** + 3aa3* + 35a? + c should be 
a perfect cube. 

16. Find the relation between p, q and r, in order that 
a?' + px^ + qx + r shall be a perfect cube. 

17. Find the conditions that ax* + 5a:® + ca?* + dx+e should 
be a complete fo7irth poiver, 

18. Find the cube root of 1— a? to 4 terms* 

Shew that each of the following is a complete cube : — 


19. 


/a + 6 \® / g— 5 \ » 

\a— 5 / \a +5/ 




20. (a?— 5) (a:— 45) (a?— 75) + 95® (a*— 45). 

21. (a?+ a-5)(a? + 2a-35)(a* + 3a-55) + (a-25)*(a? + 2a-35). 

22. Find the relations between the co-efKcients when a?® 


+ joa?^ + qx^ +ra’® + fi^'+ ^ is a complete fifth power. 



CHAPTER XVIII. 

INDICES. 

119* definition of The product of m factors each 
equal to a is denoted by a”*. 

The Index Law a*” x a**— We have already proved 
this in Art. 35 when m and n are positive integers. We shall 
assume that the law is true for all values of m and n and 


proceed to find the meanings of a^, and a . 

120- (0 To find the meaning of 

Now a”* X = Let m=0 ; then X 

Q» 

/. = I* Thus any quantity raised to the power zero 

is equal to 1. 

(ii) To find the meaning of 

Now a’” X = Let m= — ; then a""’* + a” = 

e=a°==l. 

-andtt’'s=--^ . 
a« a " 


Tims, a ®= -1 ; o “(= i 
a® ?> 

a" 

a“” is the reciprocal of a". 


(iii) To find the meaning of a\ when m andn are positive 
integers. 


nt m vn 


tT ^ . £ , n 1 . « to n terms 

a X a X a . . to n factors = a 


^X.n 

= a =a”' 


Hence a” is the if'' root of a”* ; i.e , a 

In a fractional index, the numerator denotes a power and 
the denominator a root. 
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Thus, a =v^a‘ = .^a; a* = ;/a®; a* = ya. 




121. In like manner we can prove that — 
(i) (a-)« = a^-; (ii) a»Z;”=(a&)« 


(iii) 


6" 


for all valaes of m and n. 


Ex- !• Express, with fraetioiial indices, 

^ a ' “(•» ‘ ' = (tt ’ 6 ' ‘'c*' (Z > ’ J. i - ‘I 

Ex- 2 . Simplify 

The expression=a’<^““'* +2/-r-rM 2'-a-2. 

1 

Ex- 3 - Simplify {(a -f 2;)'"“" (a + 2;)”^+”} 

I J_ 

The expression = {(a + == {(a+ 6)®'” 3' 


= (a+6)*” ={a+h) . 


1 

2w 

1 ) 


Ex- 4- Multiply it “ — ‘y ^ + y ^ by a* ' 

_i _i 

Putting* a for a" h for 1/ multiplicand = a*— 
and multiplier = a + [>. Hence the product = (a®— a& + 

= 0 ’ + 6» = ^ir‘ ^ y + j ^ r/”*’ 

1 1 1 

Ex. 5. Divide a— 2a- + l by a 2a‘' + 1 . 

1 

Putting oj for a" , the cUvidend=a;“ — 2x® + 1 ; and the divisor 

„ a— 2 a^+l .r"— 2 a> + l (j;*— 1 )* /**-l\* 

. 5 -i; 4 r 
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= (a:*+a:+ 1)* = s’* + 2*’ + .3»® + 2x + 1 
= ^o^J* + 2(a“)* + 3(a“)* + 2o* + l 

=a® +2a‘“+3a^ + 2o"+ 1. 

2 1 1 

Ez- 6. Extract the square root of a + h‘^ — + 

1 1 i j 

:+2a2c*^26^c*. 

Arrange the expression according to poweis of a. 

1 \ -1-1 1 1 1 ?- i / 1 1 ] 

^8 ja — 2a~&^ + 2a-r^ -f ( a"-*Z>^ + c ^ 

a 

1 Ix r~ 1 1 i” j~~l ~T 

2a3— -.2a‘-'2)-‘4-2aiJc ^ +L'^— ^ + c - 

— 2an‘^ 

2a- —26"^ 4- c ^ YZcrc ^ —2h'^c + c ^ 

j 1 11 1 

2a-c^— 2h'V^4-c “ 


1 1 1 


Hence, the square root is a- — 6^ + c^ . 

Ex. 7. Simplify ?: + 1 


The first term = 




X "'(i + a;”' "4- a;”* '') aj“'" + fiP " +a'*"' 


The second term = ; = — . 

a?-" ( 1 + .T”'”' + .T-" + aj-”^ + 35 

The third term = -j: - — = , 

X ^ {I'hXP + X^' ") X~^ +85 "' + 35 " 

Hence, the given expression 

tes ^ 

‘ aj~* 4- + aj~i’ a;“" + »"'" + x~‘‘ a? ' '' + a;"”' + 


_ar”'4-aj“" 4-a“^^ 

35 4“ ” 4" 
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£z< 8« Ifa‘— 6", sliew that ^? ^ <> = *“1; audit a—2h, 
shew that 6=2. 

Since o'’= 6“, ' ,\a=b\ Hence ( - )i= - =^= 

\b J '* a dm 


Since a"=6’ and a = 2Z), :.(2by=^h^=:(h^y .•.26 = 6“ .•.6=2. 
£z. 9* If Jc= (a + v^a* + 6'*)^ + (a — \/a* + 6“)^, shew that 

+ 36 a*— 2 a= 0 . 


Putting p for a + \/a^ + 6^ and g for a — + 6‘S we have 


‘ ‘ .r^ = (p> + gr«) 


^111 X 

. =jp + (7 + 3jp‘'' 5*^ (p^ + 9*^ ) = JP * 


1 1 


+ q+3p-‘q-‘(ie). But p+ q=a + \^a^ + +a—\^a‘‘ + b^'=2a 

and pq=: (a + V'a® + 6»)(o— ■/«“ + 6‘') = a» — (a» +6’) = — 6* 
i 1 1 

A p>' 5 => = (- 6»)-> = -6 a;» = 2a + 3(-6:('f)=2a-36,T 

*•. ** +36aj— 2ci=0. 


EXERCISE 50. 

1. Multiply a~“— l + a“ by a~Wa, 

" J 1 7 

2. Multiply a* + a2 + a* + 1 bya* — 1. 

JL 1 J 13 , 

3. Multiply a;^+ aj- 2 /- by a;*—?/*-. 

4. Simplify X 

- ,J» a 111 1 1 7 

r.. Divide a— 6‘*’ + +3a=’6* c'by r? =*'—6-+ c’. 

6. Divide x -j— by .r— yj, 

7. Simplify (^/»)''-' x ('Ij'a.')"-''. 

5. Multiply 0+63+ — ab^— a^c+— 6“cHya-j + 6'’ 
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9. Simplify 


( — 5‘‘^)(a^ — c‘^ ) — a^) (6^— c^) 


+ - 


1 

C 2 


(c^-tt2) (c^-62) 

" 3 . 

10. Resolve into factors aj~*— 7jr^ + 12 ; ; a* +6* ; 

oj® + » ^ — 2; and (a“^+a ® + a~*)— a""®. 

11. Find the H.C.F. and L.C.M. of— 

x{x + \^wy)-'rj{y + xy) and rr* + 2/® + 3(ay + t/)>/ir7/ + 4aJ7/. 


12. Fxpiess-|^ 



in the simplest 


form and what must be the I’elation between p and q so that 
the expression may be equal to ^ . 

v-> Q- Tf 2®"+^ + 2"+* +2 .2“" — 1^ 2»” +l 

lo. Simplify ; + + 


2"+' +2 


2"+l 2'‘+l 


A A 

14. Extract the square root of y^x~^ +|x^7/“^ + 

J 1 A 11 

15. Extract the square root of 4a? — 12»"y^ +9y^ + 16aj‘^s'‘^ 

- 24 ^yh'^ + l 6 zK 

1 II 

16. Find the square of + x^. 

A ^ ^ A 

ci- IT a“ — ax“-^a^x — 

17. Simplify ^ - ^ V— i T * 

a‘^ — a^x^ + 3o‘^aj— Saa’*^ +a^x^ — x‘^ 


18. Simplify 


3 + 4a3^--2a? — ]2a?'‘* + 9»* 
1 — 4:X^ + 6fl? —4a:* + a:* 
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122. definitions. 

A Surd or an Irrational ftantity- When any root of a 

quantity cannot be exactly extracted, the quantity which re- 
presents the root is called a burth 

Thus ^2,^6, ^2+^Z, 3^ — 5- are surds. 

Such expressions as >v/4, — 2a6 + h* are not surds 

though they are written in surd form. 

• \ 2 1 
Though such expressions as ) ‘ are 

surds, yet their exact values may be found in certain cases by 
giving special values to the letters a and 6. For instance it 
a=4, = 2 and is therefore not really a surd. 

Surd-factor is the quantity beneath the radical or index 
sign : thus 3 is the surd-factor of 4v^3 and l»v^3. 

A Complete Surd is one which has no rational co-efficient 
except unity. Thus >v/2 and (£c + y)- are complete surds. 

A Mixed Surd is one which has a rational factor different 

I 

from unity. Thus 3^2, a? 4a’ ^ are mixed surds. 

Simple Compound Surds- Surds ai e simple and co7?i- 
pound according as they consist of one, or more than one term. 

Similar Surds ai'e tliose which have, or can be transformed 
so as to have, the same irrational part. Thus \^45and\/80 
are similar surds for they are respectively equivalent to 
anil 4>v/5. 

Surds of the same order- Surds are said to be of the same 
order when they have all got the same root symbol. 

A surdHs said to he of the second, third, or order, ac- 
cording as the denominator of the surd index is 2, 3, or n. 
Thus ^5, v'a® and ^ (a+b) are surds of the second order^ 

A Quadratic Surd is a surd of the second order. 

Ex- 1- Express 3^/5 in the form of a complete surd. 

3v/5= (3*)- X 5^ =(3* X 5) (45) “ == v^5. 
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Ex. 2- Express V'tiO as tlie product of a rational quantity 
and a surd*. 

V'80=v'f6x5 = (16x5)^ = (4‘>x5)“ = (40^x5“ = 4x5 

e=4v'5. _ _ 

Ex- 3 . Find the sura of -/QSdtv^SO and of ^^128— 5/54. 
^/Cr8±v'60='v/49x2± v/25">^ = 7v/2± 5^2 = 12^/2 or 
•2^/2 ; 5/128 — 5/54 = 5/64 X 2 — 5/27 X 2= 5/4 ’"x 2— 5/3> x 2 

= 45 / 2 - 35 / 2 = 5 / 2 . 

Ex- 4- Reduce ^2 to Burdsfof the same order* 

^3 is of the second order ; y2 is of the third order. 

The L.C.M. of 2 and 3 is 6 ; so we can reduce ihen^to surds 

•of the sixth order, thus: v^3=3‘‘^ = 3“ = ^^3* = v^27 ; and 

Ex. 5. Which is the greater, ^2 or 5/0 ? 

Reduce them to surds of the same oi’der. L.C.M. of 2 and 
3 is 6. 

^2= 2^ = 2» = 5/2’ = 5 / 8 ; 5 / 3 = 3 ^ = 3“ = 5 / 3 *= 5 / 9 . 

^2 and 5/3 are respectively equivalent to 5/ 8 and 5/9 and 
as 9 is greater than 8, therefore 5/3 > V'2. 

Ex- 6. Multiply 5/.3 by y9 ; 5/3 by 5/3. 

5'3x 5/9 = 3* x9J=3‘’'*x9’* = (3»)’’*x (9*)'j’» 

= (3» X 9.)’’”= (27x81xRl)’“' = (177147)i’'= JJ'r7'7l47. 

5/3 X 5/3 =3^ X = 3'' ♦ =3^’^ = v/p= 2^2187. 

Ex. 7. Divide 5/0 by 5/10 and express 2v/5 as a 
fEraction with a rational denominator. 

1 

5/5.f5/10 = 5 '*^.fl 0 ’ = 5 T' 4 - 10 “ = il-L^.=/ o )r» 


-\m) 


, 0 . O ..1_ ^/3X.^5_^/l5^^5 

275"V5x75“2x5 10 


tSiM 
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Ex. 8‘ Multiply 2v/a by v^a— 

Cl *f. .3^ ® d ■“ 2\/ CL^h 4" Si^b^ ci“" 

= 2a — 2v^ ab + S^/ah — 3Z>=5 2a + -v^ ab — 36. 

Ex. 9- Multiply 5^7 +4>x/3 by 5-^7— 4^3. 

(5/7 + 4y3)(5^7 - 4/3) = (5/7)*-.(4y3)* = 5* x 7-4» 
X 3= 175-48= 127. 

Ex. 10. Find tho square of \/a + « + /a — x, 

(v^a+«+/a — aj)“ as (\/a+ «)^ + (\/ a — u;)* + 2v^a + xy/a — x 
= a + » + a— a; + 2\/a^— aj^ = 2a + 

EXERCISE 51. 

Simplify ; — 

]. ^625-^135 + /4Q. 2. 12/2+37/8-9/50. * 

3. — 8aj® — v/lba:*. 

4. y326^a + 2yM26 ‘a— 66v/l250a . 


5, /3 + v^2i, 6, — 27a * 6'* +. '/4tt*6*—- >/16a*6* • 

7. Arrange in order of magnitude : /2, /2, ^6. 

8. Which is the greater : /3 or /4 ; /6 or /lO* 

9. Reduce /a^6, 's/x^y^y -/.i** +a;»— .x— 1 and 


S'' M 

V iC — .7 

4/*— 24aj + 36* 

10. Reduce to surds of the same order /.c and /y ; y4 
and /3. 

11. Compare 3^/7, 4/2 4/3. 

12. Multiply 2^3 by 3/27; /4 by /8; 8/l2 by 3/^3 
/6a6 by /9a* 6**. 

13. Multiply together 4/2o, /U and /5 ; 12/2,2/18 


and (/2 + /3) and /3- V2. 

V 12 


1 4. Reduce (2/3 + 3/ 2)(2/ 2 + /3) .-2/3. 

15. Reduce /a-f-/a*— 6* X /a— /a*— 6*. 

16. Find the square of /^‘ + 2a— /uj— 2a ; a/5 + 6/5 ; 
/cO* + 2y* — /»*— 2y* and 2/a + 6 + 3/a— 6. 
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1 7. Multiply \/a + a/ 6 + -/c* by Va + a/6-, a/c. 

18. Find the continued produjst of a/ a+ \/6 — a/c,_ 

A/a+ a/^* — a/6, a^/* + a/ 6 — v/a and A/a+ a/6 + a/c. 

19. Shew that the product + and 

H / — 

— v/a’* — 6® is rational. 


20. Find the continued product of a/3 + a/ 2 + 2, -v/2 + 2 
— a/3, 2 + a/3— v^ 2 and >v/3 + a/2— 2. 

123* Rationalising Factor- a rationalising factor of a 

surd is one which when multiplied by the surd gives a rational 
product. 

Since ^ax therefore is a rationalising factor 

of \/ a. 


12 I 

Since a x = a, therefore r/ * is a rationalising factor of 
and vice versa. 

^ If the snm^ of the surd-indices of two single similar surds 
IS an integer, either of them is a rationalising factor of the other. 

Since {Va + Vb)(js/a — ^h)=:a-^b, therefore each of \/a 
-f V 6 and \/a — a/6 is a rationalising factor of the other. 

Conjugate or Complementary SurdSi Two binomial quad- 

ratic^surds product is rational are called conjvgatp surds. 

'Jo rationalise a binomial quadratic suid, v>e must multiply if 
by the complementary surd 

Ex- 1. lind a rationalising factor of + 

The conjugate surd is on/o— 2a/ 7 ; their product is (3v/o 

+ 2 v/ 7)(3 v/5 - 2 v/7 ) = (3 v/d ) ^ - (2 - 1-5 - 2S = 1 7, .% the 

rationalising factor is 3 a/ 5— •2a/7. 

Ex* 2. Rationalise the denominator of-^^ — and find its 

4— 2v^3 


value when a/3 =1.732. 

l4-v^3 ^ (1 + a/3 )(4 + 2v/3) 4 + 4a/;T+ 2a/3 + 6 _ 1^0 + 6^3 

4-2a/ 3 ■~(4-2A/3)f4T27Jf)~ IG- 12 4 

_ 5 -p 3a/3 _ 5 + 3 X 1 ‘732 _ 10*196 . 

o - 2 ^-^-o098. 

Aoic. In simnar caeo'?, we should first rationalise the denominator 
before Buhstituting the value# 
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Ex. 3. Simplify 

(5-V5) V5(;/5-T) 

_ .v/3C/S - _ a/ 3 Xv/ 5_ 

^/5(v/5— T) v'5 5 5 ■ 

£x- 4. Find the value of 4e'' + lGj,* + 10.c— 1, whea 
a-=a(-l+v'3). 

Since ® 1 + \/3)j 2®—"" 1 + ^3. •*» 2 *p 4 - 1 =y^3. 

.•. (2»+ 1)» = 3. .*. 4.r» + 4r+ 1=3. .*. 4x‘‘ + 4c— 2= 0. 

/. 2j!» + 2.(— 1 = 0. 

Now 4.(-*+ IGt' + lOa— 1=2 .c(2/* + 2.-1)h-6(2®» + 2®— 1) 
+ 5 = 5. V 2a-“ + 2.o-l = 0. 

EXERCISE 52 . 

Rationalise the denominators of : — 

X I 




4 + \/2 .t 1 + ,. + \/ 1 — ,( 

•J, 


3-2-/2’ 


— \/l — ,0 


^ \/ fi “t" •< Cl — c 

\/a+ SB— \^a — / 


5. 1 


+ sr* + V\ 




(j. 


l"i”\/2+\/3 /y/(Z “t“ >y/6 -f- «y/ C 

7. Find tbe values of ~ and 

2-^/3’ 5-2v/5 ;V2-4 


each to 3 places of decimals* 
Simplify :— 


^ 7 + 3.%/5 , 7 3^..> Q ^ -r V 'X , ■a* — I i 

* 7-3v'5'^7 + 3v^6' * 4+73'^5~273*^ 

1 


2 + y.3, 4-2^3,. 
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- 2^ 12 - \/32 + yso 

12 V3 v/6 

>v/3+v'^ >v/6 + v'2‘^V2-fv'3* 

^14“ v^l-— v^f—ic 


/ V l4-«^ v^l-- g\ . / v^l-fg v^l — 
\v^J— eCJ Vl-^x/ ' \\/l — 


14. Find the value of 2a;® — 3n?* ~ 20a;® + 30.6® + 2a;— 2, whc 
a;= V^2 — v^3. 

15. If .r + 2/ = v'^j a?— ys^v'M, express a- *4-2/® 

of m and n 

124. To find a factor which will rationalise any binomia 

11 

Firsts let the binomial be a + L Put .c = a 2 /=h^ j 
let n be the L.C M« of p and q ; then a;'* and 'if are both rations 

But + ••• • ±2/"“'^ 

accordinp^ as n is odd or even. 

•*. a;”“^ — a;”“®2/+‘^" is a factor which wi 

rationalise a* + 1/? 

W- 1 1 /'-I 

7.2?., a —a ^ ^ + . • . - ±2? ^ is the rationalising facte 

1 3_ 

J* 9 

of a 

3 1 

Secondly y let the binomial be a -!L Taking w, y and 
as in the preceding portion. iF—nf is a rational quantity. 

Now, + +2/"*’')- 

/• a;”'^+af‘"*2/ + *’*"*2/* + factor which wi 

rationalise a;— y, 

- 'tzi *lri 1 !!Lzi 

J.E.y .t.+i’isa factor which wi 


rationalise a ^6* 
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Bt . Takeo® + 6''; L.C.M. of2and3=6. 

a^ + h-^ 

* I.l'J , —a’‘iy-‘ + aH~' — ah + aZ-b^—h^ is the rationalisiag 

J 1 ^ i. ® 1 . 0 

factor of b'^ and the rational prodncfc isTa") — Q>^) =o? 


125- Properties of Quadratic surds. 

(1) The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. 

If possible, let Ayaj=fr +v/^>; then, by squaring, 


+ 2av'^. 


O' —a^ - /> 


, a rational quantity, which is com- 


>trary to supposition. 

(2) The product of two dissimilar surds cannot he rational^ 
Let -v/.r and y be dissimilar, and, if possible, let v' « 

K^ij=a. Sqaaring,a'y=t('. .•.y = "'-=~x. .Wy= 

'this shows that y/y and y/x are similar surds ; which is con- 
trary to supposition* 

(3) A simple quadratic surd cannot be equal to the sum of 
two dissimilar quadratic surds* 

If possible, let y/x — y/a + yfb. Squaring, x = a + 

/• a rational quantity ; which is impossible 

2 

‘by (2). * Hence ^/x is not equal to y/a + y/h% 

{4) Jjf x+-v/y=sa4-^/b ; then x=aa7id y«b. 

If possible, let « = a+m ; then 

; which is impossible by (1). 

Hence a;=a ; and, consequently, y — h. 

(5) jy\/a-h-/b=>/x-hx/y ; 2^a— ^bs*v^x— v^j. 
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Since v'c[ + ^/6='\/ic+ •*• a + v'^ = a;+ 2 /-f 2'/£rt/, 
:.a=m-^y] v/^^ = 2v'.«v...by (4). a-s^h = x + y-2V.vy 

126 To find the square root of y^b. 

Let. = + %/// (•) 

then = \/2/ (by 5 of Art. 125)^ 

Multiplying, y/a‘^ — b = x—y (2) 

Squaring (1), a+ v'2/=a! + 2/+2\/.<2/. 

(By 4 of Art. 125 ), «=« + y; and ^a *-6 = a?~y. 
n\ 2.J— a+ v^a*— /- aF = l(fl + \/a“ — 5) 
and 2 y^a-—\^ — b, .*• ~ A(a — a“ — 6 ). 

/, v^a+v'^~^^i(a + 'v^(t^ -- 6 )+>^l(a — .y/a* — 5 j. 

Similarly 'v'a ~ ^b ^ a/ Va'^ — h) — ^ ^(jLi—Va'^ - b), 

^oic. Uuli'Mfl r;* — /» l)e n ]>( rfeci ^qtiare, the \alues of Va and 

will be complex fc'urds, 

Ex- I'iud tlie square root of 7--2\/10. 

Ijet ^^7 — 2^/10 = 5 ^ben '^7 ^2\^I{)= ^y, 

V'^— lu = ir— 2/- ’• «-?/= V4iy— 40 = v'9=3. 
Squaring both sides of v'?— 2^/10= v'aj—v'l/j we Lave 
7 — 2\/l0 = .< + 2 / — 2^/.^ y- and .<—?/= 3. * = 5 

and 7 /= 2 . ‘'^ 7 — 2 v^iU = v ^5 v^ 2 . 

127. Sometimes we may extract tbe square root of a 
quantity of tbe form tt + ^/5+^c + by assuming 

^/(a + ^b +Vc + y/d) = V'* + ^ ^ 

. ft -f v'^ + = ‘t' + 2/ + -+ 2Vxy^^y/yz + 2v/ 

We may then put 2^7y=^h, 2\<yz=^c, 2^zc-^d\ 

and if the values of .r, y and z found from these equaiioiis also 
batisfy the relation we shall have the required square 

root. ‘ 
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Ex. Find the square root of 8 + 2^2 + 2y5 4- 2\/i0. 


Assume x /(8 -f 2 y 2 -f 2^5 + 2\/ W) = ; 

8+ 2y^2+ 2<^54-2\/10 =a>q-y-}- 2 ; + 2\/ xy-\‘2y/ yz-¥ 2^/ zx. 

Pafc 2 %/i^= 2 v/ 2 ; 2 v'^:=: 2 v' 5 ; 2 ^/^= 2 ^/Io. 

/. V"flP2/ = V'2; Vyz=y/l>; V"^a:=V'lO. 


^Xyy.y/uz s/ XU^Z 

— ^ or —7 — ^01* 
vra? 


\/2 \/ 

= 1. 


V'iO 


then 


Hence a5 = 2andr=o. These values satisfy the relation 
r‘\ry+z=:S, Thus the square root requii ed is v'2+ ^l-hv^5, 

t. 6 ., \ /y/2-\- 

128 . If v/b)=x + ^/y, then y(a-A/b)=X“v' 7 . 

Since y(a-fv'^))= r-i- v^y, /. nd- v'6 = (a; +>v/^)® =ar* 

/. a?’ + Sx7jr=za ; //, ..[By (4) of Art. 125J, 

Hence a --v/2> = <^ -f-3ajy— 3* yViJ^ • 

/. y(a — v'^) = aj~v'y. 

To find the cube root of a+ x/b- 

Let >y(aH-v'^) = i»J'f >/y ; then ^^(a — y/h)s= r—^/t/ 

By multiplication, - b= 7 ^^ — y. H c=^a^ — b, x* — y 

= c . . . . (1). 

Cubing both sides of y{a + ^h)z= we have a-h-^/6 

=x^ -i- 3<i^x^f/+tjx?/ + yy/i/, a= r* -|-3a?y= aj"* -f .3a;(a?*-'c), 

V = —c from (1). /. 4a;®— 3caj=a. From this x must 

he found by trial and then y is known from ?/=? r* — c. 

Note ^ — Unless a — b be a perfect cuhe^ the method is inapplicable. 

Ex. Find the cube root of 7+ .5^2. 

Bet -y(74-.V2)=»+v'y...(l) Then Vi7 — 

>y(7®-25x2) = .r2_y. /. y^ 

05* + 1 . • . (2). Cubing (1) and equating the rational parts, 
7 = ir®4-3»y. /• » ® 4-3.r(cC®q-l) = 7. 4a;® + 3a; = 7. By trial, 

the value of x must be found. x = l satisfies the relation 
4a;* + 3a;=s 7. Hence t/=2. %• y=a;*-t-l. the cube root 

required is l + v'2. 



166 


{ALGEBRA. 


[chap. XIX* 


EXERCISE 53. 

Find the rationalising factors of : — 

1. l + :i/2. 2. o^— 3. ^2-y2. 4. v'3+y5. 

5. a-t/h. 7. v/5 + y7. 8. 2v'3-35/2. 

9. Find the valneof»® — 33* — 2r, when «)=^(r+v^r®— g®) 


+4^(r— 


10. 

Find the value of , — + . , =* when , 

l + Vl + B l-</l-ar 

^/3 

2 

11. 

Pitid the value of — when »= 



x + V 





Find the square roots of : — 


12. 

7+4v'3. 

13. 

PI 

-6/7. 

14. 43+12v/7- 

15. 

2a+2‘/a^ — i^A 

16. 

4- 

Vib. 

17. 4 + 2v'3. 

18. 

-9 + 6/S. 

19. 

7t) 

-12>/2r. 



20. (76 + c® + '/(a®-r‘‘X<>‘-‘")« 

l+a 1-. , ^/3 

21. Find the value of — -yr- +_ — >, when ,i = • 

l + '/l + j 1 + Vl— .r 2 

22 Find the square mot of G+2v'2 + 2.y3 + 2yG. 

23. Find the square root of 9+2v/6 — 4v3— 4v'2. 

24. Find the square root of r> + VlO — a/6 - ■/ 1.>. 

Find the cube roots of : — 


25. 

28. 

31. 

33 

34. 

35. 


lO+Gv'S. 2G. lG+S>/5. 27. 9^3- IV^. 

7-5v'2. 29. 26+15v/;’.. 30. 45 + 2V2. 

20 + 14a/2. 32. 1 + o’v'® + 3* + ‘Sa/x. 

. 1 3 4 

Simplify “^(7_2^/10) ~v'(3 + V3/ 


Prove that 


_2±^_ . __W3 

v^2 + v^2 + ,/S v^2 — >/2 — /3 


Shew that 4/(v'5+2)-^(v'r)-2)=l. 




CHAPTER XX. 

UATIO AND PROPOUTION. 


129. Definitions- 

Eatio* term ratio is usually defined to be the rela- 

tion between two quantities of the same kind in regard to their 
magnitude, comparison being made by considering what multi- 
ple, part, or parts, one is of the other. 

The ratio of a to h is usually written a : and is measured 
by the fraction \ 


a and h are called the toriHS of the ratio. The first term a 
is called the ailtGCOdoiltj the second term 6 is called the con- 
sequent. 

If a = ?), then a: h is called a ratio of equality. 

If a>/y, then a : h is called a ratio of greater inequality. 

If a <h, then a: b is called a ratio of loss inequality. 

Tlie ratio of is called the duplicate ratio of a : b. 

The ratio ot : Z/'* is called the triplicate ratio of a : h, 

j 1 

The ratio of a~- : 6" is called the SUbduplicate ratio of a : b^ 
11 ^ 

The ratio of a'^ : b'' is called the snbtriplioate ratio ofa: i>. 

If the ratio of two quantities can be expressed exactly by 
the ratio of two integers, the (juaiitities are said to be COIUnien- 

surable^ otherwise, they are said to be incommensurable. 

Thus the ratio of ^2 : v^3 cannot be exactly expressed by two 
integers ; therefore they are incommensurable quantities. 

Proportion* When two ratios are equal, the four quan- 
tities composing them are srid to be proportionalS- Thus, 


if 


a 

b 


c 

i£ 


then a, ?/, c, d are proportionals. 


This is expressed by 


saying that a is to & as c is to d, and the proportion is written 
a : h :: c: d ; or a : h^c: d. 

The terras a and dare called the extremes, h andc the means. 
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Continued Proportion, if « .* : r, then a, 6, c are in 

continued proportion. Here 6 is said to be the mean proportional 
between a and c ; and c is said to be the third proportional to 
a and h, li a : h = b : c : d, then a, c, d are said to be in 

continued proportion. 

130- Comparison of Batios. Two or more ratios may be 
compai’ed by reducing their equivalent fractions to a common 
denominator. Thus the ratios a : b and c : d are compared by 

reducing them to the equivalent forms ^and The ratio 

hd hd 

a : h is = or > or < the ratio c : d according as ad is = or>or<:c&. 
Approximation of Batios- l^et u + a be a ratio, w^here x 

is very small compared with a ; then the ratio of fa + o?)® : u* is 
approximately equal to the ratio of a + 2x: a. 

+ = 1 + 

a a* 

Since x is very small compared with a, the value of ^ is 

• .Or 

very small compared with and 1 ; and therefore it may be 

neglected ; /. approx i m atel y =1 + = + »)* 

a® = a + 2jB : a (nearly). 

1 X 

Similarly (a + = a + Sw : a (nearly) and (a-|- »)** : 

= a 4- oiT : a (nearly). 

131. (1) If then^ [a, h, x are pos.] 

b b-{- X 

Since a>&, /• ax>ba\ .*• ax+ab>>bx+ ah. 


- , a X + a • a-hx 

. . a(a?+ ft)>Z/(aJ + n) v> — 7 » t 

b b + x 

(2) If a<&, then [«, a* are pos.] 

0 O + .(' 


Since a<b, ax<bx, 
<(»+»)• 


, a _ a • 


ax-h abebx-k- ab, 
aq-.r 
6-1- or* 


a(x + b) 
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From (1) and (2) we infer tliat a ratio of greater ineqiioliUj 
is diminished y and a ratio of less inequality is increased^ by adding 
the same quantity to both its terms. 

Similarly it can be pioved that if a>^h, and that 

0 h — ui 

if That is, a ratio of greater inequality is 

increased , and a ratio of less inequality is diminished^ by subtract- 
ing the same quantity from both its terms. 

132. (I) If - = then ad-=^bc. That is, when four 

b d 

quantities are proportionals, the product of the citremesis equal to 
the product of the means. 




Add 1 to both sides of 


'=y- D 

and simplify] ; (2)^^— J^Subtract 1 from both 

sides of = and simplify "land [Divide (1) 
0 a J a -b c,—d 


hy (2)]. 


133' If then each of (lie ratios 

b a J 


^ ^ aie any quantities what- 

ever. 


rf 


Let =^=/r J then a^kh ; c^kd and c^kf. 

bdf 

*,p . a”=^p(kby ; qc"—q(kdy and r€' — r(Jxfy. 

.% p . {khy-\-q(kd)”-\-r{kfy=^pa''-{-qt* + re\ 

/, Ic'' ' \ ks= /p a‘‘ + qc ‘'-^re'‘\l 
ph” -\-qd''-r rf* ” ' \pb''-\- qd'' + rf” ) 


Xote . — By f^ivinpr to p, (/, r, v different values, many particular cases 
may be deduced ; or they may be j)roved by the same methr>d. If p = 7 

ii c e (I d* c B 

t= r= 71= I then each of the ratios , , , and — r -«• That, is, whrn ij 

b d f h + d-^f 

* number of fractious are equnly each of them is equal to the sum of all the 
numerators divided hy the t^uin of all the denominators^ 
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The same may be proved independently thus : — 

Let = k • then Tth—a ; kd=c and hf—e. 

0 d j 

•m Kb-^kd-^Jcf^ cL'\-c t •** A.(6 + cZ +y) = n “f* c-}- 
. a-f-c + e 

• • ft— r — 

b -h d-t*/ 

Ex« 1* If (a-hb^ c-hd)(a--b‘—c+d)^(a -b-j-c — d) 

X (a-hb^c—d), shew that a : i d. 

From the given relation we have ^ ^ 

a + b-^c — d a-^b — c-^d 

, a-\‘h-\-c-\‘d’Y^‘¥b — c—d_^ a -h + c~d-\-a — b-^c+d 
a + + — a — b-\-c-\- d a — 64-r — d^a-i-b-^ c-^d 

I II of Art. 1J2]. 

• = ® ^ • a+h 

* c-hd C’-d *\i -b c--d‘ 

, a-^h‘\-a — h_c+d+C’^d fir e \ t lo^v-, 
a+o — a-i-6 c-hil — c-hii -* 

m a c , » , 

Ex- 2- If «•= , find the value of ' '*1.'^'^ *. 

v/a+7-\/a-.< 


Since .t= - 


* * u 26 • 


-5±*=:?^!±j±2^. [Ilof Alt = + 

, ^a+x _6+l . ^a+J a -X _l+l+h—l 

\/a — a i; — 1 v^(tH-.c — Vo -x t+1 — 6 + L 

Ex- 3- If a= ^ ^ f ^ , shew that .i» — 3p»“ -^ 3.i 

H- 1 — v/j— 1 

-/) = 0 . 

v/p-i- l + -yp— 1 ,a-t-l_^2^+I 

Smee *-^ -^—1 ^p_i- 


[II of Art 132.] 
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• 1 )* _P~*~ ^ 1 

(»—!)* p— 1 ’ ** (. 1 + 1)®— (.1 — 1 )* p + 1 — p + l‘ 

[II of Art, 132 ]. 

***' * ^ 3.1 =3^1® +p. .‘.A’* — Spi •+3.«— 2»«0. 

Ex. 4. If si.ew ; 

. b d f b*+2d*f-Sbf^ bdf* 

Let ?=!_=*=:&; then (f^hJc, r = dk, e—fk. 
b d f 

a®6=:&(6»A-®) = 7;*A:» ; 2f®e=2 . (dky . fk=2d’‘fk\ 
~Zae*f= -li(hl.)(fk)’‘ . /= -3t/®fc®. 

by adding *’(Z/* + 2 d®/- 37 ./®) = a® 6 + 2 c®e- 3 ue®/. 

• Jt'>= ^e_acr 

, 8 r/ 6 »^/_ arf’ 

Ex* 5* li = ^ shew that 

r /' a a h c 

Mnltiplying the teims of the given ratios by r, a respec- 

.. T , acy — ba hct—abz abz-^acy 

tiveJy, we have — = — , . — = 

b^ a® 

each= 

r® + 7/'+(j“ ‘- ■' 


a . bci' — ahz c\ . ^ ^ 

.A-gain — - " " ■' ■ ^0. •• — — ; 0, •• e,<' — •« sss-. 

/. :!!=?'=:" 

** 6 c* 
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c 1 Ai ,fna+}fc _ /a*- 

b d mh’¥nd 


a c , wa wf 

-SAce , = ,, 

b d mo nd 

■ each ... (1) [Art. 133]. 

mb-\‘nd 

. . a , a* 

Agam smce •• = 

.". each of these = ** — r,- • • • t2) [Art. 133 1 

6 ^ + fi® 

, ma + ?ic a ;jO^+c^^n^ 

We have =~ana;- r = ,*• 

mb-hnd h b^ 


via -f- 
'itih + 7 id 


I V + 


EXERCISE 54 . 


]. ]f t = , fii)d the value of 

a + 4> <"2a t— 2o 

• 2 . If fiii 3 the value ofo’i^. 

Va+i-Va-i 

3. If , = bhew that .> • - 2m . + 1 = 0. 

1 — m— 1 

t. If = shew that :i,j,»-4j,r + 3? 

\/ 2 p + 3 f^ ^ 


\/j ^ + 7 /® — V'/ ^ 

:Z _= :! =1 

VcT ^ + 2/* + — 2/* 


shew that 




G. If shew that t* — 4a( ' + 6»® — 4au5 

Va + l — Va— 1 

+ 1 = 0 . 

7. If (rt + 32; + 2aj + 6 y) (a— 3&-2 c + Gy) = (a— 36 + 2aj-6y) 
X (a + 36— 2a?— 67 /), shew that 
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8. If “= C = « shew that (i) ?= {^lz££±f^\ 5 . 

(h) ” = /" *-3afe+f »\’ a_.‘?a-4c+5e 

b \b'--Mdf+J>J r“36=4^V 

that V \a+c+e){b + d+J )= Vab 

"b^c (‘’‘+b‘ + c‘)(b‘ + c‘ + d‘) ■ 

= (frlf -^hc •¥ cdy* , 

11. sLtw that (i) " = 

^ c d ' b-hd c^d+d^' 

(ii) +Sb^ 

lla — id Sa^ — 4by 

12. If > f , .sht « that " 

b d b-d Vb‘ + d'‘' 

13. If"=^ sheu tUti‘=_£L-^'‘ + f* 

Or a I 

14. If "= she« that ^:!±^=“’(c+<i) 

b d i^-i-d^ c^(a+6) 

15. If ■'■=?/=-, s-Lew that"’'‘'^^= ra-«r^ hz-ry 

a b c c b a ' 

16. If ad= be, prove the following identities : 

fi) ( a±c\^n{a-c)^, 

\b + dj bii-dy’ ^^~^-b>-^bd’ 


( aJlA . n«+i/»_ac+M 

\b + dj b{b-dy ’ ^ ^ a»-b» ac-bd'^ 

I _ !■“ + cd + d‘‘ . , a* + ah h‘—2a7> 


-ab-^-b^ 


c®-i-ccZ d*^2cd^ 


“ c+'a-b - ^b-c’ 

+ (c— a)7j + (a— Z/):r = 0 . 

18. If-J?_==J' = . piove that =?<£r?) 

'll r '■'Mfll rK-Ull ^ . ^2 o O 


?/ — 


7/+J C + IC 3? + ^ 


_ r ((7 — />) 
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jr X y z +/7* . t/* -f- 6* , c* + c* 

If ^=r*i= prove tliaf, ^ +'^ -f — 

a 0 r aj-f a 2/"*’^ 

_fap+ y + z)^ + (a+ 6+ r)* 

aj-f 2 / + 2 ? + a + + 

If ^ = =r £ — , shew that 

y+r — p r-^p — q p+q — r 

(#jf — r) a -I- (r — p)b + (p — g)c = 0. 

If * ==- — = ^ , then each 

ax + by-\-cz hx'^cy-)raz car 4- + bx 

_1 

a + 6+c 

If then SrT+96+6.=0. 

a — b 2(b — c) J(c— a) 

jfrnx-a-b eacli= -1. 

iW’ — r — a nx’^b — d 

x{a-¥ x—b)=^y{b ■¥ y- r)z::zz(c z — a\ then each 

=r g + y-fg 

u _ =. then each= ’(^+2' + <* + ‘^)‘ 

a-b^-c-^d a--h — d^c 
If and c are unequal and ^ ^ --^ "4 “ > 

^ f7 + C--26 6+a— 2r 

^ be— ad 
a + d — b^c 



CHAPTER XXL 
EXAMINATION PAPERS. 

THIRD SKRIKS ON CHAPTERS XPi— XX. 


L 


1. Writedown tlie last four terms in the expansion of 

'ftf— 2/)®®, (3a “-26)*® and — 

2. If a number contains n dij^its, how many digits will its 
square contain ? How many will itsc«6e contain? 

3. Shew that the following expressions are perfect squares, 
(a) (a + 6 + r)® — 4 (ac-f 6 f*) ; (d) (at + ac + 6 c)* — 4 a 6 c(a + c) ; 

('•) 2{(> — )/)<+(y-s)* + (;—»)*}. 

4. Shew that *+ = 

5. Extract the square roots of (i) n* + 1 ; 

(ii) m» 4-2-%^»T*+TT (iii) 52—1^3; (iv) 4*4-2’‘+» + l; 

(v) 15 + 2^/l5 + 2v/3o+iV2T. 

6. Kxtract the cube roots of (i) 20+ I4v^2 ; (ii) a* + 3a*v^ 
•+3ah+b^b; (iii) (rt + 6)® + (o— t)® +6a(a’ — t*). 


7. 


Rationalise (i)*^ — . . /jj) 


\^a + 6 + a — b 


8. Resolve into factors (i) a"* +a“*h“* + 6~* ; (ii)i» + y— s 

» X X 

+ 3\^xijz; (iii)(» + y)'* — 3 (»+y)® + 2(a:*y+ asy*)®* 


9. 


10 . 


If' 


a , e b , d 

+ _as_ + _, 

b a a c 


shew that ^ ^ = 

Z/" d" 



Simplify. 


fl-f(a»— b«)» ^ a-(a»-b»)« 

(tt + b)L(a-J)» (o+6)^-(a~&)^' 
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II. 

1. Find the continued product of — 

(o) '(/o‘‘+ 6 *+o+ 6 , a+fc, V'a^Tt'+d— & 

a^a+d-s/a‘~+Y‘ ; (b) v'(a‘~ l)(ir‘-l)+ ax-l, 

-v/Ca'-lXa*— l)-aa-+l, yOi'— l)(.r» - 1) +aa!+l' 
and -/(a* — IX®* — 1)— aa>— 1. 

2. Extract the square root of a-* — 4nyt+a* — 2ai®+4i’ 
^/'b + 46 and the cube root of a® ‘ + 3a *■' + 6a' + 7 + Ga + 3a"*'' 


Shew that the followins^ expressions are perfect squares. 


(«) 

(6) 4a*6* 




1 




(ft- 


h)(b + r) — ac 
b 




/ \ _i- ® . 2 a 6 .. 

(<•) -a + -s + 

«® 2 /® * 2 / 


-2a6('a* + )X6* + 1) + (a* + 6*)(a»6* + 1) ; 


1 ; 


(i) {(a*+6S)-(c* ■|-d*)}» + 4{(ae+6d)* + (ai-6c)»}. 
4. If (a* + 6* + c*X®‘' + 2 /® + :’‘)=(o*+6.y + r-)*, then shew 


that‘"=f==. 
a b c 

5. Find tlie root of 

2 ix 24 22 4 

6. Find tLe L,C.M. of £e— a, + +a^’ 

3 2 . » 1 1 X 1 i 

and flf O'*, and the H.C.F. of x" yz~ 

« 1 * I i 1 

—land® y- +xy+ yz^ —y- z'^—1, 

ft 

7. If Gf' = m, a^ = n and a'=mV, prove that 

S. If then (1) a* + 6® : + — • 

(2) ma + 7ib : ca-^db— mp + 7?g' : rp + dq. 

5. ]f shew that 

y 7 * 2 / 27 nn 
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shew that .< 


+ 3a 

c + 3 1/ 


= y/{or) 




10 . 


If 


./*• — 7/r _ V® — a*- 


then each) will be equal to + y + 


III. 


1. If c=av^l— + by/i — a.*, find the value of — 

(a + h + c){a + h — c){c + a^b)(h + c~-a). 

2. AViite down the co-efficient of in the expansion of 
(1 + 2x-—x^y and of a?* in the expansion of (1— a/- + tar*)*. 

n 4- 

3. Find the square roots of (i) — - to three terms , 

— cC 

(ii) 4a3'’“ ' 4a’"^3" +a*’*, 

^...v Oa*** t ’ 179t*v 4jrv^ 

(„0 ^ 2/- + -^ - ./ . 

I c T*f ^ 2^/2 + ^^3—1 ^/2— 1 

k Simphfy (a) + 

U2 + ^:i)(^S+l) • 

(h^ / r4+y3-2,/2yr2 + v'3)-> 

'' '' 2-^3V ti + v'3 + 2v'2yt2 + ^/3)j’* 

r,. If fcliew that 5{^ + y + z) 

4a + ob 4b-h3r 4c + 3i ^ ' 

X (20a + 18t + 25( ) = 7(a + t + r)(l4« + 1 .3// + ]8«;). 


6. If shew that — 

0 a 

(i) (a-«c)» . = + 

r..v 2a + 36 -f- 4c -f _^ 2a — 3t + 4 r — 6d 

2a + 36— 4r— 2a — 36 — 4c + (3c/ 

7. Find the value of 7nn—^(l-' when 2m 

+ ^,2n=y + h 

X y 

8. Find the cube root of a®— 3a® +9a^ — 13a* + 18a* —12a + 8^ 

12 
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9. Find the value of {«• — 2«y + 4y*}^ in terms of a 
and 6 where .t'=9a* — J2a& and 2 /== 26*— 6ai>. 

10 .' 


Find the value of when x 


t— 2a a— 26 


12a6 


a + 6 + </{(a + 6)* + 12a6} 


IV. 


1 . 

2 . 

a 


Shew that ^ — and av=-i^a. 

Simplify •*•*)"' ■ . 

(I— ^ 

Express 6)x 6) as a single surd. 

Find the value of ? wheD a = ^» 

^/(l+aK(l-a) 2 


4. Find a value of x which will make the expression 
a?*—8r* + ll«^’* + 7.^—1789, exactly divisible by.t;* + 7«— 1. 

5. If (j + V.i '*’^bc){y'¥ ^y^’^ca){z^'^z^^ab') 

= (u: — — ab), shew that each is 
equal to ±u6r. 

6. If ah^ed^ej, then . 

7. If a* — da* + 23a* be the first three terms of the square 
of a trinomial, lind the lavSt two terras, and tue root. 

8 . What value of a makes c®— 60 * + I5a*— 20a* + 15a* 

— 7a+ 8 a complete cube ? 

9. If the difference of two numbers = 1, then the difference 
of their squares = their sum. 

10. If A («-3X^~5) + B (.u-5X^-7) + C(.c-7X«-3) =8a? 

— 120, for all values of a:, deteimine the values of -d, i?, C. 

V. 

1. Shew that a’“ X a’'=a"*^’' ; and thence deduce a®=sl;- 
1 
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2. If a + -v/6=.<; + -v/y, prove that a=w' and h—y. 

Extract the cube rootf of 100 4* 51^/3. 

8 >.3 11 4 > 

3« Extract the square root of flp® — 2a +2a®.<;* + 

a’ 8* — 2a* -pa* and shew that a* + ft* + r* + d* — 2(a* + c*) 
X (ft*4-d*) + 2a*c® ■h26*d® is an exact square. 


4. 


h. 




hud the value of 


1— gg / 1-fft ap , 
l-foaj'v l—ft./ 


[f = 


2v'^ 

>v/2 4- -v/3 


find the value of 


6, If a : ft = ft : r, show that a* + a*c*4-c^ =ft* 1 \ 

\c* a* J 

X (a" + ft* +(•*). 

7. If (l-|-a64-rd)^ = (l4-a*4-c*)(l + ft*4*d*), shew thata = 6 
and (*5= J. 

. 

s- s.mphfy 

I 1 


(ii) 


2v/7-:Vi2 2W + V2’ 


9. If a® + 9a* + 12a* — 63a® be the first four terras of the cuoe 
of a trinomial, find the last t hree term s and the roof.. 

10. Find the value of v'43»-27r®, when 2 = 3 (l + a+a*) and 
>* =i= 1 4- 3a + 3a* + 2a ® . 

VI. 


1. Find the co-efficient of « in the expansion of — 

(ic — a) * (a? -- ft) * (a? ~ c) * . 

2. Prove that the sum of the cubes of any three consecutive 
integers is divisible by three times the mean integer. 


3. Find the conditions that should be a 

perfect cube. 

4. Find the rationalising factor of -v/a+v'ft+-v/c. 


5. If g = 


2gc 


ft(l+c*> 


, find the value of 


^a-\^bx 4.\/a — hto 
<>/a+&c— -s/g— ftg* 
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value of a3^ + 7*j:* 

““ 127 

7. Find the tqnaierootof (i) a + 1 — 2yj(I+^x) + 3v'» ; 

(n) 1 + 77/ * + 2(1 — — tw*. 

(iii) 4-2;r- 28*”** + 1. 

8* If a-^ =(a-Z/)(Z7-r), =(r/- Z>Xa- r), 

find the value ot and ahx—anj + hczn 

9. If "=^ shew that " + * 

h r Ij + c b’‘(^a—b) 

10 . If ^ = ^-=*^1 shew that (d + h + f + d/ =(a + /))* + (c + d)*' 
bed 

+2(b+c)\ 


1 . Find the fqiuJTe )<)()<*< oi — 

(a) C + (/) + 

(c) ^-4v'2. (d) 97+26VII'. 

o 


2. Find the lalue of , when 2 / = / ^ " 

- 1 

3. hii d the leljitioii hetweeii a, Z>, c and c7, when ^ 

+ ha:® -t-car-|-r7, is- a^t?ycc/ fequaie. 

4. Shew that c"— ?/a ~^u:-h(fd — is divisible by (x—a)* 
if w be a whole number. 

5. If ® — ^ shew that a— 26+ c=-^— — = ( j — and that 

DC a c 

6. Express {u. + 3a)(£c+ 5a)(a: + 7a)(a+-9a) as the difference of 
two squares. 

7. What value of a: will makea^ + fia’ + llaj* + 3a: + 31 
feet square P 
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8 , Shew that (a* — bc)^ + — + (c^ — ah)^ — 3 (a* — be) 

X (b^—'ao)(c* — ab) is an eraci square. 

9 . If .r 3 = 4 + 2 v/ 3 , 2/"=7 + V 3 , = 21 + 12 ^ 3 , find the 

value of + y* — z^+^xyz, 

10. If a + /> + ^ = 0, sliew that = 7 ih ‘(r^ — a^)*. 


1. Find the L. C. M. of ar*-I, + (a^— 1) 

j •» ^ 

(n'X+ 1)®, -1 and rr “.r"* -H 1. 

2. Simplify {(a-/>)®-f 4.J>px {(./ + 5)a-^4-ib} 

X ~~ + -Zabia+b)]. 

(, a~h i 

^ 3 

3. Divide rr + fe®4-r’* ~3 yr7ft®r ^ by a ' + h'‘TC, 

4. Find the fourth root of — 

1 ? o t; '* 75 ^ '■ I * 

r a ^ // * — 250.t’ '?/ ^ + G2o?/ •' • 

IG 2 2 •' “■ 

r>. Reduce to their lowest terms — 


r'’ 4- — o t — 

I ^ . _ 

a;^ — x ~(f 


o/i.r"* — *2r? — a ‘ ,r 

j I . 

Of/ ' x‘ ~(i ^'c— 1 


G If .r= nnd v= the value of x^-\-xy 

- I ■' ^3 + 1 

*4- ?/* and .r'* -fj/’’. 

7 If = — S , sliew that — 

f7d-2/?+r 2r7 + //— r 4 y — 4/> + r 


.rq-2// + ^ 2*+y~- 4a:-4./-rc* 

o Ti. n .1 2 , 

9 . If (a* — ar)(r®— aZ>) = 0 , shew that— 


111 + b^ +rf_ 

a® a*6*c* 
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10. If a number contains n digifs, haw many digits will its 
square root contain ? How many will its cube root cont'ain ? 

IX. 

1. If A contain p digits and ^^contain q digits, how many 
digits will Ay.B contain ? 

2. If ^ = =^1^ = 1 then n(a^ + /)/•) + /;([;» + ac) + c(c* +afe) 

— Gabc =0. 

If a* = n”), liiid the value of ^ + ? . 

2 ^ ^ 2?i 3”— 2n6 

H. If 0 !^ +jp< ® I be a complete square, then 
= 43 — 8 . 

4. Find the product of (l + a + a®+ 4* a*") and 

(1 — a-ha* — a® + rt* — . . . +a^”) without actual multiplication. 

1 ^ 

r>. Hesolve into factors (i)“l ~~a“ — a + a'^ ; 

(ii) a * + 6 ' f ‘.| 

6, Ifaj + abea factor of — Z^®T*H-ac®./ 4.3a*6r, and if 
c is not equal to zero, ])rove that a*-hZ/*4-c® ==Sabc, 


7. Divide (i), 2ijz+2zx + 2.iy- 


t ® — 7 /* — by ,v + 2.t' - y - 




(ii) a;® +^^4-1 by ;u*^-}-.t'’^4-l. 

8. Eeduce to its simplest form — 

9, Shew that ( < +2/)^— «< ® — 2/^ is divisible by 

(.'®+'2/+2/®). 

10. If 1=^=", prove tljiit (’. 1 ^ + ?/® + c®)fa® + 6*+r.*) 
a b c 

= (a.<* 4- %+(•;:)*• 

X. 


1. What is the dlffcienre between a" and {(aO*'}' if 

1 1 z 


tr=2, 2 /=i: = 3 ? Shew that 


•^*+2/ 




■>+ 


1* 
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2. Find the co-efficient of ’ in (.r— 2a)® and of .c® ia 
(ar— a)^^ 

3. AVhat value of y will make 4?/^ + + 852/* + 162/+5 

n, co)nplete sqxidLve? What must be added to (au. -h h){^ax — 3h) 
X {ax — h){ax + 36) to make it a perfect square ? 

4. Find the ybwW/i root of ^a*--G+ + ^4a—-^ • 

5. WLat value of will make a ® +3c.< ^ + 2c^.t -f oc® 

=:{x-^rcy ? 

6} 

6. Express 2,^ ^ ^ tl*® squares. 

7. If a*-f-6* = l, 2al = ^- — - and a-f- 6 =2an ; shew that — 

e + d 

/, 3\* d 




,, TP h , ^ + 26 a;-htt“ + '/j*'*-- + a* 

8 . lfa:= — — . 

9. Simplify 

1/-S+ ^;5— 1* 


10. If v= slicw that2. =y + 2 /"'. 

flP + V^ - 1 



CHAPTER XXII. 


SIMPLE EQUATIO^S IXVOLVISO OXE UX^KNOWN QUANTITY. 

134- IDdfinitions- Wlien fvvo algebraical expressions are 
couHected by the sign =, the whole is called, according to 
circumstances, an identitjj or an equation. 

An Identity merdij the statement of the equaliftf of two 
different forms oj the same quantity ^ and is true for all ralnes of 
the letters iucolved in ir. Ex- — =(a+h)(a— Zi). 

An Erudition the statement of the equality of tivj different 
algebraical quantities ; and is true only for some particular values 
of rme or mure of the letters contained in it. 

Thus the equation < — 2 = 4, is true only when or=G, 

The expressions tr - 2 and J? are called the sides of (he 
equation. 

E(j[aations are divided inlo classes according to the highest 
power of the unknown cjuantity or quantities involved in them. 

Simple Equations are those which when reduced to their 
simplest form contain terras of only ono dimension in the 
unknown (piantities. Thus » + y = 5.< + 4; and ajr + L — c are 
simple e(|uations. 

Quadratic Equations are those in which one term at least 
is of two dimensions in the unknown quantities. Thus a 
4-0=0 and + y^ are quadratic equations. 

If the term of highest dinieiisioiis involved be of the third 
degree, the equation in which it occurs is called a cubic equation 
or an e(juation of tlio third degree, and so on. 

135. Unknown Quantity. ^ letter to which a particular 
value or values must be given in order that the statement con- 
tained in an eejuation may be ti*ue is called &n unknown quantity. 

Boot of an ©quation* The value or values of the unknown 
quantity or (juantifcie.s which make both sides of the equation 
identically equal are called the root or roots of the equation. 
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136* Axioms* Tho followinp^ self-evident statements 
are of constant application in the solution of equations : — 

(i) Jf equals be added to equals, tho sums are equal, 
fii) If equals be taken from equals, the remainders are 
e(|ual. 

(iii) If equals be multiplied by equals, the products are 

equal. 

(iv) If e(juala be divided by etjuals, the quotients are etjiial. 

(v) The same poAvers of eipials aie equal, 

(vi) The same roots of equals are equal. 

Cor. 1. term may ho talcen j ram one side of an equation to 
tho 'proridedwe change its sign* 

'J'hus it aj+p = (/, then a* = (/— 

For by (ii), ‘r+jp— p = 7 — p, i.e , x = q—i). 

Similarly, if x—p = g, then x = q+p* 

For by ( 1 ), x '■p-{‘p = g i-p.i.e; .c^q + p. 

Cor* 2« When the same term preceded hyllJce sigm appears 
on both sides of an equation^ ire may omit or cancel it* 

Thus if = then aj = r. 

For by (ii), ajq- Z) =r + Z/, i.e., .r = c. 

137. In ibis chapter wo sliall treat of simple equations 
involving one unknown quantii}, under the following heads : — 

I. Equations not involving fractions. 

I r. Equations involving fractions ( vulgar or decimal). 

1 1 f . Equations containing radicals. 

General Eule- — “ To solve a simple equation of one unknown 
quantity, we must clear the equation of fractions and radicals 
when any enter into it, bring all the unknown terms to one side, 
and all the known terms to the other; add all the terms on 
each side, and divide both sides by the co-efficient of the un- 
known quantity : the rc.sult is the re(|uired solution.” 

133- Equations not involving Fractions. We shall now 

work out some examples. Tho unknown (juaiitity is always 
denoted by / . 

* These axioms are also ouuiiciated ni the (Jiapter on Idcntui 
operations ith Identities are similar to thosi‘ ith equations. 
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Ex. 1. Solve ~15=2» +5. 

Since 4< — 15 =2 » +5, by transposition we have — 

4f — 2,^' = 15-h5. /• 2< =20. Divide both hides by 2. 

./ =10. 

Ex. 2. Solve -4) -2 (i*+2) = 4(i +5;. 

JKemoving brackets we have 3* -12— 2. — 4 = 4 r+ 20, 
Transposing, 3r— 2<'— 4/=20+r2 + 4 or — 3/ = 36. 3 1 =r- 

—36. Multiply both sides by — 1. Dividing by 3, / = — 12. 

Ex* 3. Solve (»‘+2)(.< + (j + 4j( « +5; =(2/ + + 4). 

Multiplying out, we have-- 

s + 5, + e-f ./ » + 9.i; + 20=2e = -f 9.^;+ 4 
or 2» * -f 14r + 26 = 2< ® + 9/* + 4. 

Cancelling 2<* which we have on both sides, 

14 +26 = 9(4-4. 

Transposing, 14 1 — 9 1 = 4 — 26 or 5 ♦ = — 22. 

Dividing by 5, / = — 4J, 

Ex. 4* Solve (/ + <i)(< +/>) = (/ + d). 

Multiplying out, we have — 

-hai -{-bi + a6 = a:® + CO* + dec + ccL 
Cancelling .(* on both sides, and transposing, 

<n + ta* — (* ( — d ( = cd— ah, 

,1 — d) = cd— ab. 

, rd -ah 

• • ® = — -. 

( 1 4 - 6 — c — d 

EXERCISE 55. 

Solve the followinff oqaations: — 

1. 2.«+3=a!+17. 2.r + 7 = 10+a>. 3. 7- -0 = 61 — 4 . 

4. 6a!+2=5<+4. . 5 . 7a-3 = .'>,+4. 6. 8j— 5 = 13-7a'. 
7. 3»— 15=2(a:-4). 8. 9a— 3-(4a-+22}=0. 

1*. 7,.— 4-(3.- ll)=0. 10. 21.-12=4'*-3) + 3t + 42^ 

11. 34. +12 = 50 + .5.5.)— 18.>. 12. 2.— 5(1+ *)— 7 = 0. 

I.3. az+ b{.i +a) = r'!r+ h). 14. (. — n)(x—h) = x(.i — c). 

15. (a;+l)(»4-3) = ((r+3('ir+4). 16. (x-2)(x-6) =x(.i-7). 
17. 5(x-+l) + 6(. + 2) = 9(,. +.3). 18. .,-a=(b—a)f. 
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19. (.• + 1)(^+ 2) =(a?-3)(. -4). 

20. Aix + 2) + z{,c + 1) = (2.1- 1 )(.«' + 3 ) . 

21. (a?~l)(ic-2) + (x-3)(ir-4) = 2(2;-7X«-8)+ 116. 

22. (3.1— 1 )» + (4.e + 2)2 = (5.*j + 2 )» + 4. 

23. {x + !)(.«+ 2)(x4* 3) + x(x + 7) (1 - x) =0. [ + 1. 

24. (X- l)(x~2)(u;-3) + 1)(. + 2)(«+ 3) + 21) 

25. (a-h2^)(a— .0 = (a-~Z^)(& + .0- 

26. ( J5— a)(a; -h) = (j — c)(a;— d). 

27. (2 + a*)(a — 3)=4— 2rta:. 28. (m + n)(m— a’) = w(?i-~,<), 

29. 2(.(‘ + a + i) =(,« (.1’ — a + /)). 

30. a(.T+6-|-^) + h(x + a + r) + r(.i 4'rt4‘^)=0. 

31. .r(a*+ a) + .*•(« +6)-2(.i +«)(« + ?>)=0. 

32. (a?-Ha)* =5a* + (.i— a)*. 

3>3. (3a— aj)(a — 6)— 46(a +.t ) + 2aa' = 0. 

34. (ir-f3a)(aj — 36) + 3(# — 3«)(a’ + 36} =4('— 3a)(.i — 36). 

35. (a + 2a*)(6 + 2a:) = 4(.r+2a)(.T + 26; 

36. (x^ay + (ir-6/ + (x- r)» =3(x- a){x- IXx-c). 

37. (26+ 2c-.r)2 + (26— 2r+ .r)*- (26— 2t/ + a*)» 

= (26 + 2^l-.r)». 

38. C< + ft)^ •4' (x + 6j* +(aj + c)*^ =3(a’+a)(a’ + 6)(a’+ 

39. (6a:+a)^ + \Sr — 6 )* =(10.?’ + a)® — 10a®. 

40. (a* — a)(a’“ 6) + tt® + 6® = (a: — a— 6)®. 

41. (x— a)(2a: - 6)® =(a’— 6)(2x — a)®. 

42. («— a'(a’— 6 )(a: + 2a4- 26)= (.r + 2a)(aj + 26)(.r — a— 6). 

43. (^7nx — a — h){nx 6— rf)=(w./ — a — c)(?iK— c — ^Z). 

44. (a’4-a)(2x+ 6+c)*' = (x + 6)(2a; + a + r)*, 

45. (a;— a)''(./ -+-a — 26; = (x — 6)®(.r — 2a + 6). 

46. (Z — c)(.r— ay* + (r — a)(a’ — 6 ® + ia — 6)(a: — ^)3=0. 

47. (6 — cy(x — a) + (c — ay(x — 6j+ a— 6)*(a;— c) = C. 

48. (6— r)(x+ 6*)(a:+ r®)+ (r— a)(»+ {•*)(» + a*) + {a-^h) 

X (x + a®)(.T+ 6®) = 0, 

49. (6 — c)®(2a; + 64'C)+ (c— a)®(2a’ + r + a; + (a — 6)'* 

(2aj-l«a+ 6)=0: 

50. (x + a)(a: + 6)(.(’ + r + (/) — (a* + c)(a; + (i)(a: + a + 6) = 0. 
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139. Equations involving Fractions- 

If an e(][nation contains fractions, it maj bs rednced to a 
■form capable of solution, by mnltiplyinsf each side of the equa- 
tion by the L.C.M. of the denominators of the fractions. 


Ex. 1. 


Solve 


Ex- 2. 


cj 1 .T— 1 2r-4-. 

Solve + 

o 


Multiply each side by 80, the li.O M. of the denominators. 
■Wehave 1.5, — 10ii!=G>-t40. 15 j— lOe— 6ar = 30. 

— .t=.m a; =—30. 

8 ■ 

^Multiply each side by 24, the L (' M. of the denominators. 
We have 12(,-l) + ’8'2»-(-8)=8(Gr-t 19)- 
12e-12-l-16i +21=18»+.57 
28r-18ir = 57+12-21. 10i = 4.5. 

••• < = 41. 

Ex- 3. Solve 02a-) = 0-3. 

Reducing the decimals to \ ul^ar fractions, we find that the 
5 1 . 

, 100 loo' / _ 2 \ 3_ 

equation becomes ^ \ 100 J OO' / 100 


10 

1 


sou 100 


10 10 sou 100 lOO’ 

Multiply each side by lOO, the ]j ( .51 of the denominators. 
We have .50-10, -8+ 2, =-?. 

-8.r=3.f8— 50=-14. . = V = 5i. 

EX.4 So've-l:^+ 

The L.C M. of the.denominators is 0(, — !)(«+ 1). 
Slnltiplyiiip each side by G(, — l)(a--(-4), we bave 
18(e -b4)+ 12(, -l)=2l(* + 4U 8(, -1). 

186 + 72 + 12.-12=21, + 81 + 8,-8. 

18, + 126-2U-8a:=84-fe+ 12-72. **16. 
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Ex. 5 . Sol ve^ + — =!—('. 

-f- O. .♦ + t> 

Multiplying each side by + a)(.f -p the L.C.M. of the 
denominatois, we ha\e (' + Z>) =.r(^ 4-a)(l-f ?•). 

.< * + .( (a+ ft) + ai + ftaf* + =.i ® + ft«< * + +aft.r. 

Cancelling like teims on both sides, we get ft{ — a^/.r = 
— aft. 

Dividing both sides by ft. -pft*^ — a.t=—a. 


.id + ft- a) = - rr . /. . = ^ « 

1 +ft— a a— ft— 1 

In the following examples, the solution is facilitated by 
suitable transposition and combination of terms- 


Ex. 6 . Solve -^+ 


- X’ 


1 2 1 
We have - , + 

.( — 1 - 3 u — . 


By transposition. 


I 


1 


1—1 < - .3 — 3 u ' 

r- 3 -j' 4 -l 2 .)*- j- 2 .- 4 -r) 


- 2 ’ 


• ~ 

”(,C— 3 )(,(— 1 ) (< — — 2 / ”a — 1 .<— 2 * 

Multiply both gide«! by 

We have— 1 (.i-2) = / — 1. A -,i+2=.»-l. 

A —2./ = -3. /..,=r 

Ex. 7. Solve 4 .__ =: 

+ a + ft /-!-/• 

„ , ft — r . a— h a -ft-pft — a — ft , ft — c 

TVehave— + , . 

u-\-a d-\~b .t+<‘ .t-f-e 


By transpositioE, {h—o =(«- 


Xjh+c x+bj 


1) 

b—r 


'(,<+fi)(.r + c) ^\(+cXx+b)' 
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— ~ = 1 — Multiply both bides by (.< +a)(^H-6). 
£C *4- a »c-+* o 

We have (aj+?0(r'— )=(#/ — Z>)(.4j+ a). 

.% »r(c— a)+ h{c — a)^JL'{(j - h)-^ a(a^b), 

x{r — a— a + &) = — /O - ^>(o— a) = a * — 6c. 

, a^ — hc 

.. af==-£ 

6 + c— 2a 


Ex a Solve'-7.^ + ^ = 


. ; 

We have by transposition, — 

n * 


+ a*+l tt+l 
1 + 


o’+a 


a» + l 


-a+''^~«‘ = 0 . 

a-H 1 


Simplifying, 


X — 


a* + a 


-a , / —a® — a^ — a , .r— a— a* — a* 

4 - 4 - , 


.% (a?— a*— ri®— a)^ -1 


a“+ 1 
1 


r + - 


Dividing both sides by-j 

w-a® — a = 0 . = 


\ + a ‘ a® 4- 1 ' a-f 1 J 

1 


a*^" 1 

KX = 0 . 


rQ. 


+ -^,H — wehave j— 
a*+a a* + l a-fl I 


EXEBCISE 56. 

Solve the following equations ; — 

1. •03* + -02 = -02j--06. 

2. •07(x-:0)+-54, =-2cl~ •l*)-3(,-05— 02»> 

3. 


• 01 * * 'Ol* , ,.Q. 


4 (l-2»)(-01-*03t)- ■23= (*6* + 'IX-l*- •!)- -OS*. 


5. 3-75.<+-5=2-25a!+8. 6. 

*6 


* 


05 -005 -0005 


.=0. 


7. •5*+ 


•45*— *75 1’2 ’30!— *6 


:2 


•9 


S. •5.+-^:»Z-I+?.9-5. 
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9 . 


4-05 


Oas *8 — 2a: 


3-6 

.6 2*4— bop 


10. 'Oil* + — ^ f- 145, 

*o ‘Oo 

1 1 - 65 * + ••^ 9 . r -»78 

* •« -2 ' 


- 12 . - 153 : + 


•l,^53•-•225 •OO.r--I8 


•2 


•S) 


-OS.-'O! •02(,r-l)_-0I.c- -03 ^-21 
-02 -03 -4 -2 ■ 

14. (••la!4--2)=‘ + *7C3.r-l)=0G(,2*+4)+(-l*--2)»--(j5. 


1 .'). ^+12 = '^ J ’+ 9 . 

,T . r — 1 3 a ?— 4 , . t ’ 

8 “- 2 r ^“ I ^+ T 2 - 

«-l . a --2 , i >— .3 . 5 .)—! 
^ 2 - ■'- 3 -+- 4 -= 6 • 

I,-, 2 x —6 X — 4 3 a’_fx 

■ “ 5 “ 13 " 


lo . ^+l+±::^^i6+’t±2=o. ■ 

*2 o 4 


20 . 


4^,«17 3=-22a: 0/ , 

'"35 


21. 2 

o 0 15 

oo lla--13 195:+,3 r>.r 25’ _ ^c. l^« + 4 

25 7' 1 ’ 21 


24 . 

26 . 

28 . 


10* + 17_ 12* +1 ^ 5»— 4 
”8 !> 

1 


18 

1 

1 

2 

a?—! 

X — 7 

o 

5 

.< —4 

’t— 2 

1 

_ 1 


2 . 5 . L+_I_=_ 2 . 

- 1 ) x —3 x —6 .(■— 9 

. = 0. 27. 1' + ^= « . 

• tt 0—0 0+0 


.1—3 .c_4 3a:_i3 3«— 16' 
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£9. _L-_3_+_iL-_L=o. 

a;— 1 »-i“6 a:— 3 4 


so. 

O’— 2 0 « + o 


31. S + » » ’ . 

2c— 1 Sx— 1 ir+1 


.>o 2 . 1 _ 6 ^ 4 7 

2.< — 5 — 3 3.t - i 4® + 1 4a’ +5 4a; + 


11^ 
34. ^ 

.f + a .< + c .( + /* 
o. 21 5 2 


35. •^-+— •'! . + -. i -=Q. 

1-3, l-5i 2,-1 


. . 37. _L-_2 + 1 =0. 

7 .< + 3 .< — t) .<+1 ,1+2 .» -r 4 

a — r ^ 1) — c __a~\-h — 2r 

x-^2h a’-h-ti a +64-'* 

on a;— Grt6 , ®— a — 2bc , ojt. • 

39. — —4- + ^ =oa4-254-c. v 


40. 


3a + 26 3a + c 26+ ( 

£r— a6 , O’— a . a — 6 


a+fc'^'a+l ' 1+6 


= 1 + 6 a. 


1, X’—ab x-^hc , 1— ra , , . 

41. J-+-- 1 =:a+6+r. 

a+o 04 ''* <’ + a 


49 r 


a— a* , O’ — 6® . 5* — 


V-=3. 


6*+c* c*+a’‘ 

4:,. -*±£_+-’+i' + '+'■ + ’ + +4=0. 

6 + r+ (i c+d+a d+a + 1 a+6 + i 

44. +_2. + ^^_=-6 . 

j/+Ga ®--3a .'>4- 2a a; + a 

'""* »-13 .4-9 .1-11* 


4G. 




1 — 6a .1 + 3a 2a .t — a 


47. -+*’ =-A.+ '■ , 

ti/ a ,1 ““ c 6 

49. ..A.+ ' 


48. 


I __ 1 ^ «-/, , 

U/— a .1 — 6 .1*^— a6 


2a,— 3 0,-2 3c + 2 


50. * 


.1— c .c— 0 a’— a 
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61. _l ! ' -J. . 

4 .f— 6 — 8 

50 _L_- 1 1 - 1 

“■ ..— 9 ..—11 .t-15 ..-17* 

63. J— J.. 

tt a + c — b — c — b 

r A a »+a 2rraj w(/'+ a) , wf/ + 

54. -=— — — . 5t). ^-1-- 4.-1 -^==^24-72. 

a — b a-^h a* — b* / -1- 6 ./4 a 

140. Equations involving Fractions— Special Methods. 

A. Write the fraction'^ in mixed form, hy diiiding the 
numerator hy the denominator^ 


Ex- 1- Solve 


— 1 / — 2 


Dividing out each fraction, we have 1 4 - =1 4 . 

— 2 ./ — 5 

^ = •’ . , ,_5 = .‘)'.-2) = 3.-6, 

— 2 ./— ♦) 

.% -2.= — 1, ••• <=1. 

■n ft e 1 .•' + 7.> + 24.. + .30 2.'' + + + 

Ex. 2. bolve 

Dividin" out each fraction, we have — 

«+ 2 + =. + 2 + . 

..'+5- +13 2.> + 7.+2U 


. + 4 ^ 2.+.n 

',.= +5. + 13 2. ■‘ + 7. +20’ 


' + r,x+ 13 
X 4 4 


2/^4-7/420 


Dividing the numerator by the denominator, we have — 

a- + l+-^ = ' + 1 + •*• = 

,(4“i 2<*4«> ./44^/4-*^ 


••x4-4 2x4 5’ 

Ex 3- Solve 


/. 6x4 15= 5x4 20, •*. .f =5. 

x— — 2 _ x— 6 
X— 2 X— 3 X— 6 x— 7* 


13 
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Dividing out each fraction, we have — 

1 + i-fi + ’ )= 1 + 1 _/'i + 1 y 


I 


1 


x—'Z «— 3 Of— b 

-1 -1 


. Multiply both sides by — 1, 


’ ’(<— 2Xa;-3; (*— t>;(ap— 7> 

11 . a;— G — 3 

2)^— “3) “ (,x-^(x~7 ) * ’ \v^ ^ 7‘ 

4 4 

Dividing out each fraction, we have 1— = 1 + , 

A’— 2 X — 7 

/. ”1= , .\-{x-7) = x-2, .•,-2* = -9, /. ( = 4.^ 

— 2 X — 7 


EXERCISE 57. 


Solve the following e([uationa : — 

j + Q 7 2a’— “7 7ic— 4^7/— 2(> 

. 4 ; + 8 a; +14 <—0 2 ^* — o ’ .t — 1 .c— 3 


4. 

6 . 

8 . 

10 . 


12 . 


2a;— 7 2 

2a; — 3 a; + 2 

a;+ 15 a; 4-3 
a; + 10 .c + G 
3(.r+ 51 ^4^3;+ 6) 
u; + b a; + 5 

•>x^ + X — 3 _7a;* — Sa*— 9 
5»— 4 7a5— 10 

x-^-a h 

.r— a a;— 6* 



2x+ 15 2a;— 1 

2a: + 9 2«— 3 


13. '‘5* + -^+?r±i=3. 
3a;— 5 a;— 2 


■ma a *^ 4 " 1 <^® "bhG 2 a '® 233 * - f " 83 

“^4-^ xT7 

15 ba;*4-7a;4-5 _a:^-f 9a;®4- lla; 4 10 

^ * 2a;* + 3*4- 2 ~ a;*4-’8*-i-^ 

4a;*4-6g® + l l a?+7 _ 2** 4 - 6a* + 11* + 9 
49 . . 4**4- 2a; 4 - 5 2a* +4* +5 

‘A 
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17. 

18 

19, 

20 

21 

2.1 

25. 

26 

27 

29 

.50 

12 . 

13. 

35. 

36. 

37. 

38. 


3 -f 4- 18 ^ — .34_ < ’ + 4/ * - 20i — 76 
2i.» + 9» — 11 »* + /-24 

4>2a?— 2^ i«^2i--2 _2-i^ — 6a? + 2 
I — 1 a;+ 1 X — 3 

’ * +^0''*+38(,‘‘+65.r+43 _ 5j» + 46g*— 144-7. + l€-^ . 
< ® +6aj® + l.lt + 10 5ap*-h26jj + .18 

x+4!n + h , 4 < + a + 

~ + , =»> 

'+a+6 t a — b 


' 4-2a_ 


22 

2, .3 

4. + 5^3. + :i 

. -26 

\'-b) 


^4 1 

4 . 4 3 > + 1 

<-7 < 

-2+<-4_.^ 

24 

1 — .5 

,-6_.-3 . 

<-3^r 
4 < 

, -5 < 

—6 .-2 . 
-7 

-8 

—9 

4 

.-5 . 4 


4-3 I — 6 ( — 5 ♦ 4~ 4 

» + 1 ^ — 4 : ♦ — 3 ( + 2 

+ 6^ ^“l'll^< + 7 » + lO »4-rf + h »— rt— *6 

+ 7 /-f'12 #+8 / 4* 1 5 f^ct — b '+^.4*5 

/ 4 ‘ 4 a 2 b^ 2 i — a — 26 _^ 

i+a — 2b <‘fa — 45 

( I ^a)( < — 5) _ / — g — h gj »+a_/2»+(7 + ^\2 

(/-— c)(t— ’ (+5 \2a4'64-v 

t — a t—a — 1 _ t — b t — b — 1 

/ — a — 1 ( — a— 2 <—5—1 < — 6—2’ 

X «— 9 1+1^/- 8 o. 3+/ 24-* 1+ T 

( ic — a\ ® _ X — 2rt 4- 6 
jL — b) x+a—2b 

aj*4-2ic4 2 ^ a’*4-8«+ 17 _ **4 4a74 5^ j ® + 6? + 10 
» 4 -l a ? +4 x +2 a ’ +3 

aj® — 2a; 4 2 aj® — 8a; 4 20 »® — 4a’ + 6 . a;® — 6.r4- 12 

— 4 — . = ^ — 4 

X — 1 »— 4 05—2 »— 3 

X - 4 ar-8 _«!— 7 »— 5 

(c— 5 "*"*— 9 «— 8 *— 6’ 


39. («+ 2«)(» + 2&)(»--a— 6) =(«— «)(«- &)(« + 2a + 26). 
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40. 

41. 

42. 


4 :^. 


44. 

4o. 


x+1 2ir-6 2(a;+7V 

.r4- 1 a; + 2 _ ^^11* + 18 

J^2 “lh-18* 

sc — 5^.r4- 7) .7* 

O’ +5 X — 5 d '^ — 25 
2a’-^ ^ 2aj— 7 ^ 3® — 1 + 4 _ ^ 

2ic— 3 2 a:— 5 ;>a’ — 4 3aj — 5 

—17 10^- 1 3 ^ ar-30 5a;- 4 
a— 4 2.1 — 3 2er— 7 a;— 1 

a* + a ^ ir + 4a _ r 3rt ^ .T + 2ff 
a*~a a; — 4a a? - 3a a* — 2a 


4a;-~ *3 _4® 7 _ - 1 1 4.1 — 1 5 

‘ 4a:-~5 4x-0'~4d I3'’4(~17‘ 

4.7 = liiT-JJ 4- 

a;-b H w -12 aj-f) * 

io a’*-i-3.rf3 a*- — !.*■» -I* 7.r+ 11 , .r*— 4.< -20 

^-4. .^ + 7) ^ .-7 

.T+7a_^ a— a I _x+ 7a 

a'+ Ga t/ -3a .^+2a .r + a 


50. 




= 2^ - '* V 

\a + 6 a?4-a/ 


B. ll /ieTZ aw equation r{jii,ists of tu'o fraction'^ only., it^ 
solution may It simphjif^d by tlo application of one or olhcr of the 
following rebulh : — 

- c 


Tff xi, /I \ ^ ^ a + r o 

If = .then (1) = =-. = _ . 

b d b (i b-¥ (I b - d 


( 2 ) 


a+h^r+d a h^r -d 


(•">) 


a + Z^_f 4 -^/ 
a- b r — fi 


Ek. 1. Solve 


msc ~ a — I iw.r - a— c 


nX’-c-^d nx — h — d' 
^ vix—n-^h^mx — a-i-?aa! + a + r 
nx—c—d nx^( — cZ— wa+5 + ^i 


. by (1). 


r^h 

b^C 


1 # m— a — 6 = — wa + c+cZ, 



XXII.] 


SIMPI.H EQUATIONS. 


W7 


/• /(?» + «) = a-f-&4-c4-dJ. 

Ex 2. Solve -*4^= 

, '('*+3<i*) _a(o*4-3i*) 
r(c* + 3i*) 


• • # = 


__a+ h-frc^d 


7/14- » 
a* + 8( * 


* +3^=*- 
‘ + 3a® 


_ ^ ^ + 3r ♦ * 

a ** 4“ 3a < ® ! 4- 3 < r* 


<'> + 3a». + n''+3aj^^r* + ;ir,*+,-> + 3a!^* . 
<’+3o“<— «»— 3a<^ — ;j,,i 7 (• 1- 

••• (:-:)'.-{rt')’- •••:":=^. 


A^ain by (3), 

• • — • • • 

a I 


^ (f (I '4~'4- ^ — > 

'+a — I 4- a (•4-* — r-f®* 

'='"■• ••• ' = ±x';i,. 


Ex.3. Solve ("'-IX'— rx-— 7)(.— 9j=('--2)(( — 4)1 

x^f-eKr-io). 

We may vvi-ite it thus . < ' ~ H'' — •>' _(j — 2)r> —4) 

f -<!)(, Ju> (,_7,(,_9)- 

-*-6.4-5 ^ 1*— T'l+S 
U)t4-60 — i6t+b> 


.*. by (1). + ® 6. + 5- ,* + (1 -8 

'*-!(>. + 60 •= 16 +60 - ,--j. 16,_63 


--‘-6. + 5=.'‘— 16.+G0. .*. 10( = 5.'.. 

Jlx 4. Solve ( — a)’('+o— 21.) = (, — l))’f . 
^ ~ 2a 4- ^ 

( ' ~ 6) ** 1 4- a— 26 * 



= 1 . 


r=5i. 


- 2a 4- 6). 


0— <0'*4-(^ - 6)'^ 2a 4- 64 - * 4-a -~26 
-a) * — (< — 6)5 , 2a 4 - 6 - / — a 4 - 26* 

C-^^-^-^)? <^-(a4‘6)<>4-a®-a6-4-6g} 
(6-a){3<-*-3(a4-6)<4-a®4-a6-h6^} 3(6-a) ’ 

3(2--« -b){,‘-(a+h),+a^-ab + b^} 

■=(2<-a-b)l.) "-'X« + f>)«+a’‘ + b^+ali. 
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(2i— a-6){2a*-4ai + 2i*} =0. 
.\2x—a — 6=0. 2x=rt+6. 

EXERCISE 58 

Solve tlie following equations : — 


X — 1 ^1— a 

2. 

» — a _ 

X — 

X + 1 1 +• tt 


X — 6 

x+ m — 

a.r — 6 — c nx — h — 

4. 

ma* + n 

6 + c — a 

px — q — r px — r— /• 

mx — n 

c + a— 6 

ox^ + 6x + r _aa’+ 6 
pa * + 5 ♦ + V* px + q 

6. 

x + a_ 

X — a 

(a— r)(6+ d) 
(a + r)(6 — ci) 


7. (a;— l)(2aj-:3)* = (ir-3X2^— 1)*. 

^ .r — b — a _ {'jc — a)(.r — h) 

.<’ + 2a + 26 ( » 4- 2a)(x' + 26) * 

. =a^r^ . • 

c* + 3a?* .i;* + 30“* 

10 l)C*'>a* 4- l Ofl^ 1 ) _ 

(»* + 10a:* + 5;(a‘ -t- lUa* + 5) 

11. (® + l)(2a? + 5)^ =4(aj + 2)*. 

12. (* — a)(2a7— 6)* = (a? 6)(2a’ — a)*. 

13. (a;+l){a’ + 2)(r + 3) = (a’-f 4)0' + 5)(x -3). 

14. (a? + 5)(a? + t>) * {x + 9) = (.r + 4 ) (a? + 7)* ^ )• 

15. (.r+ l)(a;+ 6)* = (a? + 2)(a’4-4)(a’ + 7). 

16. (a:4- 2a + 6)(x + a + 26) =(£r + a + 6)*. 

17. (» - l)(.r 2)(a’ + 6}= (cC + 2)(.r — 3)(x + 4). 

18. (x — 1 )(a: - 2 ) ^ {x — 5) = x(x— 3) * ( x— 4). 

141. Equations involving Badicals- 
Ex* 1- ‘Sol ve v'x + 4 + v^a’ +11 = 7. 

Transposing, we liave, \/a’+4=7— \/x+ll. 

Squaring, — 49 + x+ 11—14^/x + ll. 

14^/i+ 11=56. /. v/a;+- 11=4. Squaring, x-l- 11 = 16 

a* = 5. 
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Ot thus : y / + — 7 

Identically, (< +4)— (o’ + 11)=— -7 (Bj. 


Dividing (B) by (A), \/^4-\/a’+ 11 = — 1 (Cj. 

Adding (A) and (C), 2v'aj+4=6. /. >/ » -f 4 = 3. 

Squaring, < + 4 = 9. •*, =o. 

Ex* 2- Solve v^c.' — nf — Z>+'\/r^< — — ^ = 0* 

Writing it thus: v/^a— v/c/ + 6 =\/d< -6-V'd» + a . . . (A). 

Identically, (r< -a)“(r< + h)=((h ~h)—(di +a) (B). 

Dividing (B) by (A), v'n - a + < + 6 = b + v'dT+a (C). 

Adding (A) and (C), a^'Wdt-b. 


*\y / ( , — a = \/d( — 6. Scjuaring, et-^a—d^ — h, 

r -d* 


<(r -d) =a — 6. 


«n n ^ V'a-h / + \/tt~ » , 

Ex. 3. Solve , =6. 

V a + < — vtt — » 

. , . . 3, •¥ • +'V^<X — ' + S^Vi + ' — ' 

Applying C,) of Ait (140 B),— — y -=- ;r “ 

\'a+ * •<- va — < - V a + <+- va — ♦ 


6+1 

/>-!* 


V a — X 


, 6 + 1 
6-i' 


Squaring, 


a+^<^(J)+l)^ 
a— aj (6 — 1)* 


. 1 . p 1 u + ® + a— a: (6+lV + (6— 1)* 

Applying the same formula,- -- — yv** 

a + u— a + aj ( > + 1)®^— 6— 1)* 


. 6 ^ + 1 
26 


2a 6 

6 ^ + r 


Ei^4. soi™y ;^>v/Lr*"-' 

J’at tins' a for . / ! ' - and ^ for • / | — we have — 

® V 1— .( (I V i + * 

fl» + l=2. .•.o»-2+ \ = o. .*. = 0 

a' a \ «/ 

.•.n-^ = 0. a=V .*. a"=l. 

a a 
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•V 1-^ 


1 . 


/. l+.r=l-a?. .*. 2 j;= 0. /. a; = 0. 

Ex 5 Solve \^a+ a: + \/a— .r = 6. 

Cabin" both sides, 

a + i + a— X -h 8\/a+ xVa — x(.i/a +J7 +\/a — = 

2a+3;V-^(ya"+¥+y;i^) = l>\ 

But -ya + ci’ + v^a — = 2a + 3ya*— .1’*. (&)=:/>*. 


3/>ya* — a* = — 2a. •*. i/a^ — x^=^ 


'6b 


Cubing both sides, a^—x^ = ‘ 


Ex- 6. Solve 


a;^4- 16a* 


»• + 64a* 


: — s= — 2a-v/2. 


x-f4a+ VSax .tH + 

*> * 4“ 16a* = (a’+ 4a)* — Bar = (,^4- 4a4“ ■♦'4a— \/8aa*) 

and a<* + 64a* = (/4-8a)* -Ida » = (i 4- Stt4- >/16aT)(< 4- 8a— 

\/16(fca;). 

.*• the equation becomes a: 4- 4a — t — ( f 4-8a — \/16aj;) 

*= — 2av/2. 

/• y i6a<; — ySa® = 4a — 2ax/2, .’.y a / (1 — 2v''2) =a(4 — 2v/2). 
•*• =a. .*• =a*, » =a. 

Ex. 7- Solve = 0. 


y +// 1 ' ‘ 

,-‘'’=y (•'’+/> .*.' + ' =r. 

2c 


2i S'/'V 


1 1 j_±fi 

f> V ^ a;>7 , 

/ + I -f 2» _ 1 

~i i 7^1 ^ UTl* 

.6 +.f — 2r 


1 1 2 

l _r + l 
' c-l* 
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’’ sr_ f, ~ ‘ “ s', >/<r+l-Vc-l 

. a/; _ a/<- + ^ ~ 

*• ' ' y/, + l-Vc-l' 

' V, + i_^,_i/ • 

Ex 8- Solve y® +a-r ya:+^ + -+ ^=0. 

It p+ (j + t =0, i heii JO ' +7^ + 9 ■= r>y)/yr 
/• < + n + ^ ^ ^ -4" Ji.af 4- b)( • + c) 

(.4» 4 tt4- j** =27( 4* a)(» + 
m\ 27®® 4-27# ^(r7 4- ?>4' o 4- Oxia-^h-t-c)^ -r (a4- fc+ c)* 

== 27 < ® 4- 27 # 4- 4- c) 4- 27 ? (aft 4- ftr 4- ca)4- 27aftc. 

•*. 9# {(a4'ft4-(')® - .‘3(aft4’ar4- ft^ j} =27aftc— (a4-ft+^')** 

, 27aftr ~ ((/4-ft4'f )* 

• ^ ■' ii 

i\(i-h/j-h — 27(ttft4- ftf +ca) 

27aft#-(a+_&4-c)* 

9(a'^4' ft 2 + #*-~rtft— ac— ftc) 
2#* 

Ex* 9 . Sol\e x^'a 4 - / 4 - /a = , , zn. 

N^a4-v^a®4-»* 

- 0 4-® — (a— 3*) 

Wiitiiijx il" thn*! va4-< 4-vnr = — — 

^."7 + \^a ® !•> a factor of each side. 

>/a-¥ i — a — x 

J)i\idniff each siue b\ it, \xe ha^e 1 = ~7 * 

Va4-v/a*4'»* 

/. v^a4“ -f- 1* = v^/ 4- a — \\i — J 

Sqnaiinpf, n 4- \/a*4'.i* =rt+ ®4'a — x — ^ly / — ®* 

/, v'a'* 4- ®*— (/ = — 2\/a'* — a,' 


Squaring, a®4- < ^ 4-^** — 2(7v/a^ 4- t^=4(a* — <*). 

/. 56*-. 2^2 =2a^;i7:fT^ 

/. 25a * 4-4a*-20a2 1 > = 4(1* 4- 4a»ic" /. 25®*-24(i*( » =0. 

.*. 2:a» =21(i» .*. i* =^rt’. A < = ± 

25 o o 
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EXERCISE 59. 


Solve the following equations : — 

I. ^^j;4.v/jr="7=7. 2. ^/(.r+U) + v^(«-14)=U. 

♦ * . 'v^.< “t" X I *4" >/ X — 0=10. 4-. ( f) < "h 4^ -f“ v/ (9't — 1- ) ^ ^ • 
r>. -f 4-a6) =: 2a — (J. v^.<— a + \/./ — 6=\/a— 6. 

4 • f "h ^a) — ^ ( ““ 2a ) = a. 2 •> •*“ ^ 

0. \'^.t + 4a — \/( + 2(/ = 2\'^.i — a. 

10. — 4+>/7+'r) = v^4i -f 1. 

II. \^4(i 4“ = 2‘\/6 — “v^*r. 12 i)’ + \/2a( -h ^ =a. 

13. v'a^.* + v''a— u =2/a-. 14. a+ ./• -f v'2a.t’4*.< * =//• 

15. V{a+~V:) + ^i^Vi)--=Vf'- 1C. + — jT”*' 

2n ye. 

17. A/i + \i'x + a=-T . IS. ./,+/a._y= — . 

V .( + tt v'.i y 


30. 

21 . 

23. 

21 

25. 

26. 
27. 
2S. 
29. 
3U. 
33. 

32. 

33. 

34. 


r)a»-- 9 _ ^ _ \/5.r 3 
V'5a;-+-3 2 

57^1 = 1. 22. 


:2. 


/ x+^h_^ 

V V 

X s/c — ax x ax-t-s/c 


If. 

Va9-\‘h ft 

* + 3 + — 


v't 4 - V'./ 4 - 7 ^ = \/ 2 r— /?*4- V' 2 /— 7 ®. 
a/.* 4-a — c4“'v^ <4*^ — c=v^ c — 0 4“ ^c — 0, 
-v/.rT7-‘- v'.<^^= - 14 - V3f — 24. 

A/.r* + y-|-A/./*-9 = 44- 

a/,/ —^ 24 " — 7 = a/.'J < — 1 0 — \/3< 1 »>. 

v'.’if — 4 — \/4( — 3 = —A/2» — l4-v^3aj—2* 

v^a<.4-64*'v^a'<’4-^= 6ir4“f'. 

a/(./ 4-24- a/./ “ 4 - 2;4- a/(^“" 24- v'.* '“ 4 - 2) = 2. 

a/.^: 3 4 - = 3( 1 4 - a/2) . 

v^a — ct'4- v‘^6 — — \'c4' •* ='v^tt — 54-c-r •«• 
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35. 

/*— a * — a _ 

_ya 





* — '* 

2 ■ 




36. 


2 




1 4- .v/o 1 — v^a 1 

-o** 




87 

</3- + l— y;!: 

38. 

1 — ar / 1 + *' 

l+a<'V 1 -i- ■ 

= L 

39 

a -f y/2a • — 

iri 

y36- + I + y36- 



a — -v/2rti — a* 

±u 

'\/86/4“i. — 86/ 

= j 

41 

y.+y ' -a_ „ 
y 1 — y 1 — « 1 a 

12. 

'x/ 4 / 4 5 4* / 

4 1 -f 5 v' < 

= 2. 


48. 

v'^au-f- o 4- _w 

+ 

44. ^ ' "1" _ 

= h 



— u 

4-fi“ 

-y, 


45 

« 4- ' 4- ^/2a / 4- # * _ 

h^. 

46 = 

~V' 



a+ '— y:dai+ .® 


8/"4-I 



47. 

, * 4_ 6 1 * 4- 1 __ . ^ 

4- 6 4- \^a • — b _ 

_ / ;>>4' 1 ^ 


4<y ‘■ + 1; 

%^at 

-f” Cl / “*5 



49 

2 .( * + 1 + < y 4 ' ' + 3 

= a *: 

.0. | + '+ 

=^x 

1+ 

2,* + :! + ,y4.^+a 


1— , + !-» 

68 

1 — 


.—9’ 

-20 

4f — 7’ 




V',— 5— 4+'l -/ii— 3+2 


,“')»> ^ u , =4. 

u* ' — — <»® 

1 1 

Va+' + x'a v^a+i— v'a ' 
r,4. y , -j-a— -y ' — ti=2ya o."). I +a— li+3\/iiti =0. 

r)G. 6+6* + 3by.^-. r>7. S. — G4^+27a+72 Va6' =0 

I +' 

1+ , + yi + a,»^_, + yi+,' 
yi+a 1 yi + .t + i_j 
yi+.T+i v^i+.i — 1 

60. yTTT+;/. + 2 + y.-.3=0 

61. yT+3a+y'+3<'+y'+:3f=0. 
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62. 


•4. 


63. 

61 


65. 


66 . 


v^2a+ / =:*v^r* — 4a*— 4a*. 

<+36-|-v^66< .» + 56-f*\/iOi» * 

<’ + 4 _ '■‘ + 0— .3i* 

'“-li'+a ,»4r3,”:^3 




6S. ,^yi — , =^2. 

70. * + 09743^74 _v/,» + 20, + 5l j 

142 * A simple Equation cannot have more than one root. 

•Every simple equation can be reduced to the form a > -f 6 =0, If 
possible, let this equation have two different roots a and 

Then we have •*• subfiaction aizr — /i)=0. 

If a =0, then there will be no equation and a — $ is not 
equal to zero by supposition. 

a .simuh equation ranmd hate autre than one ro(d. 



CHAPTER XXIir. 


PROBLEMS LEAOIKC; TO SIMPLE EQUATIONS OE ONK 

lnknown quantity. 

143 * general rule c*an be given for the solution ot 
problems ; the student must depend more or less upon his own 
sagacity and expertness in expressing tn language 

those relations which are given in the problem. The following 
HINTS, however, will be ot‘ some use. 

i. Represent the (pianfifjj to he determined by ./ and state 
precisely what .» is chosen to represent. 

ii. Express the conditions of the problem in algebraic 
language, using < wherever the unknow'n quantity enters. 

iii. If one-half, one-third, one-fourth, See., part of the 

unknown quantity is to he tjiken, then represent the unknown 
quantity by 4i, Ac , so as to avoid the introduction of 

fractions into the ecjuation. 

iv. Represent (dd \\m\Aev^ hy and er 6/^ numbers 

by 2 ? 2 . 

V. If.' represent 1]:e digit in tbe tens’ place, its value 
should be denoted by 10.< ; it lejuesent the digit in the hun- 
dreds’ place, its value is denoted by lOU.r. 

vi. If X he the units’ digit, y the tens’ digit and the 
liundreds’ digit in a number, the number should be denoted hy 
100r + 10//-EU’. 

We shall w'ork out some examples to serve as illustrationi- 

Ex. 1 The sum of two numbers is 30, tbe greater exceeds 
three times the less by 2 ; find the numbers. 

Let a’=the greater number ; then 30 — .T = tbe less. 

It is given that .r exceeds 3^30 — x) hy 2 ; hence w e have 
« = 3(30 - .r ) + 2. a; = 00 - + 2. /. 4.( = 02. 

a; = 23(the greater number) and 30—0' = 7 the less. 

Ex. 2. Divide 46 into two parts, such that if one part be 
divided by 7 and the other by 3, the sum of the quotients shall 
be 10. 

Let .i’=sone part ; then 46— .t =tlie other part. 
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And 



is the sum of the quotients referred to. By 


■the question, ' = 10. 

/ o 


Multiply both sides by 21. 


3^+7(4()-a:) = 210. 

A 4x= — 112. £r = 28=:o?ie patt and 40 — aj=18 = /7*<» 
other part. 

Ex* 3* A fatliei’s age is twice as great as that of bis son, 
but 10 years ago it ^Ya8 three times as great , find the age of 
each. 

Let a; = son’s ageinyea>&'; and 2,r = father’s age in years. 
Then by the question, 2< — 10=3(# — 10). /. — < = — 20. 

,/ =20 3 ’ears = sort’s age and 2t = 40=/a^/ipr\s age. 

Ex. 4. There is a number ot two digits whose sum is 13, 
and it 27 be subtracted from the number, the remainder will 
form a number with the digits invented , iind the number. 

liet / = the digit in the units’ place , tlien 13 — t =the digit 
in the tens’ place. 

The number = 10(13— a’) + Tlie nunibei when the digits 
are reve / mi = 1 0 ( -I- 1 3 — / . 

B\ the question, 10(13— ♦)+ f —27= 10< + 13— <. 

... _10, + .—10. + 1=13+ 27-1.30 

•*. — lSf= — 90. A .f=5=:the digit in the units’ place 
and 13 — a;=S= the digit in the tens’ place. 

Hence 85 is the number. 


Ex 5. Divide dCl60 among A, B and C so that A may 
get £10 viore than B and B £12 more than C. 

CT Let rr = share of C in po?mc7s, then . 4 - 12 = share of B in 

pounds and . +12+ 10= share of A in pounds. 

By the question, . + < + 124-a;-f 124- 10= 160. 

A 3a:= 160-34= 126. A = 42, 

A C’s share=£42 ; B’s shares* 42+ 12= £54 ; A’s share 
= 54+ 10= £64. 


Ex. 6. At what time between 5 and 6 o’clock are the 
hands of a clock exactly at right angles to each other ? 

The minute-hand travels 12 times as fast as the hour-hand 
When the hands are at right angles there must be 15 
tninute-divisions between them. They will be at right angles 
twice before 6 o’clock. 



XXIII.j PROBLEMS leading TO SIMPLE EQUATIONS. 207 


Let the bour-band travel over ,r min ute-di visions before 
they are at ri^bt B.x\fr\e3 first ; then the minnte-baiid travels over 
12 r minute-divisions ; the bour-band then points to 12 (J+ 15 
minutes measured from XIT, and also to 25-f*0 minutes, for it 
pointed to V originally, and then travelled x minute-divisions. 

Hence 12aj+ 15 = 25+ .% 1U>=10. A *^ = 1?. 

lOO 

A I2f =-j-|- = 10}y minutes past 5 o’clock. 

Suppose the minute-hand has passed the hour-hand ; then 
\ve see at once that 12 c = 25 -f 1 5. A 11a; = 40. A * = 3 . 

A 1 2 u = = 43 m inutes past 5 o’clock. 

Ex. 7. A workman was emplo 3 ’^ed for GO day's, on condition 
that for every day he worked be should receive 1«. Sd.^ and for 
■everyday be was idle he should forfeit hd. ; at the end of the 
time he had 20 shillings to receive ; tind the number of days he 
<woiked. 


Let a; = the number of days he worked ; then 
60 — 0 ?= was idle. 

His pay for o’ days in pence = 15 

The sum forfeited in pence = 5(60— .r) =300 — o.c. 

By the q ues tio n , 1 5a; — ( 300 — 5a’) = 20 X 1 2 = 240. A 20.r- 
= 540. A a:=27, the number of day’^s he worked ; 60 — j =33, 
the number of days he was idle. 

Ex. 8. A hfire is 50 leaps before a greyhound and takes 
4 leaps to the greyhound’s 3 leaps ; but 2 of the greyhound’s 
leaps are equal to 3 of the bare’s ; how many leaps must the 
greyhound take to catch the bare ? 


Let 3<' = number of the greyhound’s leaps ; 

then 4( = number of the bare’s leaps in the same time ; 

since 2 of the greyhound’s leaps =3 of the hare’s; 

therefore 3c „ t> >» ; 


By the question, 4c*=50. .i.c = 50. .c = 100. 

4U 

3.e=3oa- 
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Ex. 9 . -4 can do a piece of work in a days ; B can do tbo 

same in h days ; find in what time A and B will to^^elher do it. 
Let .(• = the number of days in which A and B do the work. 

Then, if irbe the work, =\vork done by .t and B in 


1 day. 


^^=\voik done In .1 in 1 day — woik done i>y /> ir^ 
a * ‘ 


1 day. 


. ww 


.. ^ + =tbc work done h\ J ;n d i> in I dav. 
ah 

By the question, . 

a b • 


'.tab 


1 


ah 


11 0+// 
a b 


Ex. 10. A person bn\ s two soifs of "hee, one at Re. 1 a 
viss and the other at Rs. 1-8 a \nss. He wishes to mix them, 
so that by selling* the mixture at Ks. !*.*> a viss, be may gain 121 
percent, on the whole. What is the proportion of the mixture V 
Let a’ = the fraction of a vi‘5s of the inferior soi't in one viss 
of the mixture ; then 1— .t’ = the fiactiou ol a viss of the supe- 
rior soi't. 

The price of sc viss of the inferior ghee = Rs. sc, 

„ 1—' ,, superior ,, =Rs,](l— /). 

/• the price of 1 viss of the mixture = f + yfl — »)• 

The gain =121 per cent, of the cost price = 

the selling priec of 1 vis.s of tlic mixture = 

s{‘’+3a-.)}. 

By the question, " { ' + ’ “ ' ) J = 1 u,* 

18{j!+-«(l-.t)| =19. 

18/ + 27-27.(=19. .•■—9.?=-'!. 

J viss of the iuferior sort and 1— J or I viss of the superior 

«>rt. 

superior : inferior = J : J = 1 : 8. 
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Ex. 11. An officer can form his men into a hollmc square 
10 deep* The number of men in the regiment is 2,800. |^ind 
number of men in the front of the hollow square. 

Lefc./’ = the number of men in the front of the hollow 
i; then the number of men in the S(|uare = — {f —20)^* 

A B 

’ 10 

the question, a h 

.,*_(,_20;2=2800 I , 20 

*•* 40a?-400 = 2b0D ,.10 10 ' 

/• 40af = 3200 20 

.•* w* = 80. j — 

10 

/> . i 

Note, — ABCl) IS ,1 sijuaro men in th(‘ front, ohcd 

another hai in" c~23 men in tho iront • anti — is a holhw 

square having ' men in the front hut oiih 10 (k*e|> 

Ex. 12. A man rides one-third^of the di.stance fioin A to It 
at the rate of a miles per hourtind the remaindei at the rate of 
2ft miles per hour. If he had travelled at a uniform rate ofiSr 
miles per hour he coull have ridden from .1 to B and back again 

in the same time. Prove that -f ="■. 

u ft r 

Let / =the distance from A to B in miles , 

then^' =timo in hours taken to lide \ of the distance. 
a 



and 



' ' ?> ?» 

>> >» >? 


back again. Py the (|uestion, " ' 4- 

« jL. ,*1 1_2 

3a 6ft 3c * a ^ c 

14 


2 , 




from A to P and 
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EXERCISE 60. 

Find a number fix)m which if 6 be taken and the 
remainder multiplied by 6, and then 6 added to the product, 
this sum divided by 3 shall give the re(|uired number. 

/2. Find two numbers the diiference of which is 14, and 
the greater number being divided by the less is 8. 

3.^ How many trees are there in a gaiden containing one- 
fifth mango-trees, three-sevenths apple-trees and 26 trees of 
various other kinds ? 

house and garden cost Rs. 850 and the price of the 
garden is equal to i^ths the price of the house. Find the price 
of each. 

5. A can do a piece of work in 50 days, B in 60 days and 
C in 75 days. In what time will they do it all working together? 

6. Two persons A and B own a flock of sheep. They 
agree to divide its value. A takes 72 sheep, while B takes 92 
sheep and pays A £35. Required the value of a sheep. 

7. A can do a piece of work in 4 hours, C in oj hours 
and Bin 5} hours; in what time will they do the work to- 
gether ? 

8. Divide 19 guineas among 3 persons, so that the first 
shall have twice as much as the second, and the third 5^. leas 
than the second. 

9. At what time between 7 and 8 o’clock will the hour 
and minute hands of a clock be fl) together, (2) at right angles, 
(3) in a straight line. 

10. The ages of two men differ by 10 years, and 15 years 
ago the elder was just twice as old as tb© younger. Find the 
ages of the men. 

11. A man has a labourer on this condition, that for every 
day he worked he slieuld receive 2s. ; but that for every day he 
was absent he was to forfeit Is. 4d. ; when 390 days were past, 
neither of them was indebted to the other. How many days 
did the man work ? 

12. A person bought a certain number of eggs at 2 a penny 
and as many at 3 a penny, and sold them at the rate of 5 for 
2d, losing 4d. by the bargain. How many eggs did be buy ? 

13. How much tea at 4fc\ Gd. per lb. must be mixed with 
50 lbs. at Gs. per lb. so that the mixture may be worth 5^. Gd. 
per lb. ? 

14. From two bags containing the same number of coins, 
sums are taken in the ratio of 4 : 5* And if 12 more coins 
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we! 0 taken from the bag that now has the fewer, the number 
of coins taken from it would be double that taken from the 
other. How many coins were taken from each ? 

lo. A certain fraction is equal to J ; when its numerator 
is increased by 5 and its denominator by 9 it becomes *. Find 
the fraction. 

16. A person bought equal numbers of two kinds of sheep, 
one at £3 each, the othei* at £4 erich. If he had expended his 
money p<|ually on the two kinds, he would have had 2 sheep 
more than he did. How many did he buy ? 

17. A labourer is engaged for u days, on condition that he 
i*eceives jj pence for every day be works, and pays 7 pence for 
evei*y day he is idle. At the end ot the time lie receives a 
pence. How many days did he work and liow many was he 
idle ? 

18. A person has just 2 hours at his disposal. How far 
may he ride in a coach which travels 12 miles an hour, so as to 
return home in time, walking back at the rate of 4 miles an 
hour ? 

11). There is a number composed of two figures, of which 
the figure in the units* place is 3 times that in the tens*, and if 
.36 be added to the number, the sum is expressed by the same 
digits rectrse(L What is the number ? 

20. The length of a field is twice its breadth ; and another 
field which is 50 yards longer and 10 yards broader, contains 
6,'^00 square yards more than the former. Find the dimensions 
of each. 

21. The length of a room exceeds its breadth by 3 feet ; 
if the length had been increased by 3 feet and the breadth 
diminished by 2 feet, the area would not Iiave been altered. 
Find the dimensions. 

22. A number consists of two digits ; the sum of the 
digits is 8, and if the le^t digit be diminished by 2 it wfill be 
equal to ^ of the number. Find the number, 

23. A number consists of two digits whose sum is 5 ; if 10 
times the digit in the tens’ place be added to 4 times the digit 
in the units’ place, the number will be inverted. What is the 
number P 

24. If a train, which travels at the rate of .35 miles an 
hour, start one-quarter of an hour after a luggage train, and 
overtake it in 10 minutes, find the speed of the luggage train. 
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25. Two passengers aie charged for excess of luggage 
2 n. I0(i. and 7^. 6d. respectively ; had the I’uggage all belonged 
to one ot them he would have been charged lor excess 14fi. 6d. 
I tow much would tl»ey ha\e been charged if none had been 
allowed free P 

Two persons ^1 and B weie engaged in counting a 
i.cmt-er ot sovereigns, and A counted tluee for every two 
coi*i*ttd by B; when B had counted 22 he forgot his reckoning 
afid was obliged to leeoninience , and when he had counted ()4 
tieie were no more left to count. Find the number of 
sovereigns. 

27. Tw’o persons walk at the rate of 5 and G miles an hour 
rc'-pectively ; they set out to meet cacii other from two places 
mdes apart. Having passed tacli other once, find the place 
of tl Lii second mt(ling, supposing them to continue their 
joiiirey between the two places. AlhO hud the time when the 
second meeting take.s [)la(*e. 

2"* Divide tlie i niiibei .1 into 4 parts, such tliat if to the 
ft.^tjou add B, from tlie second subtiact />*, multiply tlie third 
hy B, and divide the loiiith b} li, tlie results will be all er^ual. 
li = y> = 2, what will the results be P 

20. A grej hound sp} iiig a hare at the disfam o of GO of his 
owa leaps from him f)ei«'iies her. making 4 lea}>s for every 
5 leaps of the hare, but yia'^sing over as much ground in bleeps 
as the hare does in 4. llovv many leay>b did each make during 
tke w hole course r 

I'vO. At the review of an army the troops weir drawn up 
1 ^ to a solid mass 40 deep, wIrii there were just [th as many 
men in front as there wei’e spectators. Had the d'^pth liowever 
been increased by and the spectators drawn up in the mass 
w if h the ai my, t he iiuruher ot men in front would have been 
JtiO fewer than before* Hind the number of men in tlie army. 

31. Find a number of three digits, eacli greater hy unity 
than that which follows it, so that its excess above |th of the 
lumber foi med by inverting the digits shall be 30 times the 
sum ot the digits. 

.32. A,B,(' travel from the same place at tlie rate of 

4, 5, 0 miles an hour respectively and B starts 2 hours after A, 
How^ loBg after B must (' start in order that they may both 
overtake A at the same instant P 

33, A train w hich travels at the nnifortai rate of 40 miles 
an hour meets a person walking along th^dine in the opposite 
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direction afi the rate of 4 miles an hour, and passes him in 
•5* seconds. Find the length of the train. 

34. Two trains running at the rates of 25 and 20 miles 
respectively on parallel rails in opposite directions are observed 
to pass each other in 8 seconds ; and when they are running lu 
the same dii’ection at the same rates as before, a person flitting 
in the faster train observes that he passes the other in 3K 
seconds. Find the length of the trains. 

35. A garrison of 1,500 men have provisions for 30 days ; 
but after 10 days it was reinforced ; and the provisions were 
exhausted in 1 2 days. Find the iiumher of men in the rein- 
forcement. 

30. An officer on attemplingtodraw up liis regiment in the 
form of a solid square finds that he has 3 1 men over and that ho 
would require 24 men more in order to increase the side of the 
square by 1 man. How many men were there in the regiment. 

37. At a contested election, 1,79^ vote.s are polled, and the 
defeated candidate is left in a minority of 313. Findtlio number 
of votes for each (jandidate, 

38. Two coaches start at the same time from York and 
London, a distance of 200 miles ; the one from London travels 
at Di miles an hour, and that from York at 10.\ miles. Where 
and when will they meet!^ 

39. Two men set out on a journey, walking at the rate of 
4 miles an hour ; after walking for six hours, one of the two 
lessens his rate to 3 miles an hour ; the other continues on at 
the same rate, andariives at the end of his journey an hour 
ibefore liis companion. Find the length of tlieir journey. 

40- A 1 ‘ower who can pull at the rate of b miles an hour 
can pull 10 miles down the river in half the time that lie will 
take to pull 10 miles up it. Find the rate at which the ri\er 
fiowa. 

41. A luilroad runs from to C ; a goods* train staifs 
from J at 12 o’clock and a pn.ssenger train at 1 o’clock ; after 
going two-thirds of the distance the goods’ train breaks down, 
and can only travel at three-fourths of its former speed. At 
20 minutes before 3, a collision occurs, 10 miles from (7. T’je 
rate of the passenger train being double of the diminished speed 
of the goods’ train, iind the distance from J to and the rates 
of the two trains in miles per hour. 

42. A luggage train going at the rate of 10 miles an lio .r 
ds some distance in advance oi an expiess engine, wdiich staits 
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to overtake it, and just conies up with it in 5 hours j liad the 
express engine tiavelied 30 miles an hour less, it would have 
been 71 hours in coming up with the luggage train. Find the 
distance between the train and the express engine at first, and 
the rate at Avhich the latter travelled. 

43. A landlord let his farm for £10 a year in money, and 
a corn-rent. When corn sold at lO*'. a bushel he received at 
the rate of 10s. an acte for liia land, but when it sold at 13s. 6d. 
a bushel, 136. an acre. Of how many bushels did the corn-rent 
consist ? 

44. A person buys some tea at 36*. a Ib. and some at op. a 
lb. ; he wishes to mix them so that by .«‘elling the mixture at 
36. 8d. a lb. he may gain 10 per cent, on his outlay. In what 
proportion should he mix them.** 

45. An officer can form hi.s men into a hollow s(|uaie *> 
deep, and also into a hollow scpiai’e 6 deep, but the front in the 
latter formation contains I men fewer than in the foimei. 
Find the numbei of men. 

46. A ship sails \\ith a supply of biscuit for Go days, at 
a daily allow’ance of 1 lb. a head ; at’fei* being at sea 20 days, 
6ihe enconntei's a storm in wliich 5 men are washed overboard, 
and damage sustained that will cause a delay of 24 days, and if 
is found that each mairs allowance must be reduced to Uhs of 
n lb. Find the original nnniber of the crew. 

47. A person rows from Cambridge to Kiy — , a disfanee 
of 20 miles — , and Lack again in 10 hours, the stream flowing 
uniformly in the same direction all the time ; and he finds tliat 
lie can row 2 miles against the stream in the .same time tliat ho 
lows 3 miles with it. Find the time of his going and reliiin- 
ing. 

4b. On a ceilain moining* mangoes were sold at a certain 
price per s(*o!e: the next morning as rrany mangoes could bt‘ 
bought for one ru[)ee as scores for Its. 30 the day before the 
whole price of 30 marig^oes, 15 bought one day and 15 the 
otlier\ was 12 a.s. 6 p. Find the price of a mango on eaeli day 

40. To com])lete a ceilain work A requires times as 
many days as and C together ; B Tccjurres n times as many 
days as ^1 and 0 together and C lequires p times a.s many days 

as A and B together. Prove that = 

wfl ri+1 



CHAPTER XXIV. 

SIMULTANEOUS EQUATIONS OJ' THE FIRST DEGREE. 

144* Suppose we have an equation of the form + 
where w and y are both unknown (juantities, and a, fc, r 
known quantities, it is clear tliat we bliall obtain from it, 

= ^ -***/!^ ; and since y is an unknown (luantity, the value of > 
a 

must still bo unknown al^o. Rut if \ve have a second equation 
y/ -l-r/y = r where t and // have the same values as in the first 
e(|uation, we may reduce this second et[uation to the form 

= 1 ... T'f r/, r are known (luantities). 

V 

Since the value of is the same in both equations, we have 

^ ; an equation containing onlv one unknown quan- 

a p 

lity y, from which therefore the valiu' of y mny be found in 
terms of a, r, p, 7 , r whicli aie knowm (quantities, and • can 
be determined by substituting the value of y thus found in 
either of the equations a +btj =r and p' + 7 // = r. 

As these equations are satisfied bv the same vnlnes of the 
unknown qiniiitities, they are called Simultaneous EquatioUS- 
Hence it follows thar if we have two unknown quantities, 
wf must have two indepeiuleut e(|uatioii«, 

145 . There are //i mi methods by which such equations 
can be «!olved. 

liet the e(|iiations be 4 < + lU/ =31 and 3 » + 2 y= 22 . 

First Method. Eijqualize the co-eflicientsof of the un- 
known quantities. 

4o-h3y=3l (\) 3 q-2y=:2J (2). 

The L.C.AI. of the ccf efficients of 7 l>, and of those of ^ i*> 

12 , so that it is easier to equalize the co-efficients of // than 
those of <. 

Multiplying ( 1 ) by 2 , we have 8 ^ q- C?/ =c 2 ( 3 ). 

Multiplying ( 2 ) by 3, w’e have lL-I-Gy = 66 (4). 

Subtracting (3) from (^ 1 ), we have < = t. 
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Substituting 4 for < in (1), we get 4x4 + 3^=31. 

• • ~ • • y = 5« 

The required solution is ./ =4 and ?/ = o. 

\oTr.- This method is the one generally employed. 

Second Method. Find # in terms of y, or y in terms of jh 
from both equations, and equate the values so obtained. 


4.r-f3y = 

31... 

....(1). 

3a* -p 2?/ — 22 ••• 

...(2). 

Fi’om (1 ), 4.r = 

= 3 1- 

-:b/. . 

. 31 — 3i/ 

• .j, 

... (3). 

From (2), 3a’ = 

=22- 

-2-/. 

22 -2v 

.. (4). 

From (3) and 

(4), 

31 -:b/ 

4 *" 

_2'2—2t, 



8S— 

-8//. 


II 

From (3), j = 

31- 

4 

-*^=4. 



Third Method. 

F 

ind X in 

terms of //, ov 

y in terms of sp 


from one of the e({uations, and substitute the value so obtained 
in the other. 


4aj+ 3^ = 31 (1). 3«-f2?/ = 22. 

From (1), 3^ = 31— fa?. y— *^ 


3 


..( 2 ). 

.(3). 


Substituting this value of y in (*2), we get 3< 

o 


= 22. 9^’ + G2- 8^5=66 ,\x=4. 

31-10 . 

Irom (o , ?/= =5. 

EXAMPLES WORKED OUT. 


1. Solve the equations 5a;— 8?/ = 12 (1). 

lb’-l-12y = 6S (2). 

Multiplying (1) by 3, we have 15a’ — 24^ = 30 (3). 

!Multipl 3 ’ing (2) by 2, we have 22a;+24y=112 (4). 

Adding (3) and (4), 370*= 148. .% a;c=4. 

Substituting 4 for x in (1), we get — 

20-8y = 12. — Sy=— 8. /. 2/=l. 



XXIV. J SIMUI/rANKOUS KQUATIONS OK THK FIRST DKGRHK. 217 


2. Solve the equations + by = c (1). 

( 2 ). 

Multiplying (1) by h\ uV i + hl) y =^ch* (3). 

Multiplying (2) by h, a'b» + hVy ^('b (4). 


Subtracting (t) fioni (:^), tiaU — (/h)=rV ^c*b, 

. ^ , 7i 

" ' ab* -f/ 7 > 

Instead of substituting this value of f in either of the 
equations, it is easiei* to get the value of t by the same method. 
Thus fiom (1), a*u* +n*hy = a'r 
from (2), (i*a> -i-ab^y — fu^ 

Subtracting, y^<t*b -nh*) — (t*i u/. y — — [IL. 

a b — ab* 

). Solve the equations — 

4 2 3 

dealing of iiactions, we get — 

4 , -f- 4 y ^ ,q , -:]y = or 7 y = 132,..(1). 
and 3» + 2 < 4-2// - 48, or, * + 5?/ = 48... (2). 

From (1), + oy — (>(>0 (3) From (2), ^ 4-5// = 48...(4). 

Subti acting, 3 F =612. /. =18, 

Substituting 18 for in (2), we get — 

18 + 0//= 1 o y = .30 . /. y = 6. 

4. Solve the equations- - 

2' + *t7/ = l 2.„(1). 3 F--02//=*01 (2). 

Fioin (1) x3>*l, we ha\ e 6 8< + 1*36// = 4*08 .,.(•»). 
Fi om (2) x2, we have 6 8 ' *64// = *02 ...(!)• 

Subtiacling, 1 Iy = 10(>. /. y~\ ^*^=2*9. 

1 4 

Substituting, 2 9 lor y in (1), we get 2/ 4-l'16 = 1*2. 

.\ 2/ = 01. /. I = 02. 

3. Solve the equations- - 

tt , b . , . h , a 

-f —m (1). + 

u y 


=n 


( 2 ). 
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Here the unknown quantities are ^ and 


ab . , 

>, h— = owi ... 

... (.3). 

ir y 

ah a* 

, 4- =a^2 

... (»}. 

O' y 


Subtracting, — a^)=zhn -an, 

y 


1 

if 


, 1 hm — an , _ 

y — tt** hn — u'n 

Similarly the value of ^can be got : hence the value of 

X 

0, Solve the equations (a 4* r) * (l> 

(« + J)/ {b-^^oij—il (2) 

Subtracting, d. » + 7/ = l...(3h 

(/> + d) f + (/» + d)y s= // + d. 
and (a + r)i -(h-h d)7f=r 
Adding # (a +6 +/* 4- d) = />+</+ c 

, h-h r+ d 

c + d 

From (H), ,/ = l-* = l- ^ + ^ « 

n 4- 4* < -f- (/ a 4- Z# 4* r 4- (Z 

EXEECISE 61. 

Solve the following e(|iiations : - 


1 . ./ 4- ?/ -= S ) 

2 

4 . 

..-y = 2 )■ ’ 


11. -2//- M • 

-'+’^+2.. =1.-! 1 

4 

!7. -10</=-:!l ) 



17.1’ + i'y =()'•> ( 

n. = 

6. 

* + ?/ '/_(•) 

;{ 0 

Z-l= 3 ) 



3 8 ^ 


7 ar> 7 ' 
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3y = 9- 

a.t + hy=cl 
p* -^qy—r 3 * 


8. x(y+7) =y(> + 1)') 

2, =3?/— 19 5* 


10. a 
bi 


/ + by =c) 


11. 

a» — hy=0 7 

'' + /y = ^*3 ■ 

3 1 

i 

13. 

1 

'2 5 ^ ( 

1 

>- 


h = 7 ’ 

5a; 27 


15. 

*3»+ *1257 = ; 

3 1 — 7 ; ^ — 

10. 

4f + 87 = 2*4 

1 17 


10*2 (—-067 = 

= -C:t) 

IS. 

a Cl 

) 


12. ax-^hy =^ia\ 
r t dy —n 3 * 

14. 

)• 

r>/y =2*2t> — 3?/. 

7-2. +3-6j/=.">4'^ , 

2-:5. +G%=2;5 j • ' 

2,/—, .VJ— 2' 

, — — — — on — 

23- 1 — ^ 2 


2/+;=i+n 

a b c J 

^ 5 ~ 2 

•*3 2 


?/+ .=30- 

< 15 


73—37 


(' + 5)(7y + 7) = ( ' + 1)) 
x( 7—9)+ 112 >, 
2 . + 10 = 37+1 ) 


22. 

a{<+7)+ 

—1/1—1 ) 

23. fju7/ = c(^ » + 07) 7 


c( < + 7) + d{ f 

-//) =- 1 > 

bnj ~ c{ax — ^ 7 ) 3 

24. 

a*.f + &C7 = 

'7 

25. a* / + h^y — n\ 


a.< + ?*7 = f* 

)• 

6*.< + 0^7 = j/ j 

2G. 

a + / b + y 


5a (a+Z>)2->| 

a 1 by 

ll/l f 

27. — + = i 

' // '.V C 


1 1^2 

.< y a 


(a+ ?»)/ + {a — b)y = 2 a)\ 
(a— 0 ' + + ^^2/ ~ 2^* > ) 


— + =2 ( 

fT + 6^a— 6 I 

..+2/=2a / 
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o.*) 9 / -f 8y = 4}3xy 1 

S^-f.9// = 42ajy j * 

3G. (a — d)i‘+(h — d)ii—{h — «)(c — d)\ ~{h^a)r. 

’)7. d + }j-\- 1=0; -f- //) = ah. 

‘N, (b — i)x — (( — l))y — c — a; (a — r)< {h a)y — b — r, 

39. (h + r — a)r4-fc + a— 6)// = 2/' # 

(^4- a — h)i +(a4'6 — c)y^'ln \ 

10. a> •¥ hj ^ -^h’^ ; ( h — rM’4- (* — o)//= (7^— c)a® + (c~^a)h^* 


)4. at -\-hy = c^ 
a h 

^4-2/ a-f 


-,=o ]' 


41. (a + 7;)' — (a— 6 ) 2 /= - (a* — | 

a — c>ja? 4 -('a+ — ?/* ) i 
^ ‘ 

12 . v^a — d=\^y — t;2\^y — — x=^5v^a x, 

!•>. ^/X’^s/a+(^\/x+r/; ov/a -r cr + 2 v^.< + //=: 9v/a 4 - aj. 

il a+ 7 / a — 2 a 13 

~x~^~y a»- 6 ^’.r y~{a^-b^y' 

xif(n + 70 . 

l.j. (Oa + ?;)/ 4- (a+ 07;)^= — | 
^fa--J/.)*-(2a-96)y= \ ' 


4G. 


a-h b 


a— 6 Va; /// \?/ .r/ 


47. .^+y^a+h; (a*i‘2byt — (2a + Z>)''y — (a— 7))’*(a + 7»). 
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48 ^ 

a’*+l <'“+1 a^—h^ I 
- ?/ - 1 {' 
a<‘—i b^-l tt=*4-/>0 


49. *+^ = 1 
a 0 

•< !/ l^'y 


). 

) 


50. (pa+qh)f (j}a^ qh^)]j =pa^ ql^l ) 

-h =pa^-{‘qh^ ) * 


146. Simultaneous equations of the first degree involving 
three or more unknown quantities. If we Lave three indepen- 
dent equations, involving three unknown quantities, for example, 


a I -phy-p r;: (1), 

a + ( 2 ), 

n,,x~hh.,y+r.,z=:=p (;i\ 


the values of w, y and c may be determined thus : — 
Multijdjing (1) by aa^ ' 

Multiplying (*2) by a, aa -{-ah^y-\-ac ^z^an. 

/. y{ajj~-al)/)~^z{a^c — ac^)=^ay^m — an (4-). 

AgAiii, multiplying (1) by aa o ^hy-\-a^cz 
Multiplying (:j) by //, ua -p ah.^y-^- at\z — ap* 

/• y{a^h- ah^)’^z{o —a^m — op (5^ 


The values of y and rmay be determined from the eipia- 
lions (4) and (5) ; and by substituting their values so oblaine*^ 
in any of the given equations the value of .< can be determined, 

N(»tk.— T/u> luetiKni man Ic tJuuUd Iv Cfiuatioio cent <> > < •> t 

more iinlnmvn i/iianfitier. 


E.V. 1 . Solve the •'quations — 

4.-22/ + .•'..- = 18 (1). 

2. + 4.V - 3s =22 (2). 

60*4- 7y— r = 63 (3). 

From (1), 4»’— 2y+ 5s = 16. 

From (2)x2, 4<'+%— Gr = 44. 

Subtract! ng, 10?/ — 1 Ic == 26 (4) . 


From (2) X 3, C:r + 12?/— 9;: =66. 



.222 


AI^GI5BRA. 


[chap 


From (3), 4- 7?/— s = 63. 

Subtracting, 5^— 8r = 3 (5). 

From (4), lOy— llc=26. 

From (o)x2, lOy— 16c=- 6. 

A 5:; = 20. c= 4. 

From (4), 10^=26-hll~ = 26+.44 = 7O. /. ?, = 7. 

From (1), 4<?=:18-f- 2//— 5-=. ]S-f. 14-20 = ]2. 

Fx. 2- Solve the equations — 

(1). ' =h (3). 

Adding (1), (2) and (3), 2{x +// z)—a + b + r. 

^+y+,=^ + lt<- (4). 


Subtracting (1) from ( tj, r = /• ="±f“'‘ 

2 2 

rt+/; + r 


( 3 ) .y ="+*+'•_ 6 

EXERCISE 62. 

Solve the following equations : — 

1 . x+f/ + zs =6 2 . c = 0 

.»+2y + 3i: = 14 2' + 3?/— 4;:?= — 4 

•*’ + 3</ + = 1 9# 3 a;— 2?/— Sz = — 10. 


3 . 


aj-fy + r = 90 4. 
2 .ti— 3 i/ = — 20 
2ir— 4:;=-30. 


*^ + ^ + -=62 
2 3 4 

o 4 5 

^ + ^= 538 . 

4 5 6 


2 / -h 3?/ + 4:; = 29 5, 5»+3?/=65 
:U’ + 2y + 5:; = 32 2y — sssss 1 1 

4.C + 3y + 2c = 25. 3 r + 4c = 57, 

7. aj+2/=3 
2/ + s=5 
c + a;=4. 

8 . a? + J/— j 5 =s :6 

2 ; + a;— y = 10 

2/ + a— » = 14. 


6 . 
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y + o 


11 . 


13. 


a; // . 

3 ^ 4_2 
X y z 
. 7 . G 


I , I 
+ or 
a; y 

>f z 

^ ^ or 

- .r 


r+^ 

10. ,-1+1=22 

f-2 _ r+3 
;> JO 


1 12 

■'+?+.= = 38. 

4 t> o 

= -:]. 

12. ^+?^s= ^ 
aj y HI 

hi^\ 
y z n 

= 18. 

r n 1 

■r — ■ 
z X p 

,nf 

u + 

X by z o 

’/+■' = 140 
y- 

:{«^2y s G 

ZX 

•I. _ 1 .4^16) 

bx 2y z 10 


2 1 

lo. — = 


- ^ o 


' V - 

2 

+ 

- y 

1 1:^4 

a'z S 


18. x-j- y -h z=0 
(a + Z;)aj+ (a -f 
ah»-\-ary 4- bcz- 


]G. v+ + = y+ ^ix + z) 

= « + ]^(a;+ 7 /)=* + ?^ + z— 4 , 

()// — 4.r 5-r— ce ^ ?/ — 4z _-| 

'jz — 7 2y^3z 3y— 2aj 

19. xy=:a(x'h2/) 

)y + (^+ <*)- = 0 yc= c(y + z] 

= 1 . ''ajs= 6 (ar+ 5 ). 


i; 


20 . X — ity’^a^z^a’^ 

.r— 6?/+ h^z=h^ 

x-’cy^r^z=rc\ 

22 . ?+^'=" +*=“+* 

y z z X X y 


c* 


21 . &r+a 7 /=c 

ca!+ a:: = 6 
0 ^ + 1 ^ 5 = a. 
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23. 3(«— 2(ic— (?/— r)=l. 

24. wyz = a {yz — a-;:— my) = h[,vz^ ir-^^n) - r(ary — //:— xz). 

25. aaj+ 6^/ + cc=sa-f 5+ ; ^-ry-^z^W'. avy-f Zu’=a+ 

O0 av+ + j 

*” * c a 6 ' 


27. a’+?/ + r-|-tt= 10 ; x— 2?/+.*>c = () ; y-f r— 2/6= — ; and 
,Sx— 2:r-h4w= 13. 

28. .r + 2/+-.+ ^« =0 ; 15?6-hl3.T= — f lly-fO-) , 71//-f31v = 
— (47x + 23-) ; 1 + 105/6= — (45.r 4-2 h/). 

29. X+2/+- + w = lO; x4- ?/+- — ''= 2 ; jy + /^ — a’ = 8 ; 

r+ x + tt— ?/=6. 

^^l = 6i' + l+’-7, l*> + >-8. 

2/ ~ .(?//' 9, z n 

' + '+‘=8. 

// c ?6 

147- Method of Cross Multiplication- 

If a^x+l^y■>rc^z=0 and a,( + h^y + r^■■ = o. fdicw that 

X _ f/ _ 

^1^2 ^2^1 '*2^1 ^^1^2 

Multiply (1) by / +^ 2 ^ 1 ?/ + a 2 r,r = (). 

Multiply (2) by a, ; a + a^h.^y + t« , : = 0. 

Subtractinor, yia^h^ — «i &z) + i^a) =0. 

••• i— a 

" = -,'- ,- (1, 

C\(l^ ^^ 1^2 ^ 1^2 

Again, mu nply (1) by ; aJ>.^oc-}-hJf^y’hh,y^z=:0, 
iMuhiply (2) by 6, ; -^b b ^- = 0. 

Subtra c 1 1 1 " ^ Z/ 2 — Q 2 5 ^ ) + c (// 2 r j ^ t* ^ ) = 0. 

.-. x(a,h^-a^h^) — '-z{b^r^^h^c^), 

== _ (2,. 



Hence fium 1 and (2), 

X ^ y ^ z 
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These results can be easily remembeied by writiug'down 
the co-efficients thus 

a 1 . 

The quantity under x is obtained by i^riting the co-effi- 
cients of y and z and multiplying across thus 

K 
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Ex. 1. Solve 5?/-- 3 1 =9; 

Writing tbe equations thus : 3aj— 9=0, . . (1). 

5jc4.2y-16«0. . . (2). 

Here =3, 6i = — 5, r, =9 and hg = 2, fj = — ll3. 

5 ^ y _ 1 

“ C-r)X-l«)-9x2 9x5-3(-16) 3x 2-(-:>)(5)’ 

^ _ jy I . _ 1 

80— It? 45-h48 6-f25‘ * *()2“‘^~3l' 

(i2 o ^ 93 o 

Ex. 2. Solve •V‘^ = 2; ? + " = J--. 

.r y ./ y 12 


1 

II 

o 

...(1). 

4^»- 

..X'l). 


Hence 


i 


1 

V 




■:ix3-2x4’ -4+^^ 


y 1 
4 


1 1 


1 1 


1 1 


or4 = ?r = l,or *=. 5 or a:=.3, and - = ^ or ws=4. 
1 I ’ » 3 ?/ 4 *' 

3 4 


EZt 3* Solves— 2?/+ ;:=0 (1). 

9«— 8y 4- 35 =s 0 (2). 

2.c4“ 4* 
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From (1) and (2), ix9-lxa 

« X y z c 

Qp - •— _«/ Qp 

1(_8)-(-2)(9/ —6 + 8 9-8 -8+18’ 2 

= ‘is^ ^^ssJc (suppose) ; then ii*=2fc, and ^ = 104:. 

Substituting in (3), we get 4l*+ 184;+ 504:=^ 36, or 724: = 86, 
01 7* = j , •\x= 2 X 2 = 1, 6 X \ =3 and r = 1 0 x \ = o, 

Ex- 4. Solve «+?/+ :; = 0 (1). 

a.r+ by + cz=0 (2). 

/a’ + c^-f-tt 2 =a* + 6*+ r^ — a?>— ac— feic...(8). 

From (1) and (2j, -*,= ^ = 4: (suppose), 

r — 6 a — c 6 — a 

/• 43= 4 (c — 6), y = le(a — c) and r = 4*(Z)— a). 

Substituting these values in (3), we have — 
hk(c — 6) + r4-('a — r) + a4:(6— a) = a® + b^ + <•* — ah — a> — Icm 
4 '|i( — 6 * + ca — ^-hab — a^{=a^ + 6 ^+ ^ — ab-^at — Icm 
/. 4‘= — 1. o’ = — (» — b) = {b~-c), ?/= — ((?— r)= (f — i) 
ojil :-= — {h — u) = (a — 4 j). 

EXt 5- Solve a’ + ^ + ::=a + h+ r (1). 


? + f+: = 3 . 
a 0 c 


ax^bij + cz=a*-\~h^ c* ( 8 ). 

The equations (1) ana (2) may be written thus :- 
(.r— a)+ (t/— fe)+(c— c) = 0. 

l(.r-a) +^(y-6)+l(c-r) = 0. 
a o c 

XT a V— & — 5— 0 


B..™, 


c b a c b a 



AI,GEBRA. 


[ CHAP. 


a) ac(y-’h) nli(z-r) , . 

T1.CU » -«= oi j=o + *'‘^’'‘> 

be he 

Siniilaily y = h-¥ and r 

(^e ah 

Substituting the vainer (»f a?, y, z in (3), vNe hjue — 

+ + -"> +r»+'‘*‘^"-'') = Q* + M + c* 

be (tc ah 

].■ f ^^zsl + ^^‘' =0 

1. 6/ (u ah J 

.*. fc=0. .* <( -</, u^h and c = \ 

EXERCISE 63. 

SoUe the following e(iuations 

1 4a; -f- 3?/ — 24=0 and 7 )€ — 2// — 7~r> 

2. a; + 11?/ — 67 = 0 and 1(U+ 2y — 130= ( * 

3 llo: — 7?/ — 41 = nai»d7x r»//— 19 = 0 

4. *+’'-11=0 ami •>•'-7=0. 

2 0 i 4 

1^— ^-2 = 0and’-L’-*^ l = (». 

■c ^ •<• >/ 

6 aj’ + y — /»=0 and a?— fit //— 2 = 0. 

7. 0aj+Gy + 8^ = 0, 3a’ + 4?/+ Cc:=0 and ar+ 0// + 16^=3. 

8. 1*— 42/4*22=0, 2.r— 10?/+ 7: = 0 and 3a;+ i;/ + 52=35. 

0 a^ + 2 / + « = 0, air + t>//+ r 2=0 and a*a: + ^*// + i^ ^ 2 =(?;— r) 
X (( — aj(a— 5). 

10. a? + //+2 = 0, aa?+ ^ 2 / 4 -r 2=0 and 6^* + i ^ 2 / + a ^?2 = (a— 6) 
X (5— c)(a— r). 
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11. or-f 6^4-r;: = 0, 6c< -i-rai/-f at- = 0 and 1» 

1*2. (^ — r)* + (r— a)7/-f (a— 5):; = 0, ar + (a— c) 2 /— ^'- = 0 and 

1^1. ic + ^+c»=- + ? + \ + b^y-\- c^z^a+b-h c n,x\(i a^x 

a h f' 


h^y -\-h^ + . 


14 . 


a 0 

-a* -f + r®. 


Z 


^ ^ and ax + by + ' - 

a h c 


15. .? + // + :: = (), hrx-^ aey + ahz = 1 and (5 + c)x + (a 4- )y 

-hO? + 6)r = 0. 

1(). X + y + z = a + b + bx + cy + az^ + b^ ^ and ♦* + 
-h?c=(i" + 5a + c-*. 


17. »+?/ + -:= ^4 - aar + 67 + rc =3 and a^x-^h^y+'^z 

^ a b r 

= a -f 5 4- c. 

18 . x-\- y + z^a-^h + Cj bt -h f'y-^az —ab + at' + bc Bind >x + dy 
+ hz = ab-\‘(iC‘\‘ be. 

l<), ‘i+y nA^htf-^rz—a' +b^ B,n({ ^ ^ 

a b ( • 5-h'* c + a 



20. /-f- 74 .: = 0, --4- =0 and * + — ^ 

‘ a+/; a 4-'* 04-r a~6 <• — a 

4 " - = 2 (a-j- 4 ~ ^)« 

148* Miscellaneous Examples. 

!• Solve «4-y = 8, a'//=15. 

We know (./ — y)* = (a;4-2/)® — 

Hence ( t’ -t/)* — ■^* 

•*• ‘*^~ 7 ='t 2 and a5 + y = 8. 2»=10 or G. 

a? = 5 or 3 and y = 3 or 5. 

If ( — y and xy be given, we can Hnd the value of ^ + y from 
< 11 ’ + 2 /) ’ = ( <■ — y) * + -icy. 
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2« Solve //®=35 and *+2/^=5. 

X » -H //* == ( — «//+ y*). 

Hence 35 = 5(a!2_^2^^2/*), a;*— ap?/4'2/^ = 7 (1). 

Since .» -f 2 /=^* /. ic*+ 2in/ + 2 /* = 25 (2). 

Subtraction (1) from (2), 3a*i/ = 18. .*. xy=6 and t»-f2/=j=5 

Hence cT and // can be found as in Example !• 

'A, Solve aF// = a® ; yz^h^ aud-:.r = r*. 


^Multipl^’inn the three equations, xy X yzX — oi 

ar^ t/^z^ a^b^c^. xyz=~ -^ahc. 


Hence j 


xyz 

H- 


:t.abr . ar n/z 

6* o i'z 


c 


j'l/z , abr , hi' 

-= .' = i 

.nj a * a 

4 . Solve y-^ z) = a^^y: ; y{x->r y + z) — b^ — rz and 

z{x^ y + z)-c^—xy. 

We Lave ,x{x '^y-\’Z)-\-ifz = a* . .*. .r(/ +//) + ::(' f ?/)- 

(jf-l- //;(.;; + ;:) = a* (1). 

Similarly from the other two equations ^\e can net ( v4-*^) 

^ = C^) (“+ *X-+2/) = ^" GO- 

Multiplying (Ij, (2) and (3), (.(’ 4 - ?/)(« +i:)(.v-h~)( ?/ + .r) 
> (z^xj(i-ty) = aH^c'. (x-{-yy(y+z)\9-j-x)'^ = a'b^c^. 

' (‘<^4-2/)(y4--)(~ + ‘0= (^)* 

Dividing (4) by (1), (2) and (3^ successively, xnc have 



br 

a 


. , abc , ar ■, . , al^ 

:4-.f== i-rr = i and^4-//=d- 
b b < 



Fioiii these three equations, the values of «, // and c can be 
foiiiid. 


Sol\e ^ij= * U-¥y), yz= ~(y+:), zxz=z\-. + .r] 


Prom (1), ’^a=o,or- + i=a..... («) 

*.’/ « y 
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From (2), or ^ = c 

y z 

From (3), or 3:-^l:=rZ> (7) 


Ta'' + Ci')+ (7)__ 1 . 1 . 1 n-fft + c 

2 “ 

Subtiact (a), (^9) and {\) successively from (8). 


Then l = i+c-a l^a+h- 

c 1 1 a-¥c — h 
and- — 

Z d 2 

y 2 

6. Solve aj(«-h 2 /+ '^) 

(D- 

y{x-^y+ z)=h* 

(52). 

z(x+y + z)=c* 

(3) 


Adding (1), (2) and (.3), we have (e + y + r)* = a* + 

Hence a7 + 2 / + r= 6® + c-*) (4). 

Dividing (1), (2) and (3) by (4) successively we get — 

a* 5® 

’ 2/ = ± ™ ^ v'u - + 6* + c“*’ 


7^ Solve 37(2/ + -:) = 14 

(1). 

y(-+--)=i 8 

....(2). 

z(^x + y) = 2,0 

(3). 

Adding (1), (2) and (3j, we 

have 2(3’?/ + yz-h- z>) = 52. 

Hence 3^7 + 2 /-^ + -37 = 26 

w- 

Subtracting (1), (2) and (3) successively fi’om (4) we get 
fc = 12, vr =8 and »y = (' From these the values of x, y and 

can be got as in Example 3. 


S. Solve 37 / + 3y^»-i-2/) = 11.- 

(1) 

7/-+3(y + r)=2l.. 

(2). 

:;f'+ 3(r-f* 3 )= 15.. 

(3). 

From (1), a* 2 /+ 3(« + ?/) + 9= 

11 + 9-= 20. 

(* + 3)(y + 3)=20 

(3) 
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From (2), 2/c+3(i/ + ;)+9=2l+9as30. 

(j/ + 3)(; + 3)=30 (B) 

From (3), 5t + 3(;+a:) + 9=15 + 9=24i, 

(;+3)(s- + 3)=24 (C) 

(.4) X (B) X (0) is ( . + 3)*(// + 3)*(s+ 3)* =20 x 30 X 24. 
(.+3)(7/+3)(.-4-3)=10 x 12=120 (D) 


D. . o_ 120_„ 
^,s.+3=_ = 6. 

D. ^ q 120 . 

J). . . 120 . 

,-3’S.V+3 = — =6. 


:;=3. 

ii*= 1. 
2/=2. 


EXEBCISE 64. 


Solve the following equations — 

1. a? + 7/ = I and a5*-{-7/*s=l — 36 + 36*. 


2, 


r^jj = and + 7* = 

V 2 


9 

2^2* 


3. ' + 7 / = 7 and '* + 7/2 = 25. 4. a — 7/ = 6and*^=*\ 

y ^ 

5. .r4-^ = 4 and ^ 4 -^ = 1. G. / — 7/=2and*t® — 

7. / +i/=12, a*+-7/* =74. 8, a+ 7/= 11, a* + ?/’ = 1001. 
9^ ahxy=az+ hy, acxz= ax + cz and hcyz = 6 ?/ + cs. 

10. »(jC + 7 / + ;:) = 6, 7/(a+ 7 /+ c)=l2 and i:(a + ?/+;;)= 18. 

11 . f«* + !/0(y* + >=*) = C5, ry* + c*)C.-»+a*) = 130and 
(^«4.a5*X‘'* + Z/*) = 50. 

12 . ^(px-^qy+ rz)=p(p^ + y(px-¥ qy + rz) =7 

{^• + 7 * 4 - r*) and c(pa 4 - 77 / 4 -r:; = rCp* 4 - 7 “ 4 -r*). 

13. af 7 / 4 -;:)s=a, y{x-^z)—h and z[X’{-y)^c. 

14. ajy + a(a 4* y) = //- + a(7/ 4. ») = ;:a 4 - a(;: + ») = 3a * . 
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15. 

16. 
= hyz, 

17. 


18. 


ajy+£C+ 3 /*= 11, yz + y+ :; = 19 and xjc + 2 + .c= 14?. 
ao -{-hy + cz = mi yz, hi + cy ^ az = nxyz and cx + ay-^ hz 


,v f 7 / + 2 = 

J = rt- 

y^z* 





x^y^ 


c 


2 


149- Method of Undetermined Multipliers. 

Take fche equations ax-^hy + 1 z = (l (l\ 

' +fei2/ + ri2 = di (2). 

h^y-i-r^z^d^ (3). 

MuUiplyiiig (1) by Z, (2) by m, (3) by 71 and adding, we get 
(al+ a^7n ■\-a^n)x + (Z>Z + c^n)z=^dl-\‘ d^m 

-¥d^n (4), 

Since Z, m and n, are ([uite arbitraiy, we may assume them 
<0 be such that the co-efficients of y and 2 shall vanish ; hence 

hl+ -^1^71 = 0 (5) 

rZ + -I- 0^77 = 0 (6) 

and i al + a + a ^7i)x^ dl + d ^771 + d ,^71 (7). 

Fj'om (o) and (6) by cros^ multiplication, ^ 


Wl _ 

b,r-bc, , he, — I, 


•=r k (suppose). 


/, Z=(6jr,--6,c, )/i, ?n = (Z<jjr— 5c,)Z:, 7i — (hr^^h^c)k. 
Substituting tliese valueF of Z, ?/i, n, in (7), we have — 

{a(Z>^ra — +ai(Z;,< - + a,(Z>rj — Z/^c }» 

= ^(Z>ir, — Z>2<*i) +tZi(6jjC— />C3) 4 d^(bc^-~b^c). 

+ {h^c^bc^)’h a^(bc^--b^c)* 

In the same way we can find the value of y by supposing 
the co-efficients of x and 2 in (4) to vanish, and the value of 2 
by supposing the co* efficients of or and y in (4) to vanish. 
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jEx- Solve the equHtious ••(1), 

2,^y^3z^9 (2;. 

ss2 (3), 


MaUipIjitig (1), (2j find (3) by m and ?i, respectively, 
and adding, we have — 

'f-3w)a;+ (2/— ?« + n)y-¥(l-¥‘ Sjn— + . , .(4). 

Equating the co-efficients of // and r to zero, we Lave — 


(Z-f- 2?/i+ 3?2)flr= 8Z-f + 2w. (5). 

2Z— M + w = 0 (^)- 

Z + 3w— ?i5=0 (^)- 

From (6) and (7 ) bj cross multiplication, -4>~ ~ 

““A »> i 


(suppose). 

Substituting— 2/*’, 3^‘ and Ih for I, in and n in (b), we Lave 

(-2+6 + 21)< = -16-f 27 + 14. 

/. 25^* = 25. .% a’= 1. Similarly we can find i/=^2 and r = 

iVoff*. — In Practice, this, Fiiethed is not simpler tl»au llit* one f^ivoii i» 
Art. (146) vvlien the (.o-ettieien^*, arc iiuincricaJ. 



CHAPTER XXV. 


PROBLEMS LKAm.NO TO SIML'LT \XE(Jl 3 Ef^UATIOXS. 


150. The number of unknown quantities which enter a 
problem and the number of independent conditions connecting 
them with the known quantities must be the myne. 

The unknown quantities are usually denoted by .r, y and 
Bx. 1. There is a fraction, such that if its numerator be* 
increased by 1, its value is ; ; and if its denominator be in- 
creased by 2, its value is What is the fraction ? 


Let the fraction be 

y 

If we increase the numerator by 1, the fraction becomes- 




denominator by 2, the fraction becomes ‘ -i. 

7/+2 


By the conditions of the problem, = . and — 

y 2 /"^ ^ " 

/. 4a? + 4 = 3// and 'Id — // + 2. •% 4a?= 2// 4, 

2^ + 4-h4==3//. ?/=8anda:=5. 

Hence I is the required fraction. 

Ex. 2. There is a number consisting of two digits; the 
number is equal to seven times the sum of its digits, and if 27 
be subtracted fi*om the number’, the digits interchange their 
places ; find the number. 

Let .<• = the digit in the units’ place, 

and y=the digit in the tens’ place. 

Then 10y+.< =the number, 

and 10a? + ^r=the number when the digits are intercliaitged 

By the conditions of the problem, 10// + a?s=7(a? + 2 /),..Cl) 

and 10 V + .r— 27 = 10.t’ + 
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From (1), 3/y — 3y=sQx. 

Substituting 2x for y iu (2), we get 20x-\~x — 27 = 10»+ 2x, 
9jr = 27. a;s=3 and //= 6. Hence the number is 63. 

Ex. 3. There is a number of three digits ; the sura of the 
digits is 9, the digit in the units’ place is twice the digit in the 
•liundi'eds’ ])lacp, and if 19S be added to the number, the digits 
n,re reversed ; find the number. 

Let oj, ij and :: be the digits iu the hundreds’, tens’ and 
units* places respectively ; then lOOr -flOy+i; is the number, 

and 100:; + lOy + .(• is the number formed when the digits 
are reversed. By the question, a; + /y + r = 9 (1) 

c=2cr...(2) and 100.r + 10/y + ::+ 198= 100;:+ lOy +.i*.......(3). 

From (3), 99aj-99.“ = -l‘98. .r-r=— 2 

but c = 2a!. aj— 2.r= — 2. .r = 2 and :s=4. 

From (1), ?/ = 9 — 6 = 3, Hence the recpiired number is 234. 

Ex. 4. A and B working together can do a certain work 
in 4 days, -1 and C can do it in 3? days, while B and G can 
do it iu .*)! days. How many days will B and C each take 
to do it alone ? 

Let .t=the number of days A takes to do the work alone ; 
y = the number of days B takes to do the work alone ; 

and : = th6 i^uinber of Jays takes to do the work alone. 

Hence in one day A does ^ of the oi k, B does ^ of the work 

y 

and C does ^ of the work. 


in one day A and B fogetlier do 


-h M of the work. 
Vj* y/ 


But as they take 4 days to do the whole work, in one day 
they must do ] of the work. 

Therefoi e ^ ^ | ( 1 ). 

X y 4 

Similarly ^ (2). 


and 




!/ ~ 


i _ 7 

.'iJ- 36 


Y3). 
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From (2) and (3;, - — ^ /, ?==? /. x=:(j days, 

» ?/ 12 f ,» b 

and from fl J, i + ^ = ' \ and /. ?/= 12 days, 

X y 4 J 7/ 12 

and from (2j, ^ — ^ = 1, /, ;: = 9daAS. 

2 18 b 9 

Ex. 5. A man lias to travel a certain distance; when he 
has travelled 20 miles, he increases his speed 1 mile per hour ; 
if he had travelled with fiis increased speed during the whole 
of In’s jourmey, he would have arrived 40 minutes earlier; bnt 
if he had kept on at his first rate, be would have ai’iived 20 
minutes later ; liow far* had he to travel ? 

Let scathe distance of the jour*ney in wiles ^ 
and 7/ = rate jier liour in wiles* 

At first he takes + hours. When he travels the 

\V '/+W 

whole distance at ?/+ 1 miles per hour he takes — hours and 

2 / + 1 

at y miles per hour, he takes ? hours. 


lly the question. - + = — + (1). 

?/ // +1 //-*-! o 


j 20 , z — 20 p* 1 

and — + = — (2). 

y // T 1 y o 

i-r + 1= J. •• = 1 [From (1) ai.d (2)1. 

(/+ 1 .3 // 3 y y+ I 




Snbstitutiiin; y(y+l) for .(■ in (1), we got — 

20+j((y+l)-20_,,(;/+l)^2 

y >/+i 2/+1 »’ 


. 20 ^ 20 ,2 20 20 2 

U 1/+1 ^ a 2/ y+i 3 
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. 20 _2 
"y{y+^) ^ 


’/('/+ 1 ) 


.% a:=30, since x = ij(y+l). 


=?x 20=30. 

2 

/• the distance =30 miles. 


Ex. 6* A pound of tea and three pounds of sugar cost six 
shillings, bat if sugar were to rise oO Y>er cent., and tea 10 per 
cent., they would cost seven shillings. Find the price of tea 
and sugar. 

Let a;=tlie price of a pound of tea in sliiUivga ; 

and y=the price of a pound of sugar in 

When the price of tea rise^ 10 per cent., the price of a 
ponnd=flff or J Ja; shillings ; and when the price of sugar 
rises 50 per cent., the price of a pound =?/+ .iy or 5?/ shillings. 

By the question, a; + 3?/ = 0 . ..•(!) 

and lia; + 3xJi/=7 (2). 

From (2), 11 j + 45y=70. From (Ij, 11* + 33^ =06. 

122/=4. 2/s=i and »=6— l = r^ Hence the price of 

a pound of tea=o5., and that of a pound of sugar= jS* or 4d. 

Ex. 7. The dimensions of a rectangular court are such 
that if the length were increa.sed by 3 feet and the breadth 
diminished by the same, its area would be diminished by IS 
square feet ; and if its length were increased by 1 foot and 
the breadth increased by the same, its area would be increased 
by 18 square feet. Find the dimensions. 

Let .c=the length in /f e/ and y = the breadth in fee/. Then 
^•yrsthe area in sgriare feet. 

By the question, (ir+ 3)(y— 3) = ry— 18 ... (1) and (■<•+!) 
X(y+ l)=a’y + 18 (2), 

From (1), SCy — *)— 9= — 18. y— ./s=:~3. 

From (2), .c + y + 1 = 18. .*. a5 + y=17. j; = 10 and y=7* 

length =10 feet and breadth =7 feet. 


EXEBCISE 65. 

1. Find two numbers such that one-half of the first and 
one^thirdof the second is 14| and one- third of the first and one- 
lialf of the second is 11. 
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2. Eight years ago J was 5 times as old as B, and in 
2 years lie will be 3 times as old ; find their present ages^ 

.3. Find the fracstion which becomes i when 8 is added to 
its numerator, and y \7 when 8 is subtracted from its denomi- 
nator. 

4. A number consisiitig ot‘ 2 digits is such that, if it is 
divided by the sum of its digits, the rpiotient is 8 and the 
remainder is 2 ; but if the number with the digits reversed be 
divided by the sum of tlie digits tlie quotient is 2 and the 
remainder is 8 ; find the number, 

o, A number of three digits is such that the sura of its 
digits is 16, the digit in the units* place is twice the digit in the 
hundreds* place, and if 207 be added to the number, the digits 
are reversed ; find the number. 

6. A person buys S lbs. of tea and 5 lbs. of sugar for 
lib', lid. ; and at another time he buys 5 lbs. of tea and 8 lbs. 
of sugar for 13s. 8d., the prices being the same as before ; find 
the price of each. 

7. In a mile rnce A can beatB by lOu* yards, and Cby 200 
yards; by how much can B befit 0 in a mile 

8. There is a number consisting of three digits, and is 
such that the sum of the first and last digits exceeds twice the 
middle one by unity ; when the digits ai-e inverted the original 
number is increased by 207, and the sum of the digits is 16 ; 
tind the number, 

9. Two trains start from two stations, and each proceeds 
at a uniform rate towards the other station ; when they meet it 
is found that one has travelled 108 miles more than the other, 
and that if they continue to travel at the same rate they will 
finish the journey in 9 and 16 hours respectively ; find the rates 
of the trains and the distance between the two stations. 

10. A person wishing to relieve a certain number of beg- 
gars finds that if he give them 2s. each, lie will not have money 
enough by 3s. ; but if he give them Is* 6i. each, he will have 
is. 6d. to spare. What money had he in bis pocket and bow 
many beggars did he relieve 

11. A certain sum of money is to be divided among a 
certain number of men ; if tbei'e were three men less, each man 
would have £150 more ; but if there were 6 men more, each 
man would have £120 less ; find the sum of ^oney and the 
number of men* 
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12. A person has two horses, and a saddle worth £10; if 
the saddle be put on the first horse, his value becomes double 
that of the second ; but if the saddle be put on tbe second horse, 
his value will be less than that of the first by £13. Find the 
value of each horse. 

13. A person w^alks from A to i?, a distance of 7 A miles, 
in 2 hours 17| minutes and returns in 2 hours 20 minutes. His 
rates of walking* up-hill, down-hill, and on level road being 3, 

and 3] miles respectively ; find the length of the level road 
between A and 

14. There are two fractions sncli that the fraction formed 
with the sum of their iiuineratois for numerator and the sum of 
their denominators for denominator is I of the greater ; and the 
fraction similarly formed with the diffeience of the numerators 
and denominators is A ; also the sum of the numerators is twice 
the difference of tlie denominators. Find the fractions. 

15. If ^ and B together can do a piece of work in a days, 
A and C together can do the same in h days, B and C together 
in c days; find the time in which each can perform it 
sejiarately. 

l(i. The fore-W'heel of a coach makes G i^evolutions moie 
than the hiiid-wlieel in going 120 yards ; but if the eircumfei- 
ence of eacli wheel he increased 1 yard, the fore-wheel will 
make only 4 revolutions more than the hind-wheel in the same 
distance. Find tlie circumference of each wheel. 

17. A fish was caught whose tail weighed 9 lbs. ; his head 
weighed as much as Iiis tail and half his body, and his body 
weighed as much as his head and tail. What did the fisli 
w^eigh ? 

18. Two trains 340 feet and 80 feet long pass each other 
in opposite directions in 2 seconds ; Lad they been going in the 
fiaine direction the faster would liave passed the other in 10 
seconds ; what was the rate of eacli in miles per hour ? 

19. A cistern is filled in 25 minutes by 3 pipes, one of 
which conveys 8 gallons more, and another 7 gallons less than 
the thii’d, every three minute.s. The cistern holds 1,050 gallons. 
How much flows through each pipe in a minute ? 

20. A and B r un a mile. Fir.st A gives H a start of 1 minute 
30 seconds, and is beaten by 88 yards. At the second heat A 
gives B a start of 80 yards and beats him by 30 seconds. Find 
the rates of A and B per hour. 
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21. Two travellers A and B set out at the same time from 
two places P and Q respectively and tiavel so as to meet. 
When they meet, it is found that A has travelled 30 miles more 
than B, and that A will reach 0 in 4 days, and B will reach P 
in 9 days after the meetin<?. Find the distance between P 
and Q, 

22. A boy when he started for school, a distance of 4 
miles, found that if he proceeded at his walking pace, he would 
reach school just in time. But at the end of the first mile, he 
turned back and ran home to biing a book, and thence back to 
the end of the first mile, increasing his rate by 1 mile an hour. 
If by walking the remaininji 3 miles at twice his walking pace, 
lie reached the school exactly in time, find his walking pace 
per hour. 

23. Two post runners start at the same time from two 
towns and each proceeds at a uniform rate towards the other. 
They meet at a point 3 miles nearer one town than the other 
and they expect to finish the journey in 2 hours 30 minutes, and 
3 hours 36 minutes respectively. Find the distance between 
the towns and the rates of the runners. 

24*. A and B set out together to walk round a field one 
mile in circumference. When .rl, who is the quicker walker 
has passed B twice, B turns and going in the opposite direction 
meets A at the starting point. The whole time since they 
started is 3 hours, aud A has walked 2] miles since they started 
more than B. Find their rates of walking. 

25. A mail cart was travelling from A to i> at the rate of 
10 miles an hour, and when only 7 miles from B was met by a 
man who started from B at the same time that the cart left A. 
The cart then went on to B where remaining 1 honr and 12 
minutes, it returned overtaking the man 6 miles from A. Find 
the distance from A to P and also the rate of the man. 

26. A rectangular Court having been measured it was 
observed that, if it were 5 feet broader and 4 feet longer, it 
would contain 116 square feet more ; but, if it were 4 feet broader 
and 5 feet longer, it would contain 113 squaie feet more. Find 
its dimensions. 

27. Find a number of three digits, the last two alike, such 
that the number formed by the digits inverted may exceed 
twice the original number by 42 and also the number formed 
by patting the single figure in the midst by 27. 

16 
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28. A sum of money is divided equally among a certain 
.iiutnl}er of persons ; if tliei'e liad been four more, each would 
!hav 0 received a shilling less iliaii he did ; if there had been five 
fewer, each would have received U shillings more than he did ; 
find the number of persons and what each received. 

29. Two are opened in the bottom of a cistern con- 
taining 192 gallons of water ; after three hours, one of the plugs 
becomes stopped, and the cistern is emptied by the other in 
eleven hours ; had six hours elapsed before the stoppage, it 
would have required only six hours more to empty the cistern. 
How many gallons will each plug-hole discharge in an hour, 
supposing the discharge uniform ? 

30. If there were no accidents it would take half as long to 
travel the distance from -4 to by i-ailioad as by coach ; but 
three hours being allowed for accidental stoppages by the 
former, the coach will travel the distance all hut fifteen miles 
in the same time ; if the distance were two-thirds as great as it 
is, and the same time allowed for railway stoppages, the coach 
would take exactly the same time. Required the distance. 

31. J and D run a mile. First A gives B a start of 44 yards 
and beats him b}' seconds ; at the second heat A gives B a 
start of 1 minute lo seconds, and is beaten by bS yards. Find 
the times in which A and //can run a mile separately. 

32. A and Ji start together from llie foot of a mountain to 
go to tlie .summit. -I would reach the summit half an hour be- 
fore but missing his way goes a mile and back again need- 
lessly, during wdiich, he walks at twice his former pace, and 
reaches the top hix minutes before B, G starts twenty minutes 
after A and />, and walking at the rate of two and one-seventli 
miles per hunr, arrives at the submit ten minutes after 7/. Find 
the rates of walking of A and B, and the distance from the foot 
to the top of tlie mountain. 

33. A railway train after travelling for one hour meets 
with an accident which delays it one hour, after which, it 
proceeds at three- fifths of its former rate, and arrives at the 
terminus three hours behind time; had the accident occurred o() 
miles further on, the train ’would have arrived I hoar 20 
minates sooner. Required the length of the line, and the 
original rate of the train. 

34. A railway train running from London to Cambridge 
meets on the way with an accident, which causes It to diminish 
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its speed to -th of what it was before, and it is in consequence 
n 

a hours late. If the accident had happened 6 miles nearer 
(yambridge the train would have been c hours late. Find the 
rate of the train before the accident occurred. 

.‘^.5. A shop-keeper on account of bad book-keeping, knows 
oeitljer tlie weight nor the prime cost of a certain article which 
he iiurchased. Jie only recollects that if lie had sold the whole 
nt per lb. he would have gained <£5 by it, and if he had sold 
it at 22.*?. ])er lb. be would have lost £15 by it. What was the 
weight and prime cost of the article I*' 

36. The rent of a farm is paid in certain fixed numbers of 
quarters of wheat and barley ; when wheat is at 55s. and barley 
•it .33s. per quarter, the portions of rent by wheat and barley are 
equal to oneanotlier, but when wheat is at 65s\ and barley at 
41s. per quarter, the I'ent is increased b}" €7. What is the com 
riMj t ? 

37. A train 60 yards long ]>assed another train 72 yauls 
long, whicli was travelling in the same direction on a parallel 
line of rails in 12 seconds. Had flie slow’er train been travelling 
hair as fast again, it would have been passed in 24 seconds. 
Find the rates at which the trains were travelling, 

38. A and B run a race round a two-raile coarse, Tn the 
first heat i? reaches the winning post 2 minutes before .1. Ju 
the second heat A increases his .s])eed by 2 miles an hour, and 
L* diminishes his by the same quantity,- and A then arrives at 
khe winning post 2 minutes before 7?. Find at what i*ate each 
ran in the first heat. 

39. A and B run a mile. At the first heat .1 gives B a start 
of 20 yards and beats him by .30 seconds. At the second heat 
A give.s B a start of 32 seconds, and beats him by 9/y yai'ds. 
Find the rate per hour at whicli A runs. 

40. A railway train after travelling an hour is detained 15 
minutes, after which, it piweeds at three-fourths of its former 
rate, and arnves 24 minutes late. If the detention had token 
place 5 miles further on, the train would have aridved 3 minutes 
sooner than it did. Find the original rate of the train and the 
distance travelled. 

41. The time which an ^xipress train takes to travel a 
Joarnef of 120 miles is to that taken by an ordinary train as 9 
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to 14. The ordinary train loses as much time in stoppages as 
it would take to travel 20 miles without stoppinj^. The expre>s 
train only loses half as much time in stoppages as the ordinary 
train, and it also travels 15 miles an hour quicker. Find the 
rate of each train. 

42. Two trains, 92 feet long and 84 feet long respectively, 
are moving with uniform velocities on parallel rails : when they 
move in opposite directions, they are observed to pass each 
other in one second and a half ; but when they move in tl.e 
same direction the fiister train is observed to pass the other in 
six seconds ; find the late at which each train moves. 

43. A general finds that his cavalry with half his ai tiller y 
and infantry together, or his aitillery witli one-third of his 
cavalry and infantry together, or his infantry with one- fourth 
of his cavalry and artillery together, make up the same number 
of men ; viz., 5,950; how many men were there in each aim ot 
the service ? 

44- Thei^e is a certain number of tliree digits whicli is equal 
to48 times the sum (»F its digit.s, and if 198 be subtracted from 
the number, the digits will he reversed ; also the sum of the 
extreme digits is equal to twice tlie middle digit; find tLt 
number. 

45. Three case.s of o'ccds cost. 4,000 ; they are sold again 
at a profit of 2, 3,4 per cent, respectively, and the wliole profit 
is 3 per cent, on the total cost ; if the first and second cases had 
been sold for Rs. 5 more each, and the third for what it had 
co««t, the profit would h.ave been 2 per cent ; what w as the cost 
of each case ? 

4G. In a school consisting of 3 classes, there were in the 
second class 5 per cent., and in the third class 10 percent., more 
than in the first class. In an examination, each boy in the first 
class occupied thrice, and in the second class twice, as much of 
the examiner’s time as each boy in the third. The examination 
then lasted 31 hours. In the next year the first class had 
doubled in number, but each boy only required J of his former 
time, there were 10 boys more in the second class, and each boy 
in the thir d class occupied hour more than he did before. 
The examination now lasted 43 hours. How many boys were 
there in the school at first? 

47. A person starts from A to walk to B, and after he has 
^one 16 miles, another starts from B for A and walks at double 
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the rate of the former. Thirty- two minutes after they meet, 
the slower of the two halts for two hours, and then does the 
remainder of the distance in 4 hours and 48 minutes. The other 
proceeds without stopping* to A and immediately returns to B 
which he reaches 4 hours 24 minutes after the other. Find the 
distance between ‘J and 7?, and the distance from B of the 
halting place. 

48. A and B start from opposite corners of a square and 
run round in the same direction. If B stops for a certain time 
at every corner he will be caught by A when he is just com- 
?iiencing his (u + l)th circuit ; but if B runs continuously and A 
stops the same time at each corner, .1 will be caught when he 
is just commencing his (m-f l>th circuit. Shew that A*s velo- 
citj : /i’s velocity as 44- : 4+ //i”’ . 
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(,>rADRATIC P^^^UATIONS, 


151. Quadratic Eq[Uati0XlS are those into which the second 
power of the unknown quantity enters, with or without the first 
power. 

If the second power of the unknown quantity alone enters, 
such equations are called Pure Quadratic PquafiMis ; thus 
= 25 and — h = are pure quadratic equations. 

If the first power as well as the second power of the un- 
known quantity be involved, such equations are called Adferted 
Quadratic Equations', thus f*H-2r=.‘> and aa5* + 6r = c, aie 
adfected t(uadratic equations. 

152. Pure Quadratic Equations are solved in the same 

Liaiiner, in every respect, as simple equations, except that, at 
the conclusion, the S((uare root of each side of the equation ha.'^ 
to be taken. The si^ns+ and— are prefixed to the root, becaust 
the square root of a quantity may be either positive or negative 

Ex. 1. Solve 12.*- 16 = 281. 

12®® = 284 + 1G = :100. .% = 

' = >^25= i.>. 

+« = q-5, — .= +5 and — j’= — .*>, 

l.€>, sp= -f-5 or — 5, t,e , = i5. 

Hence it follows th€U>.iwhen we extract the 8([naic* root 
the two sides of an etiuation, it is sufficient to put the double 
si^n before the square root of the right liand side. 

Ex. 2- Solve 26x*q-a — 4 =ra’* — 5 + d— 

2^05* — c.T* + Zoj* =d — 5— rt4-4 ; r; =d — a— 1 


d - a~\ 


' ~ Zh-r ’ ■' 

Ex. 3* Solve u + v'a;* — a* = 


2u* 

Vsr^ — f/ * 

or rV'.c* — =2a*, or arv'*® — a* — ar*. 
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Squaring, = — «*)*, 

or ic* — a*a?* = 9a^ + a;'* — or 5a*a;“ =* 59 ^*, or 5a;*s=9a*5 


or aj* 



a 



EX. 4. 


Solve 


h — >/ b* — I * 


h — — b — \^b^ — 

& 

\^b^ — X* a- 1 b 


(II of Art. 132), 

I . _a — 1 
0+ 1 


, 6 * — O’. _ /rr — 1 \ ’ , 

'*“&» \^V ' I*' \a+l) ’ 

*• h» ‘ V«+l/ (a+ir‘ 


• • 


_ 4 al. • ,= ± 


EXERCISE 66. 


So’ve ^lie following equations 

— 

1. (a; + 3)* = 6/ + 10 

2. a(aj+l)+(a:-3X.r + 2) = l 

9 0 

3. / +^-=5 

4. (.i + a)* + (»— a)* = 3a*. 

5. ^1— =9 

12 

6. hx- — =0. 

X 1 — 1 

X 

n / + 2 __ a? + 3 

^ .r— 2^a’+2_^t +3 

* 2/ + l~3i.+ l‘ 

ar + 2 ~t — 3‘ 


0 , t * + 16 ^ ‘t’ t =!*• 


10 . ^/ 4 x* + ^»—^'' 4 :,^— 7=2 

11 . V^^Tl 3 -%'.‘‘ 11=2 

12 . .v/r+ 4 . + v'T-a; * i/ 2 . 
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13. a!+v/a»+ 




14. 

^+2 t 2 .1 — 1 


15 


v^cC+ 2(1 — V aj— 2a 


V'a; — 2a-|"^'^»+^a 2a* 


• 3x— v'9*'-4 

2j' + v/47^— 1 , 

IS. -- ,^=1^ = 4. 

2x — v'4«* — 1 


n -v/n* — *• as 

17. H = ,• 

.1 X 0 


19. 


V a'^ + a* + a 6 
a* +ir*— a c 


OQ + »* _ <• 

v^a®— a* + v't^+a* li 


21 .- 


J 


a— v^a*— o + Va* — a* 
o o 


.r+\/2 — x‘‘~^te—-/2 — a* 

2.1. 25a:{v'a+.e*)— a-} =3. 

-*• ''f- VC^t“)' 


153- Adfeoted Quadratic Squatious. 

The most general form of such equations is ax^-\-bx 
where a, 5, c are known quantities, positive or negative, integral 
or fractional. 

Dividing both sides of the equation by a, the co-efficient of 

a 1, , bx , r 0 2 . h . C n a 4 

r*, we have — + + = ,or*i*q-x+ =0, ora*-b~x 

a a a a a a a 


= — ^ or aj*-b2. ^ 

/* *Aa. fL 
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To make tbe left side expression a perfect square, we must 

add or AddinB-^ to both sides, we haye 

\2aJ 4a* ^4a» 

a;* + 2. - T“a = 

2a*»i« 4a* 4a* a \ Za/ 


4a* 

Extracting tbe square root, 

, b , \/(>* — 4ar — h^'\fb^—4!ac 

^ + 2^= ^^2^ - “• - - 2a 

Vo/<. — The (juniitity to bp added to to make it a complete 

( h \* 

2a) * 

From tbe preceding we derive tbe rule for tbe solution of 
an adfected quadratic equation : — 

“■ By transposition and reduction arrange the equation so that 
the terms involving the unknown quantity are alone on one side^ and 
the co-efficient of x* is+ I ; add to both sides of the equation the 
square of half the co-efficienf of x, and extract the square root of hath 
sides 

Ex. 1. Solve- 3(r* + 36r- 105 = 0. 

Changing the signs, 3«* — 36a;-f 105 = 0. 

Dividing by 3, <r* — 12*r-{-35 = 0 or a?* — 12aj = — 35. 

Adding to both sides the square of half the co-efficient of a*. 

Extracting the square root of both sides, we get 35—6= il. 
.% a’ = 6+ 1 or 6 — 1, Le , 7 or 5. 

We may make use of tbe formula x = — and 
get tbe values of x thus : — 

In the equation — 3*r® •f36sB— 105 =0, a=— 3, 5=36 and 
c=-105. 

Hence putting these values for a, 5, c in the formula, we 

. -36 ± v/36*-4x(-3)(— lOT) _ —36 ±y/T296'- 1260 

^ -6 — 6 ■ 

— 36±v':l(j 36±6 


—6 


—6 


- or i.e., 7 or 5. 
—0 —6 
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Ez. 2 . Solve + | 9 a’+ = 0. 

Transposing, = — g.* 

Adding to both sides the square of half the co-eilicient of 
X, i.e., we liave x* + 'px+'^=S^—q. 


or 



““"4“ ^ 




2 


Applying the formula (A), and putting 1 for a, p for 0 and" 


€j for r, we get .< 


— — 4*9 

_ 


(the same values as before). 


Ex. 3 - Solve a;*— 2ca?=rT*. 


.*•* — 2c» + 




a 


or a’* — 2c#*+ c* =a*H-c* or (a — c)*=a“ + c“* 
/. ,t — c= ± Va*-f c*. .% ./ =c±\^a^-fc*. 

Applying the formula (A), , j? , 

td 


= r 4:v'c*4-a’*. 

Ex« 4- Solve 3a** + 2a’ = 45G or \h *4-2^—150 = 0. 

Here a = 3, 5=2 and c= — 456. 

Hence by the formula ^(A), .< = — 2^^^+ l^x 4.)() 

2i74^j2 or —12=. 

6 

Ex* 5 * Solve ^ = 

.r +1 a’ (» 

.% C{ar* 4(a?4- 1 )*j = I3a’(«+ 1;, 

/. 6 . » + 6.1 »+ 12a; + 6 = 13t* + 13i*. /. *-r + 6 =(>,. 

«;*-h«-* 6 = 0 . Here u = I, 5=1 and c = — 6 . 
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Ez. 6. Solve- ^ = -i-. 

X — a X — b X — c 


Mnltipljing both sides by {x — aXx—h){x—c)^ we have 
(a:— i)(aj— c) + (a— a)(a3— rj = (a5— a)(./ —h)^ 
or «* — (&+ c)a;+ 5r*f — (a + r)a5 + ar = ii* — (a + b)9’¥ah^ 
or ir*— 2c»-f'^c + ar— a6 = 0. 


2r i v^4c‘*— 4(fcf -hac — ab) 


{by formula (A 


sriv'r* — 6c — flC-f-a6 = rdbv^(r — aX< — 6j. 

Ex 7 


sohe^U' 

./ — I x-h 1 rt — 1 a + 1 


Puttiugj/ for and // for wc Inive »/+ - - ?»+ ^• 


+ Jj2/ + l=o 


() 




Hence 


a; + l 
a — I 


a -h 1 

f 7 -l 


+ l^a - 
1 (T + l* 




= b or 


1 

V 


. — l_a4-l-^'^ — I g? -h 1 4“ 1 _ o — 1 4- a 4-1 

*’a5 + l — a4'l — a-t-1 jp + I— ar-fl a — 1— a— 1 

•*• .r = a or p’ = — a. 


Ex. 8. Soi ve (3*- 1)( 4a 4- 1 ) = 0. 

The equation (3jr— l)(4ai+ l) = 0 states that the product of 
the two factors (3ar— l)'and (4*4- 1) must = 0 ; and it is required 
to find what values must le substituted for a* to produce this 
result. 


Now it is evident that if one only of the factors be made 
equal to 0, then the product of the two must^O, whatever the 
other factor be; hence, if we can tind those values of which 
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make each factor separately equal to 0, both of those values 
will be roots of the equatiou. 

Therefore, to solve the equation, 

(i) put 3a;— 1 =0. •% 3a; =1, a; = J. 

(ii) put4a;-f'l=0. .*• 4a*= — 1 aj = — 

That is, \ and — | are the two roots of the equation. 

Generally, if an equation can be put in the form (z— a) 
X (z-b)=0 the roots of the equation can be at onoe determined 
.by putting each factor separately =0- 

Ex* 9* Solve Vx+S+ Vx-^ S = 

Squaring both sides, a:+3+ . +8 + 2,/(*+3X* +S) = 25c. 

Transposing, 2v'(x+3)(a: + b) = 23( -11. 

Squaring, 4(i +3)(( +8)=(23x — 11)* 

or 4.i,» + 44*+ 96=529.1’* — 50G. + 121 

Qi* 525«r* — 5o0 1 4 " = 0 or 21 * * 222 + 1 = 0 

or(2U—l)(x-l)=0. 

.*. fi)2l*— 1=0. 21a’=l. x=a’, . 

(ii) X - 1 = U. .r = ]. 

Therefore the roots of the equation are 1 and 


Ex 10. Solve * 

x-^vx + i 

< 4" + 1“" ® + >/ 4“ I 


"’ll' 

r>4-n 

11 — 5 * 
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Ex. 11. Solve (7- V3>»4- (2-^/3)a; = 2i 
Transposing, (7 — 4 v'3).c® 4- (2 — v'3).r — 2 = 0. 
7-4v/.3 = (2-^3)». 

Applying the formula (A) of Art. 152, we have — 
2(2 -^/3j^ 

_-r2-^3)±3f2-y.‘})_ J 2 



- 2 ( 2 + ^ 3 ). 


EXERCISE 67- 

Solve the following equations : — 


1. 

a'“ — 2a- = 8. 

2. 

a-^'-U. =120. 

3. »» +32.1 =320. 

4. 

..*+7a- = 8. 

5. 

.t-“ + 10* = 2U. 

6. a» + llla-=3400. 

7. 

5^1 a 
«-=-+ Cf'. 

3 12 

8. 

2a = 4+®. 

9. 2a-» + l = ll(*+2). 


10 . 11 . - 1^1 = 2 . 

4 o 


1 


12. — =(*. 13. 

3 a+3 2< + 3 ,.—1 2* 


~ O 

X -h A’ ^ ( 


14. 

i ^ 

1 

1 to 

1 

.r ' 2 

1«>. 

12 4 __ 32 

5— .4 4 — X a’-t-2 

16. 

1 

1 

17. 

5,1’ 3i-— 2 __q 

.<-1 . 

f 4" 3 »15 


a’q-4 2a; — 3 

18. 

^j:-J+ 

JC 

4.1-10 ., 

^ = o 

.<4-5 

L 19. 

x — 7 ,< -f- 6 .f* — a — 42 

20. 

1 4 

1 _ 

1 

21. “’+-=*' + ^. 

ah — ax 

be— bx 

cd—a.i 

axon 

22. 

X 

a^l 

a 



23. 

.i*4.2a.c = ^* — a*. 

, 24. 

a»+a(l+3i).i + 3o*i=0. 
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25. 

(a — t ) ® — (a —.r) + (.v - 

jl^ 

1 

M 

26. 

rt*(a— 6)«=6»(e-o)* 



27. 


[ 



< *f a c~^a 

4-/v 


28. 

'+ =0. 




a aH-a* a-4-2a; 



29. 

(^2a -{a-^-h — 

2.)" + ' 

— h)^ =0. 

30. 

,r ^ 

31. L' 

-f7 <‘+(,~iy _:> 

j — b ( — a q 


iri — sr)(b — 0 2 

32. 

X -hn — h __a /a a 
/— 6\t4-^a4-6/* 



a 4- 4- 2 6 _ /y — 2a 4- 2 # 



OO, 

.<+a— 26 6-f2a— 2. 



34* 




(y 4-a/— (»— 6)^ 2a6 


3.”.. 

" ^ _ 2r 

3<) 

’ + \=-^l 


a? — a <— 6 a’ -6* 

t 

— a ( —h a b 

37. 

/ — a af — a* 4- A* 
t — b t — a (tb 

o'' aZ/ 1 ® — {a^ b*)x-\- ab = 0. 

.39. 

c» = {a b) > ^ 

40 

r.-l) _(a-t-3y. -^4) 



( 

'4*i (i 4*2) (<4“»>)(^<4"t)^ 

41. 

-+ ' + \ = 

*> 

4. 

J ] 


< 4* (X < 4" 2(1 .< 4" oci 


a 4- 0 4- » Li b a 

4J. 

('•itt* 4-^*)(ic^“^^4- 1) = 

= (36»-t-a^)(a:»+a-+ 1). 

44'. 

(ay — i!;)(6A— aj = c*. 



45. 

a4-a^^ 4-6^r4-^’_g 

46. 

a:4-4v'ir = 21. 


a —a a— ^ a— C 



47. 

a.4-V'5«+ 10 = 8. 

48. 

a:— 2^/(x * +.1 + 5)— 14 = 0. 

49. 

2*+ v'4*4 8=^. 

A 

50. 

\/2a:4- a + v^a;— a = 
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51. 

52. 

53. 

54. 


56. 

57. 

58. 


59 

60. 

61 


63. 


61. 

6 .".. 


66 

o7. 

68 . 


71. 


72. 


73. 

74 . 


’>/ x+ 8— v^a/+3=Y^ar. 

('4-2v'.3)a:> -(./3-l>= 2. 

-(2 + ^3)x + (7+4y3)= 0. 
(27- 10v'2)»» + (5-^2)»- 2=0. 
9 + v^j:— 4= v^Oa + l. 


V •<■+ 4—\/2^ — 9=\/* — 1. 

3® + 4 + -n/ 2.»' + 2 = 10® i" 1 1 . 
V3x + 3 — V® + 5 = \/®— 7. 


\/®+l+'s/2®+3 = V^bt + l, 

+ 2+v^6i; + 2 = v^l2i + 21. 

;/5- 

b y/a-\-z-\'b 

t 1 ^ < + 2 _ O ^ 
i *■*” X 4ii““ .2 < «> 


< +v'o + u; = 


12 

-n/ 5 + .< 


— 1) — v/C ^ — 3)—y(3a5— 2). 

+ 6 ?•* +(^4-12 
a+ 1 a; + 4 ^ +2 ”7+5 

+ a b)=y/b, 

{d + (7)(< +m2^)r?>w — 6) = (?h< + a)(i + 6)(r— 7nrt), 


“i-i 


• 

,4— aj 


ro l1 1::l! 

a -4 .1—3 Of— 1 *— 2* 

70. 1 -a;+.t* = J~^(l+a5* + a;4), 


gg^l flg~l_4a’— 7 
«-l ff+i 2T^* 

a;(c~./2-^/3--3)+V2+/3+2 = 0. 

7n*— n* . Tjm 

= a: + ^ 

771* +f4* (/yi* — ;i*)aj 


a + m 
aj—m 


, .t’+ 1 

+ W ; + 

aj— 1 


’’‘+;=o. 

7»l— 1 
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1 — ax l^Lc X — -n/j*— a® a 

v^ (l + a;) + v /(] — <e) _ 

^/(l + sr)-v'(l— .r) 
x/(ax + h) — a/(1)x + a) — iij(a + b). 
i^{2^*(x+ 1)+10*+1} =2*+ 1. 

3--v'('a:* + fe) 

l + a+v'Oi'+B)’ 

*154- Belations between the Boots and Co-efficients- 

Let a and 0 be the roots of a.r* + 6.i +f=0 ; then 
ns= i(— — 4at) and t— \/i* — 4ac). 


75. 


7P. 

80. 




r' e have a+3=£^ (—b+V b^ — iac —b— \^b‘—4nc) 

JdCl 


= — ~ and a3= — — 4fTc) X ^ ( — h—\^b^^kir) 

a la 2rt 


4a 


— — 4flr)} 


Hence the following relations • — 

i. When the co-eficient of x® is uuUny the sum of the roots 
^the co-efficient of the second term icith the si(jv chariged. 

ii. The product of the roots is equal to the last term, 

^155. If a and file the loots of .t® + = (), then the 

expression +pt ~hq= — 

Since ps= — (a+/:f) and q==a3* 

•*. X* +|?c + (/ = aj® — (a + ,'?).t’*f a;3 = (*)’ — a)(/ —,i). 

Hence we can resolve any quadratic expression into two 
factors. AYe can also form the ef[uation of wliieli the roots are 
given. 

We shall work out a few examples on the preceding 
articles. 

Ex. 1. Find the Bum and prodact of the root.s of — 
6**-7»+9 = 0. 

If p and 9 be the roots, p -4 7 = ’ and p 9 (Art. 1,54). 

• May be omitted on first reading. 
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Ex. 2. Form the equation whose roots are — and 8. 
The equation is {a>— (— 3)} {a?— 8} =0 or ir* — 5/ — 


Ex. 3. Resolve into factors 12»* — 5jf — 3. 

The expression = 12 (.t^ — 4 )• 

The roots of the equation — | = 0 are 

l(A±AVi:+^)=KTV±l»i;=4 or -! 

/. the factors of u* — tV^— I are (a?— |) and 
/. the factors of 12(*r®— -]) are 12( / 

" =(4*-3j(3aj+l;. 


Ex. 4. If a and /3 be the roots of az'^ + 6a’-hr =0, 
value of fTf^ + 3* and + in terms of a, h, r. 

We know from Ait, 154, a-h^= — ^aiida/i = ^. 


o‘‘ + ^(»=(a + >3)* -2«/3= f -'^'V-2‘‘=^— Hi'. 

\ a/ a a* a 

a>+,3^ =(a+liy —3aa(n +,i) = = 


And the 


_b^'Abc 

a*' 

Ex. 5 Given owe root of the equation (&“r).T* + (c— a).i 
^ ( — 0 = 0 to be 1, find the other root. 

The product of the roots is and one root is 1. 

b—c 


the other root is 


a~ b 

ft—/.* 


EXERCISE 68. 

Write down the sum and product of the roots of — 

1. *•— 5aj + l = 0. 2. 3cr*-|-7rc+3=0, 3. 4a'*-f-3 = 0. 

4. 5a5* + 7ir = 0. 5. (a + 1)^ * + (a*— l).r-f.a» + 1 = 0 

6. (a»-6»).i^ + (6»-c«>-hc«-*a« = 0. 

Form the equation whose roots are — 

7. 4 and “"3* 8# *~ciaiid h. 9. — n+l and fl-f*! 

17 
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10. a — h and h — c. 11« — a 6 and — he. 12. 2-f-/y/3 and 
2-^3. 

If a and be the roots of = find in terms of 

rr, c the values of — 

13 . ^ + 14 . 15 . 16 .^+^. 

a & Ha Ha 


37. a»— a/^ + /i*. IS. 19. a*+a»/9®+/»*. 

Kesolve into factors : —[See Exercise 22 for more examples]. 

20. (a* — 6^)a;* -f (6* — c^)»r+c^ — a*. 

21. a*® + (a— r)a?+ (a— b)(6 — c). 

22. — 2a)a;^ + (c-f-u— 26)ap + a + h— '2c. 

23. r>*4-Z/(c— aV + r(a~6). 24. «»— 8u; + ll. 

25. {a + hy A' ab(a + hY . 

26. .r* +(ct— — a5(a — 5)®. 



CHAPTER XXVII. 

KC^llATlONS SOLVED LIKE QUADRATICS. 

156. I. Equations of the form ±p x'^=q. 

Ex- 1. Solv^e ^ =16. /. ® — 16=0. 

Patting y foi x^, we have ^*—6^— 16=0. 

/. 2 /= + = or —2. 

m\ ' ^ = 8 or — 2. •*. x~ db\/8 or — 2. 

Ex- 2- Solve cC®-* 4a;'* =21. .o®— 4ap** — 21=0. 

3 

Putting y for a;**, we have -4y— 21=0. 

••• 2 / = K^i^/16 + 84) = -’(4dblO)=7 or —6. 

05“ =7 or —3. •*. aj = (7)^ or ( — 3)^. 

Ex* 3* Solve 2\^a-f 4. = 4. 

•*• >/rt -+• .t — 2^^ a + a; — 4 = 0. 

Putting y for Va +x, we have y* — 2y — 4 = 0. 

•\ 2/ = 1^) = 1 v^a + 05=1 ±x/5. 

a-jrx = (l±y/b)*, .(=(liV'^)* — a. 

Ex. 4. Solve 4 + 2' + ^ = 80. .% 2» ' + 2 . 2^ - 80= 0. 

Putting y for 2', we have +2?/ — 80 = 0. 

/• (y+ I0)(y — 8) = 0, .y = 8 or — 10. .*• 2" = 8 or — 10. 

/. 2^ = 2». /. /=3, 

11- Equations of the form X“‘dbpX"=q, (in which X 
trepresents any simple or quadratic expression involving the 
unknown quantity). 

Ex- 5- Solve 3a;® + 15 < — 2 = V^^*'+-5a’-4- 1. 

/. .r® 4- 5. -2-. Vo;* + 5a; +1=0. 

05® + 5a’+ 1 — 'I'x/aj* + 5a; + 1— =0. 

Putting y for \/.t® + 5i;+ 1, we have *— iy— ® =0- 
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/l4.20\_l/l , v'6l\=l±>/6l 

—p (suppose). 


/• y / «“ + 5.c-f 1=^. /, a;®-p5«+ I =2^^* 

/. .r^ + ar + l-p^^O. A {— 5i^/2'5-4(l-p^){ 

= 4 {~6±v^(2r+Tp")}. 

Ex* 6* Solve («^ + — 40aj— 84=0. 

.% (.T^ + 5r)2-8(a** + 5a;) -84 =0. 

Putting y for .» ® + r)x, we have — 8?/ — 84 = 0. 

.*• (y — 14)(2/ + 6) = 0. y = 14 or — 6. 

/. x^’¥ 5,r = 14 or --G. /. + 5a’— 14=0 or ^ + r).T-hG = (). 

.% {x+ 7)(.t‘-2) = 0 or (..•+2X' +:^) = 0. 

•*• a; = — 7 or 2 or — 2 or — 3. 


III. Equations of the form (x+a)(x + bXx + oXx+d)=p 
when the sum of any two of the quantities a. b, c, d. is equal 
to the sum of the remaining two* 

Ex* 7. Solve (a. + l)(a’ + 2)(a5-p3)(a;4-4) = 24. 

Since 1 + 4= 2 + 3, we multiply together the first and last 
factors, and the second and third ; hence 

(a* + bx-h4>)(x^ + 5a+G) = 24. 

Patting y for a* -+ 5a + 4, we have — 

;/X2/+2)=24. .% 2/* + 2y— 24=0. /. ( 2 / + 0)(7/— 4) =0. 

•*. 2 / = 4 or — G. A w* + 5a’+ 4=4 or —6. 

♦*. a:* + 5ir=0or + 5a: + 10 = 0. .••a; = 0or— 5or.V( — 5iv'— 15). 

Ex* 8* Solve (a:+3)(a;+ 5)(a;-4)(aj-6) = 280. 

Since 3— 4=5 — 6, we multiply («+ 3) and (a;*— 4) together 
and fir + 5) and (ic— 6) together; hence 

12) (a-" -a;-30) = 280. 

Putting y for — »— 12, we have 18)— 2SC=0. 

^a- 182 /- 280 = 0 . ••• (y“-'28)(y+ 10)=0, 

.% 2/^28 or — 10 . •% a ?®— «— 12 = 28 or — 10 . 

aj*— a!-'40=0 or a:*— 'jc— 2=0. 

.*. 2or -1. 
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IV. Reciprocal Etjuations. Every equation of the form 
+ a = 0 in which the co-efficients of the terms 
equidistant from the beginning and end are equal is called a 
reciprocal equation^ and may be solved as a quadratic by divi- 
ding both sides of the equation by 

Ex. 9« Sol ve — 3x ^ + Ijoj® — ox +1 = 0. 

Dividing by »“, vve have + 4 — ' + =0, 

or + “ + 2—S^x-h + 2=0 

Putting ij for x + ~ , we have — 

.y*'“% + 2 = 0. (y— 2)(?/-~'l)=0. .*• y = 2orl. 

.*• ci’-b^==2orl. .V . 1 ’* — 2ajd- 1 =0 or .ij* — ./'-f 1 =0. 

^ — If 1)^(1 db'V^ — 

Ex- 10* Solve — =0, 

Dividing by we have a;* + .* - 1— - 4- \ = ^ 

or . 1 * + 2 + — ^ + 1 = 0. 

') + 1 . 0 . 

Putting y for , we have y® + ?/ + 1 = 0. 

,r 

^ = ^(— 1± ^ ^i(— l±x/— 3j=2J(8up. 

pose). 

•% c<;®— 2?a;— 1 = 0. '<^= +4), 

A 

Ex. 11. Solve (;»+l)'^ = 16(aj» + l). 

Dividing by aj+1, wehave (a? + 1)* = 16(.t* — .ji* + .c*— a?+ 1)- 
Reducing, 15.<;^— 20.^? + lOaj*— 20.(;-|- 15 = 0. 
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Dividing by5<®, — 4t + 2— -+4=^^ 

j ,> * 

*n 3(»^+ ^^j-4^a-+^j+2=0 

'-4('+J)-4=0 

Putting ?/ for a -f ^ , we have 3?/^— 4jy - 4=0 

X 

^ ?/ = ^(4i:^) = 2 or — /. JtJ+^=2oi — ^ Whence 
o 3 X o 

we find .^ = 1,1, — 1 h2\/ 2), besides -1 wliicli corresponds 

• I 

to the factor (a + 1) which we took out at first, 

V. Miscellaneous Examples. 

Ex. 12. Solve v'a:*~-5.r^4-f \/x^ — 4x + x+ 1 (A) 

Identically, ( ♦ ^ —533+ 4)-~{.* 4a' + 5) = — (* + i) (B) 

Dividing (B) by {A), \/f +4 - 4* +5=- — 1.(0 
Adding (A) and (0» Sv'a?* — 5.7^4= 

4(.*2— 5;r4-4)=.^ /. 3a2— 20.-Hir>=:0. 


'=~(20±4N/13j=|(10i2'^13). 

Ex* 13- Solve v'.i “ - 6 1 + 1 .'■> + v', . — 6 1 + 1:> 

= ^(10)-y(8) {A) 

Identically, (<“— Gi +15)— (i* — Gi + 13)=2 = 10— 8 (B) 

Uividing (B) by {A), v'.). — 6<-+]5— V' i ® — 6 1 •+• 13 

= ./(10)+v'(8) (0) 

Adding {A) and (('), 2v'.r*— 6. + 15 = 2v'(10)- 
... .,8— 6, + l5=10. /. .8-6. +5=0. 

(■' — 5)(.( — 1)=0. .1 =5 or 1. 

Ex. 14* To find the cube roots of unity ^ 

Let =1/1 ; then ’ ==1, /. .<•* — 1 = 0. 



XXVII.J EQUATIONS SOLVED IJKK OrADRATlCS. 26^i 

or (x — l)(u;® -f iP4-l) = 0. X — 1 = 0. /. aj=l. 

Also .T^-haj+1 =0. /. .1 — .[(—1 ziz'^— 3). 

The cube roots are 1, — '’and ^ 


If — — - be denoted by ?r, then 




. 1 - 3 - - 1— -v/ 

■ ' 4' 2 • 


Hence hnaifinaru root 

— 1 +%/^ 


the square of the other. Also L -f ?r + it;** = 1 + 


2 


-b ^ — - =1 — 1 = 0. The svvi (f flit roots =0. The p'io- 

duct of the roots, i.e , IXwXtc*' or jr''=lx ^ 

l + ;3 




4 


= 1 . 


Ex* 15* Solve >/.r — a -t- v^.i’ - - /> -b — c = 0. 

If ^-b <7+^ = 0, then (p^ -b^^ + =2(p'‘ + 

Hence (» — a -j- x — h x * c)'^ = 2 — a)'* -b (x — ?>)* 

+ (jc— c)*} . 

3x‘ — 2(a+ 6 -be).* =^<i^ + b'^ + — 2hc — 2ac — 2aZ;. 

/• a; = ^{a-b&4-^'dh2v'rt*-bfe®4-e’* — n.6— oe — br \ . 

Ex. 16. Solve— 

1 1 




6a;* — 7.e+2 12 £c* — 17.t'+ 6 


_ ^=8.t^-a.+ l. 


or 




] 


(2a;— l)(3a;— 2) (3.r— 2)(4»- 3) 

or =( 2.1 - l)f4.— 1 ). 

(2a!— l)*(4a!-lX4*-3)=2. 


_ = (2«-lX4a!-l). 
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Patting y for 2t — I, we have y*(2y+ i)(2y — 1)=2. 
t/»(42/*-l)=2. 4y*-y*— 2=0. 

2 /» = i(l ±^/33). y = 

2, -1 = ±'^i(l±v'33). »=* { I ±'^Kl±^3ij)| . 

EXERCISE 69- 

Solve the following equations : — 


1. 

— 2a;* =48. 

2. ^*-2®» + ,.-=132. 

3. 

2a5* — 7a’® =99. 

4. — mx“— p = 0. 

5. 

a; -f” 6^/ (T = 27 • 

G. ,-1=24-4- 

7. 

(a;4-?n) ^ — 5(m®- 

— .•«*) ■* = — 4(t» — .c)^ . 

S. 



9. 

a;« + l=0. 


10. 

(1 + a;^) = a('l + # 

)♦. 11. 2.'/l-.7*=o(l4-'*). 

12. 

5--'H-6x5'=775. 

13. 3" 4- 2x3'^ = 783. 

14. 

7‘-' + 2x7"=r63. 

15. IV +21 X 11=^=143. 

16. 

.('* 4^ 5,<' + * + 5*'+ 74-3 — 0. 

17 

, ( 3 ) 4 . y., » + 9 , .,13= 3(9— 4<). 

18. 

( * 4" * — 5 = 11 

. 19. .“-S®— 2v^.«»— 8.+40= 

20. 

** — .1- + 3 V2.( * - 

:3^4:2=;‘’4-7. 

a 

21. 

2,»— 

S =4» + 9. 

22. 

— 7.( +y/x* — 7 

a +18 = 24. 

23. 

®»4-3=2v'(®'*- 

2a; + 2) 2 a? . 

24. 

5^/*»-H5.f4-28 = 

a;* 4- 5*+ 4, 

25. 

(.« 4- 5)(.. —2) + 3‘/..(«4- 3) = 0. 

26. 

,((® + l)-t-3y2«* 

+ 6 r4- 5 = 25 —2®. 

27. 

^(,u*-2.t; + 9) = 

o . *• 

O ,6 + ^ • 

2 
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00 

. »+ 3 - v'(2.«» - 3,< + 2) = -5-(.<;+ 1). 



29. 

.«» -,« + 3y(2.«» - 3.e + 2) = 7 + ;“ 



30. 

3.(J** — 2a. <5+ 5 = 2v/(3.<'*— 2aap+-4). 



31. 

— =-2-^r- (.<p+.. 'b- 

.11 a« '■ ^ 



32. 

2*^— 3x 2"’+» + 32=0. 



33. 

(9a’)'— 2(3'")(3"+i) = 3» +* . 34. 

22 '+» 4'" "■ 

= 17. 

35. 




36, 

.c* - 10*s + 120.. + 144 =0. 



37. 

ii,K* + b..'® + c..“ — b.i + n = 0. 



38. 

2.r* — 3.1 * — 4.;® + 3*+-2 =0. 



39. 

..*— 9.«» + 81..+81 = 0. 40. **+,. 

,.. 2 _ 4,.2 + .,■+! 

= 0. 

41. 

-2..'»4-2,.'®— 2..'+ 1 = 0. 



42. 

.,•■ +a, + l = 3.r»+ 





Ui 

45. 

46. 

47. 


6.C* - 4 - ~ Sb.c + 6 = 0 . 

.,<1 — 5 , 3 ^ 5 ,, 2 _ 5 ,,,^. 4 ^ q ^ 

,2, = 0 
.< * 2 .<i 2 


48. (ic-l)C«— 2)(.(^-3)(.r-4)=120. 

49. (r — 2a)(.#' — 3a)(.^’— 4a)( « — 5a) =360a*. 

50. 16-<.6' - 1) - 2) (r - 3) = 9. 

51. (.^' — a)(.^' — 2a)(.< — 3a)(/j— 4a)= 3a*. 

52. (^.f:-+fi)('<'+2a)(.#;+ 3a) (.»'+- 4a) =c*. 

5;^. -•♦ + a.<3 + 6,,*+r.,+ ‘’4=0. 

a® 


54. (.<j + a)(.ti — a)(.«^ — 3a)(.<5— 5a) =l6c*. 

.55. (.«-'3)Ct'-4)(.6'- 5)(.i;-6) =24. 

-56. (x + S)(x + 8)C/' + lS)(x+ 18) = 51. 

57. (aj + a)(.<;+-a4^)Cc+^+-26)(a;+ a435) = c*. 
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58. 2.# ^ + 2y/ + 4!X — 5 =4cT® + Saj + 5. 

59. (a? + 5)- -f ( < +5) ^==2. 60 i/2—V( — 

61. 16^(^ + l)(»4-2)(/ +8)=9. 

62. (/-2X.-3)(« -4)=6. G:\. ( . -1)(» -2)(» -8) = 24 

64. + 9 + x/3^ — 15 = v'7a'4^. 

65. \/x^ + 9 •!- y/ !i ^ — 9 = a/34 + 4. 


(> 6 . 

67. 

6 &. 

69. 

70. 

71. 

72. 


73. 

74 


75. 


77. 


78. 

79. 

80 

81. 


82. 


83. 


84 

85. 

86 . 

88 . 


y/x^ + 2aj — 1 + A^^aj^ +a 1 =^^2 + v'^. 
v' » ^ 4“ ax — 1+ \/x^ Ox — 1= v/rt + a/^>. 
+2X«+3X< +5) = 40. 

— -8 = 0 . 

2(4a;2-3/l®-~28i^ +21.1 4*5 = 0. 

(a;" 5 . 4* 7)® - (.r ~ 2)(a'— 3) = 1 

(ic^4- 0(^*+ ^ + 1) = 42. 

>/:3^ + 7 /'^5 - y/'x^ + 7® + 3 = a’— 2. 

+ v'.r^ + 4» — 3 = 2 + a/ ' . 

8’+i + 9' = 108. 7G. +2.''+2.‘' + 

JL 


,■ + ^a!a + l-|}*(u'‘ + l)=0. 

(»+2)(j:+4)(.r+ 6) =(2 si!+ 1)(.>+2)(4, + :’.) 
(.6+4)(. + 1)-5v'.(.+6) = 10. 

1 1 


2»'— 5(+3‘'‘3.*— 5» + 2 
1 1 


=6(»*-23.r+21 
_2»“ + 9. + 10 


150 


3«*+lJi«;+l0 Ox' +19 1 + 16 
(ir+3)»-2(<^ + 3) = 2.(.+l)» 

U<+V')= 0 . 

' 22>* + 9® 

(( + «j)® + (x — w)“ = ^«+ (' * — wi“) * 


(*+<•+ 10 ./(.I * + 3.1 + 16) =2(20 — I ). 

7 ’ + . V., = 72. 87. 9 ( — 3.1 ® + V( 

*» + 6^»-]2a; + 8=0. 89. , 


,2-.3i45)=0. 
__ X a — m 
m a — X 
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(.— 3 )(»- 4 ) 
(,.+3)(..+4)’ 



CHAPTER XXVIII 


SIMULTANEOUS QUADRATIC EQUATIONS. 

157. SimultaneorLS Equations : where one or more may 
be of a degree higher than the first. 

We shall work out some examples. 

Ex. 1- Solve = 

From these (a}-hy)*=49 and (x — yy=^\. 

♦-!-?/= ±7 and £c-' 2 /= il. 

Hence'+2'=n, '+2'=-7l ‘+2/; O, ”^ 1 =-]]. 

/• / =4, —3, 3, —4 and ?/=3, ~4, 4, — 3. 


Ex- 2. Solve + =97, xy=6, 

< ^-+-2/* +2/*)^ — 2x^y^, .% (oj* + 2/* — 2 X 36 = 97. 

(< *4-t/®)® = 25 .*• u?® ‘^’2/ = ^- 
From these the values of » and y can be found as in the 
last example. 


£x--3« Solve * *+ 2 /® = 3.3, «-t- 2 / = 3. 

* ^ ^ + 0/*?/^ — ty^ + y* = ^ = 11 

r+7/ ^ S 

or (<* + 7/'* + 2<®2/*)~ //*) — a’*2/* = ll 

or — a5*y* = ll, 

but /* + ;/“ =9 — 2ty, V *-b 2 / = 3. 

/. (9— 2»?/)*— *2/(9— 2iy)— = 

or 45a;y-|-70=0 or x^y^ — 9.^2/+ 14 = 0 

or (^xy — 7)(xy •-^2)^00 A ay =7 or 2 and .< + yss^. 

Hence * and y can be found. 

Note , — The following identities will help us in solving similar equa- 
tions. Tho student will have no difficulty in verifying them, 

q + 2g^ 

q + 5pq 


^ if * -^y^p and * y = q> 


ii. < * + y * =p^ — *Spq 

iii. r* + y*=:p*‘ — 4p® 

iv. a:® -t-y® =jo® — 5p* 
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i. =P®-f-2g 

ii. — 


} II O ' — ?/ = 


iii. .1'^ 4p^q’^2pq^ / n VP '?/- 7* 

iv. .T® — y^^p^ hp^q'^hpq^ f 

Ex- 4. Solve .<i®— 2 /® =211 and .< — ?/ = l. 

We know .<;® — y^ =jo® + hp^q’^ hpq^ if ,/ — //=P '' 7 /= 7 - 

Since aj— 2 /=l, .<'® — ?/® = l-f 5g-f 5g*. 

,% 5^^ + 5^ + 1 = 211 or 59 ® -f Sg'— 210 = 0 
or + 9—42 =0 or ( 9 + 7)(9— 6 )= 0 . 

A 9 =— 7 or 6 , i.e,, .vy — — 7 or 6 and — ^ = 1* 

Hence .r and y can be found. 

Ex. 5 . Solve2.— 7/=3 (1). 

6 .( 7 / + 7/^=1 ( 2 ). 

From (1), 7 / = 2.» — 3. Substituting in (2;, 

3a*^ - 6,« (2.r - 3) + (2 »'-3)» = 1. 5.1'" - 6aj- 8=0. 

f = ^L (6 i 14) = 2 or — Hence // = I or — 

10 5 ' 5 

158- Homogoneous Equations : when the terms contain- 
ing a’ and y are of the same degree in each. 

Ex- 6 - Solve «" + a: 2 /= 21 , y^^iicy=4. 

Let 7 /= 7 '.<' ; then these equations become — 
a; 2 (l*+r )=21 ( 1 ). a?"(r"-r)=4 ( 2 ). 


„ T- ' • 1 + r 21 

Hv division, = -7-- 

v^ — v 4 

/. 21r»-25r-4=0. 


/. 4 + 4 r= 21 r"-i 2 U'. 
r=^ (25±3l)=|or- 


Hence from (1), e*^l + g^=21, or a:*^ 1— ^)=21. 

7 1 

/, X = ±3, or ± . Since y—vx^ /. ?/= ±4 or =F - . 

^2 

Ex« 7- Solve 2a;" = 12 ; 3?/® 4-a;// = 18. 

Let y = vx; then these equations become — 

a;" (5r- 2) = 12 (1 ). a;" (Sr" -I- r) = 18 (2). 

T>— j:— 3r"-br 3 , _i_ 0-. __ 1 e;-. « 


By division, 


6 r* + 2 ^ = 1517 — 6 . 

-2 A 
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.% 13v + 6 = 0. .*• V — Y^(13±:5) 2 ^*^3* 

Hencefiom(l), ^ ^ = 12 , or ^= 12 . 

/ ^4 

/. ' = iW or .. = ±3. Since y =v., , 

/54 

V 11 


'/=± 


or dh2. 


EXERCISE 70. 

Solve the following equations : — 

, v^w 42 ** , X 54) 

'• »+ 

2. (.i® + 2/*)i'2/=30 ; .b* + j/* = 82. 

3. .■* + ?/• = 10 ; (..■+l)(y + l)=8. 

4. l♦ + .(■*y®+2/*=21; .ij+2/ = 7. 

5. .»+6,i!2/+172/* = 33; 3.c2/ + 16j/®=22. 

6. .■y-2/*+2*— 1/=2; y» = l. 

7. ,* + .aj—8y=l ; x~y= —S. 

8. -?-r + , --=:^:*-y=®S^--13- 

je+l 1—^ 12 

9. j!(9-,i2/)=2/(-«y--36) ; jj^(3a! + 12y— j!y) = 108(j5+y— 3). 

10. + 3!B2/— »' =0 ; (,y—a%i—y) -(.c + 2a)(.c+y). 

11. .,*-2«r2/=7; 22 /»-u;2/=— 3. 

12. x»+2/» + .-'+2/) = 26; 4(.<; + »/=3.c2/, 

13. 6..>+ 5y= ® + ®+29i; 3.. +4j/='V^ + 18f. 

X y ^ y 

14. — 1 =2 ; v'ic+l + 

15 »+?=2; j, + 3 = -2. 16. =^‘5 ). 

^ X a! + 2/: *-y=»»:M J 

17. .(,» + i/=a* ; j;+y = 6. 

18 . x— y=l ; (»‘ + *y+y*)(*“-y*)= 361 . 

19. 2a:+y=4c“; 3}— 2a:=y“. 

20. /i/+y* =3; a;*— 2 /* =6(»* + 3y“)— 27. 
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21. 

♦ 4-y =a ; as® +2/® = 5. 


22, 

(1 + m^)(x + ^) = 2?w(l + a;//) ; (1 + n“)faj — 

y)=2w{l— .ty). 

28. 

49(< ® 4-a*)(?y® + 6®) =50(aJ2/ + a6)* ; — 

o*)(3/»— 6*) 


=24(ia!-aj/)». 24. 2^»=31 

; .1 — y = l. 

25. 

4(05® + ?/®) — 5»^-t-3(a' + 2/) — 37 =0 ; 8(x^ • 

f ?/•)— 2*y 


+ 4}(x‘hy) — 47 =0. 26. 3<r — y = 5;2a;* 

4ay + y® = 1. 

27. 

Sx-h2y = 5; 4iX^ -h 9y^ = 18. 


28. 

»* + wj?/ = 126; 7j^ + xy = 19S. 29. x^—y^ 

Ii 

Oi 

CO 

1 

II 

30. 

x^-{-xy + y^ =84 ; — v' ay +2/ =6. 


81, 

a* + .^'*y® +y^ =243 ; .c^-f ay + y® =9. 


32. 

>J/a+ ^y = 6 ; .<j+ y = 126. 


33. 

(flp® + y^)(.T® +y®) =45 ; a-|-y =3. 


84. 

+ 2y* = 17 ; 30*^* — Say 4- 4y* = 13. 


35. 

+ay^ =a'* ; y® -hya* =6®. 


36. 

*%^*=£! + ^=„+6 37. ?!+^ = 



a b X y y •' 

aj y 4 

.38. 

a* — ay+y®=21; y®— 2ay 4-15 =0. 


39. 

aj^-l-y* =l4^*y* ; a5 + y=tt. 


40. 

— +,- — =1; aj4'y=«+^- 



a4'a ^4'^ 


159- 

We add a few examples of quadratic 

equations in- 

volving 

/Ziree unknown quantities. 


Ex. 

, 1 . Solve a+ y +5=a®4-y® + c® =aj®4-y® 

4 ;:®=!. 

Since .4 + t/-|-x;= 1. •*. x^ 2{xy yz 

4-^0 = l* 


and a® 4- y* + s® 

= 1. 

• o 

(ay + y^i-i- iiic) = 0. .*• xy + yz + xz^O 

• • »»• M-.(l^« 


Again, since — dxyz=^{»-^y + z)(x*-i-y^ + z*~-xy 

- yz—wz). /. l“3rt/;3=lx (1— 0) = 1. ..^xyz — O. A ajy5? = 0...(2) 
Now (1 ~A')(\ — y'){l—z)^l’—(x-\‘y'\‘z)+{xy + yz-¥zx)^xyz 
= l-l + 0 - 0 = 0 . 

.% one of tlie factors 1«— a;, 1— y, nitist=0* 

Letl--.<=0; then .(=1; .% 2/+^=^« V ‘C-|-y4-£ = l 

and from (2), ifz = 0^ /. y=0 and ;js=0. 

Ex. 2. Solve x^ + 2yz—\dw%^(\\ 7/®+2«;: = 10 (ii) 

and ::* + 2rry = 13 (iii). 
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Adding, = 

.*. aj + i/ + js=6 (iv). 

Subtracting (iii) from (i J, — 5* -f ^y[p~- = 0. 

(ic— £;)(»+ z— 2y) = 0. x-¥z= 2y. •*• from (iv), Sy= (>. 

/. ?/=2. A £t’+2=4 and from (ii), a’;: = i(iO— 4) =8. 

A .» = 3 or 1 and 2 = 1 or 3. 

Ex- 3* Solve aj + 2 /- 4 - 2 J - C ; .i ® + ?/® + 2 :® = 36 and (w+c) 

X(7/ + ^:) = 20. 

'Since *<’ + ?/ 4- 5:= 6, A aj® +2/® 4*2:® +3C< +?/)(3y-f ^)f2+ ') = 216. 
But .♦ ® +2/“ = 36 and (♦ +iJ)(y + :;) =20. 

36 + 3 X 200/- + y) = 216. A .« + ?/ = 3. 

A 2=3 V •' +y’i’2=6. 

From the last equation, + 3)(2/+3)=20. 

A .17/+ 3(.» -f t/)= 11. A .(7/ = il — 9 = 2 and aH- 2 / =8. 

A a’ = 2 or 1 and 7 /= 1 or 2. 

Ex. 4- Solve .t +t/+-s = 6...(i) ; .» *+-7/* + 'r® = 14...(ii 

and 7 /j: — a:® = 5 (iii). 

From (ii) and (iii), .» *4-7 /® +2(2/:?— .r®) = 14+ 10, 

A (7/4--)® — =24. A (^4*5+a0(2/ + ;:— 0 = 24 ; but 

a’ + 7/+c=:6, A 7/4 -;r— =4 and a? + 7/4*5 =6 

A x = l and 7/45 = 5, 

and from (iii), yz=6, A 2/==3 and ir = 2. 

Ex* 5* Solve d‘^ — yz=a (i) ; t/® — ape = ?>... (ii ) and 

z^-.iy=c (iii). 

(.( 7/:)® — (7/*— a^OC^® ^xy)^a^'^hc^ 

A ® 4 7/® + a® — 3a;7/^)=a® — //c. 

Similarly 7 /(a 3 ® +7/® +s® — 3xyz)^h^ — ac and 

i:(r®47/® +i;®— 3.t’?/») = r®— t 




— 6c 6®“-ac c^ — ab 
A each = 


V'ar®- 


.yg 


(a® — fre)® — (6® — ac)(c*— a6) 

.y/ fl 


^V^a(cr® 46 ® 4 c®— 3abc) 

^ »= ± 


a® — 66^ 


20. .?^y(a» 46 ® 4 c®— 3a6c)*^ ^ * ^(a® + 6» + c*— 3a6cy 
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Ex* 6- Sol^e + / j 7 /® 4 - /p+ =37...(ii) 


and s* 4- :rcC -f .<.® = 28 Oii)* 

From (i) and (ii), — ■^y(jc — z) = — lb. 

.% (a?— ;:)0<?+?y + ;:) = — 18 (iv). 

From (i) and (iii), — z^ ’^x{y — z)= — 9. 

(y-s)(«+'/+-J = — 9 (v). 


By division, ^ 

y-z 

Su])^^,ltut^n^ ill (ii), 


2. •* X z — 2y 2 j, »*• y — 


x + z 



/. 7 + -te-i- 48, 

and :* + ra5 + =28. Let^ = r.i ; these equations become 

.1-2(7/ - + 4r + 1) = 148. . .(^) and + r + 1) = 28. . .{B) 

T5 T * * 7r2 + 4i*+ 1 148 87 . io 2 on a 

By division, = = 12? ^ — 9r— 80=0. 

r* + ?--h I 28 7 

/• 4?;* - 3y- 10 = 0. /. (r — 2)(4r + 5 ) = 0. /. r = 2 or - ^ 
Hence from (^), + 8 + 1)= 148. /. a"= ±2. z= ±,4i 

From the or/ner value of r vve can 
J 2 :et two more values for each of .r, y, r. 


1 . 4 -f '2 ,0 

and ?/= ± = io. 


EXERCISE 71* 


Solve the followins;- equations : — 

1. + y^ + z^ = C) ; t y+yz 4* rr = 5 and xyz = 2. 


2 . 

8 . 

4. 


a® 1 . 

= — = - =.t4-//4-i:. 
cu y z 


+ ^4- r=7 ; a;(y + i)= 12 and .< 4-?/^ + z^ =21. 
£c®4’i/*-»’-® = l ; at^4- 4- Tij* = 0 


and fccaJ^4-«^‘2/*4-u2'-^ =0. 

5. ,/'4'y4^ = 0; (ft 4- c),/- 4- (c 4* a)y4- (a4-^)2= 0 ; 

.1 5 4- 2/® 4-c® = 3(a— r)0— a). 

6. ./ 4-7/ 4* ;:=6 ; ./ ® 4- 1/® 4- 2;* = 14 ; .1 ® 4-2/® 

7. .u 4-?/4-:: = 9 ; ./* 4-y* 4- 2;®=^29; ./ »4-^’4-;:3 ==99. 

8. aj® 4*2/® + 5* = 36 ; (.♦'4-^){^4--)(i?4- .t) = 60 ; (a’4-y + 

X (r?/4-?/:r4--*)=66. 


18 
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a') = h ■ (z—h){< — i)^ca; (i —r)(y—<)-ah. 

\ ^^7v+“^=0.a-+’b-/ + -=0. ^^+y^ + -J^S{a-hXh-r) 


x(c— a). 


12 *((/+-— »)=®; — ^ 

13 

14. ic» + (i/— ;)*=«> V'‘ + ^ 

15. ,9+.v:=</* + -' =“'+»''/=‘‘* 

16 ,+y + . = «+6 + ' , .^+v' + .-'=« +l +' > 


17. 

18. 

19. 

20 . 


; :+x _^+ <1 _'^ + 

a ~ b '< «“ + *>“+ c* 

(* + 2)/; = 148 , ly' +2i;=145 , ;* 

+ y^J +z^x^B^i9 , »* + '/' 

^ + y + ; = l, a»+,/+=^=15, - 


+ 2a;i/=148. 

+;* =11 ; x{y + ~)-^- 

' + +c® =19. 



CHAPTER XXIX. 

PROBLKMS I.EADINO TO QUADRATIC EQUATIONS. 

160 . We shall solve some problems which lead to qua- 
dratic equations. 

Ex. 1. Divide 15 iido two parts, such that their product 
«hali be 56. 

Let a’=one part; then 15— aj = the other part. 

By the condition of the problem, 37(15—35) =56, 
ora?®-15p+56=0. A -'7)(as-8) = 0. 

3 ’ =7 or 8 =one part ; and 8 or 7 = the of her part. 

Ex 2. Divide a given line into two parts such that the 
square on one part may be equal to the rectangle contained by 
the whole and the other part. 

Ijet a denote the line, and « the length of one part ; then a— r 
is the length of the other part. By the question, =a(a— a?) 

or.<*-faa’ — a* =0. .% a7 = 2( — v^5tx®)= “(-1±35). 

A 


— 1 + v^5) is the length of one part. 


The negative answer is the vsolution of the following pro- 
blem ; produce a given line, so that the square on the given line 
may he equal to the rectangle contained hy the lohole line 'produced 
and the part produced. 

Ex. 3. A man buys a certain number of oxen for £100; if 
he had bought 5 more for the same money, each would have 
cost him £1 less ; how many did he buy ? 

100 

Let I = number of oxen ; then — = price of each ox in 

c 

pounds'. 

100 

If he had bought 5 more, — would have been the price 

o-p < 

of each. By the question, 3— = — 1 or 100 ^ \ =r 1 

o + a?3J \375+<7 

or » ® + 5.6—500 =0, <=20 or— 25, the number of oxen = 20. 

The latter root must be rejected. 
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Ex. 4* The length of a rectangular field exceeds its breadth 
by 38 yards. Its area is one acre ; find the dimensions of its 
sides. 

Let »= the bieadth in //ayds; then .t; 4- 33 = the length in 
Ifards. By the question, sp(.»'+ 33) =4840 (one acre equals 4840 
yards) or ir® -f 33 < — 4840 =0. .< = — 88 or 55. 

The negative value must be rejected. 

The breadth = 55 yards and the length = 88 yards. 

Ex. 5. A and B started at the same time for a place 300 
miles distant. A travels a mile an hour faster than B, and 
arrives at his -journey’s end 10 hours before him ; find the rate 
per hour at which each person travelled. 

Let X — number of miles pe/ hour that B travels ; 

then ir+ 1 —number of miles p( v hour that .1 travels. 

Now-^^ and -5^ denote the times in houis taken by B and 
.1 aj+l 


A respectively. 


By the (piestion, 


j^O 

ar+1 


300 


-10 


X 


or80(---^ ^) =1. + 30=0. + r)) = 0. 

.( =5 or — 0. The negative value must be rejected. 

B’s rate is 5 miles per hour ; A's rate is G miles per hour 
Ex. 6. A person vSells a horse for £24 and gnins as much 
per cent, as the horse cost him ; what did the horse cost him r 
Let .< =the cost price of the horse in pounds ; then his gait. 

- ^ 

100 100 * 


By the question, = 24. ^ + 100./ —2400 = 0. 

or (»+ 120)(.yr-'20) =0, /. ./ = — 120 or 20. The negative value 
should be rejected. The cost price of the horse is £20. 

EXERCISE 72. 


1. The difference of two numbers is 4, the difference of 
their squares is 40 ; find the numbers, 

2. Find two consecutive numbers wliose product is 420. 

3. The difference of the cubes of two consecutive numbers 
is 217; find them. 
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4. Find two numbers whose sum, inoduct and difference 
of squares, shall be equal. 

5. Find two numbers each of which is the square of the 
other. 

6. If three feet be taken from one side of a rectangle and 
added to the other side, its area is doubled ; the sum of the 
sides is 7 feet ; find the sides. 

7. There is a rectangular field of 1 acre, whose length 
exceeds its breadth by 66 yards ; find its dimensions. 

8. There is a rectangular field whose length exceeds its 
breadth by 16 yards and it contains 960 Sfjuare yards ; find its 
dimensions. 

9. The area of a rectangular field is 7J acres and the sum 
of the lengths of the two adjacent sides exceeds the length of 
either diagonal by 110 yards ; find the length of the sides. 

10. By selling a horse for £25 J lose as much per cent.- as 
it cost me ; what was its prime cost ? 

11. A person bought a certain number of oxen for £240 and 
after losing 3 sold the rest for £8 a head more than they cost 
him, thus gaining £59 by the bargain ; how many did he buy ? 

12. A person bought 2 flocks of sheep for £15, in one of 
which there were 5 more than in the other ; each sheep in each 
flock cost as many shillings as there w^ere sheep in the other 
flock ; how many were there in each ? 

13. A and B distribute £5 each in charity; A relieves 
5 persons more than B, and 7? gives to each J shilling more than 
A ; how many did each relieve ? 

14. Find three numbers, sucli that if the first be multiplied 
by the sum of the second and the third, the second by the sum 
ot the first and the third, and the third by the sura of the first 
and the second, the products shall be 26, 50 and 56* 

15. I have to walk a distance of 144 miles, and I find that 
if I increase my speed 1^ miles per hour, I can do the journey 
in I 6 hours less than if 1 walk at my usual rate ; find my usual 
rate of walking. 

16. There are two square fields, the greater of which is 
4 times the less, and the side of the greater is 20 yards longer 
than the side of the other ; find the area of each field. 

17. The sum of the reciprocals of two numbers is 
the product of the numbers is 12 ; find them. 
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lb. A number of soldiers are formed into a bollow square 
of 3 deep ; if 324 men are added to the centre they will form a 
solid square; find tbo whole number of men. 

19 If a number consisting* of two digits be divided by the 
sum of the digits, the quotient is the first digit, and the remain- 
der the last ; the irroduct of the digits is 21 ; find the number. 

20. The sum of .a fraction and its reciprocal is 2^^ ; but if 
the numerator and the denominator be each increased by nuit \ , 
the sum would then be 21 ; find the fraction. 

21. A boat’s crew can row both up and dovn a stream 
IG miles long, flowing at the rate of 3 miles an hour, in 10 
hours ; find tlie late of the crew in still water. 

22 A number consists of three digits whose sum is 14 ; the 
sijuare of the middle diizil is equal to f he ])roduct of the extreme 
digits, and if r)94 be added to the nnmbei , the digits are reversed , 
find the number. 

23. The united ages of a fatliei and son amount (il. 
Twice the father’s age exceeds the square of the son’s age by 8 ; 
find their ages. 

24. Two kinds of oranges arc sold in the mai'ket, two 
more of one kind being given for a shilling than of the othei 
a score of the inferior sort costs 4d more than a dozen of the 
supeiior sort ; find the price of the oranges. 

2o. Find tw’o numbers whose product is e(|ual to the dif- 
ference of their squares, and the sum of their scjuares equal to 
the difference of their cubes. 

26. The floor of a room contains 40 square yards, its height 
is 5 yards, and the length is 3 yards more than the breadth 
find the area of the 4 walls. 

27. A man buys a horse which he sells again for £56 and 
gains as many pounds in £100 as the horse cost him ; how 
much did he give for the horse ? 

28. A and B started at the same time for a place distant 
150 miles. A travels 3 miles an hour faster than B and arrives 
at bis journe^^’s end 8 hours 20 minutes before B ; find theii 
rates. 

29. A person bought oxen for £33-15-0 which he sold again 
at £2-8-0 a head, gaining thereby as much as one ox cost him ; 
how many oxen did he buy i' 

30. Divide the number 30 into 2 parts such that their pro- 
duct may be equal to 125 . 
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.*>1. A and />* set out from two towns *247 miles distant from 
end! orlipi*. A travelled at tJ.o rate of 9 miles a day, and the 
number of days at the end of which tlioy met was greater by 
.*> than the number of miles which 7> went in a day; find the 
number of miles each travelled. 

.‘)2. The fore-wheel of a carriage makes 64 revolutions 
more tlian the Irind-whecl in passing over J mile: but if the 
cii’cumfereiicc ot the fore- wheel be iiicreahcd by 11 inches, it 
will make only 40 revolutions more than the hind- wheel in the 
same' space ; find the circum fer*ence of each wheel. 

.*>o One man can reap a field in 5 days less than another, 
and if they work together they can do it in G days , find in what 
time each could do it alone. 

fO- A mail has to travel a certain distance ; when he has 
gone iiO miles he increases his speed 1 mile per* hour if he had 
tra\elh‘(l at this increased rate during tlin whole of his journey 
he would have arrived 40 minutes earliei* ; but if he had kept on 
at liis lir^t rate he would have an ived 20 minnt.es Liter : find 
the length of the journey. 

'Ao A and 7> engaged to reap etj^ual quantities of wheat, 
and A began half an hour before /> ; they stopped at 12 o’clock 
and resti d an hour, observing that half the work was done ; /7*s 
pan was finished at 7 o'clock and J’s at a quarter before 10. 
iSiniposing them to have labored iinifornily, find when they’ 
began , 

;»G. A cask P is filled with 50 gallons of water, and a cask 
(j w'ith 40 gallons of wine ; X gallons are drawn from each cask, 
mixed and replaced. The same ofieration is repeated; find X 
when there are 8| gallons of wine in P after the second opera- 
tion. 

Ii7. Divide a given line into two parts such that twice the 
square on one part may be equal to the reef angle contained b v 
the whole line and the other part. 

o8. Find that number wdiosc square added to its cube is 
0 times the next higher number, 

30. A farmer wishes to enclovSe a rectangular piece of land 
containing 1 acre 32 perches with 176 hurdles, each two yards 
long ; lu>w many hurdles must he place in each side of the 
rectangle ? 

40. What are eggs a dozen when two more in a shilling’s 
worth lowers the price one penny per dozen ? 
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41. A peiFon rents a certain number of acres of land foi' 
£84 ; be cultivates 4 acres himself, and letting the rest for 
10s. an acre more than he pays for it, receives for this portion 
the whole rent £84 ; find the number of acres. 

42. J set off from London to York, and B at the same time 
from York to London, and they travel uniformly ; A reaches 
York 16 hom*s, and B reaches Londoti 86 hours, after they h^ve 
mef on the road ; find in wliat time eacli has performed the 
journey. 

43. A vessel can be filled with water by two pipes ; by one 
of these pipes alone the vessel would he filled 2 hours sooner 
than by the other; also the vessel can be filled by both pipes 
together in 1-’ hours; firid the time wliich each pipe would 
take to fill the vessel. 

44. A person buys a (juantify of wheat which he sells sc 
as to gain 5 per cent, on his outlay, and thuscleais £16. If he 
had sold it at a gain of 5 shillings per (juarfer, he would have 
cleared as many pounds as each quarter cost liim shillings ; 
find how many quarters he bought, and what each quarter 
cost him. 

45. Two woikmen, A and B, were employed by the day at 
different i ates, . 1 at the end of a certain number of days received 
£4-16-0, but 7?, who was absent six of those days, received only 
£2-14-0. If II had worked the whole time, and yl had been 
absent six days, tl)ey would have received exactly alike ; find 
the number of days, and what each was paid per day. 

46. A and B lun a lace round a two-mile course. In the 
first heat B readies the winning post 2 minutes before A* In 
the second heat A increases hi.s speed 2 miles per hour, and B 
diminishes his as much ; and A then arrives at tlie winning post 
2 minutes before I* ; find at what rate each man ran in the 
first heat. 

47. A person bought two pieces of cloth of different sorfs ; 
the finer cost 4 shillings a yard more tlian the coarser and he 
bought 10 yards more of the coarser than of the finer. For the 
finer piece lie paid £18, and for the coarser piece £16 ; find 
the number of yards in eacli piece. 

48. A merchant pent to his agent a certain number of bags 
of cofFee for sale, expecting them to realize £250, and after the 
agent's commission of 4 per cent, was paid, to yield a profit of 
20 per cent, on the original cost. On the way 5 bags were lost, 
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but the rest were sold at 10s. per bag above tbe estimated price. 
This raised the net profits £76-17-6 per cent, although the 
agent now received a commission of 5 per cent. ; how many 
bags were there at first ? 

49. The relative value of two soj'ts of mixed metals coii- 
sistinar of gold and silver is as 11 to 17. If the proportion of 
gold to silver in each had been doubled, their relative value 
would have been as 7 to 11. The value of gold to that of silver 
being as 13 to 1 ; find the proportion of gold to silver in each of 
the mixed metals. 

.50. A person bought one horse for a‘£and another for7y£, 
he sold the first, at a profit of j- per cent, and the second at a 
loss ot jj per cent., and thus received I as much again as he 
would have, had he sold the Jirst at a profit of y per cent, and 
the second at a loss of » per cent. If he had bought x horses 
' at x£ each, and sold them at per cent, profit and had bought y 
horses at y£ each, and had sold them at y per cent, loss, he 
would have gained altogether £1,520 ; what did he give for 
•each horse ? 



CHAPTER XXX. 

JWIiSCKLLANF.OUB THKOHEMS AND hXAMPia.S. 

161 . Method of Detached Co-efficients. In multiplying- to- 
gethei two algebraical fxpressions where all the powers of .'ijaie 
present, a good deal of labour may be saved by nieiely writing 
the cn-efficieiits, and multi idyirg them together in the oidinai v 
way and inserting the jioweis of * in the product. 

Ex- ^Multiply by f ' — 2^:^— ,< + 

Write only the co-efficients and multiply thus • — 

2+ i-:i + i 

24- 1-8+1 

-4-2-f6-2 
-.2-.l + 8-~ 1 
(')+:>— 9 + 8 
2-8 ~7+-12 + 4~10 + :i 

The product is 2a;‘ — 8aj" 7» “^ + 12a;® + -—lO.r + 8. 

A similar mode of operation may be made in Division. 

Ex Divide 3a;® — lOa;^ + 4 / ' + 7a’® — 8 .t;® + 8cT-p 2 hy .» — 2/ 

^1. 

1-2-1)8-10+4 + 7-8 + 8 + 2(8-4~l + 1 2 

8- 6-8 
-4+ 7 + 7 
— 4 + 8+ 4 
“_l + 3«.8 
The quotient is —1 + 2+1 

80 ** — 4< ® — as® + ./ — 2, 1—4+8 

1-2--1 
—2+4+2 
— 2 + 4 + 2 

Kote.-^Wt' ma^ use the same method even in cases where all the 
powers of x are not present provided w-e insert the missing powers of • 
with zero co-efficients. 
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EXEECISE 73. 

Multiply by the Method oj Detarheil Go-efficients : — 

1 2£r* + 3* * + 4^ + 5 by — 2 +1 

2 . 6 / ® — t+l by 6 4 - / — I 

3 p,t + ^ 7.9 4 - 9 by fjr^ + / / 4- 

4 #^ + 2/® + 2.i +1 by < 1 

5. / ^ — 2.^^ +1 by * ^ 4- 2.t ^ + 1 

6 . + 2jiy^ — iG n[ + iG. 

7. / ^ 4- O’** 4- / + 1 by * •* + a;^ 4- .r -f 1 . 

8 . / * 4 - 35 ^ 7 / 4 - ' 7 ^ 4 -//*' by .<'* 4 - 2 / 7 /+?/'^. 

9. 14.7<4-I0a’ by 1 + 114 + 30^^ 

10 iu-^4-]»®4-^4-l by 

11 . 3a5^4-6c»'' — 7 t^-\-6x — 4by2^'* — 3ii®+5 —3 

12 (a*+n 4 -l) 0 f 2 a 4 - l;(a *• — rt® 4- 1 )(a‘’ — f 7 ^ 4 -l) 

13 (, *4-3ic^ 4-3aj4- l)(jr ^ — 3a;^4-3 » - 1). 

14. (a*4-<7'' 4-a® 4- a4- 1)0?* 4- a*— u 4- 1) 

x((G a'' 4-a ’ — a® 4- 1) 

13 (ir^ — aa'^ + hjt^ — C( -^-dX^ ^ + c — cZ). 

Divide by the Method ot l^efached Vo-pfficienfs 

16. 3aj^ — 7a!® 4 - loa;"^ 7a?4-0bya^ — 2^4*3. 

17- 2a;’ 4- 7a’* 4- 20aj * 4-30» 4-34a?+35 by + 2a 4- 3 

18. 5aj’-l8« » -8aJ»-^20a -3 by a’®4-2.®-3 

19. 7<®4-19<* — Gaj’ by *+3. 

20. 5»®-4.»— 3,~90 by .-3. 

21. /® — 5<*4-10<® - 10#® 4-3# — 1 by O’® —2a’ 4- 1. 

22. 11#* — 2# ’ 4-14/ -539b> — 7. 

23. OJ® 4 - / ** 4 -a’^ 4-2/ a* — «*— 2» - 1 by / ^ 4- 4 - 0 : 4 - 1. 

24. «^*-l-a^®-Ha®-f/ 7 ® + a'-ha*4- Iby rr® — a' + «* — a® 4* 

— Cl 1. 

25. a® 4-a‘* + «^4-a^ + 1 by a’ — «/’' — a-h 1. 

26. a® — 6® — a^Z> 4 - by rt* 4- Z>®. 27. ??*— 81bya+3. 

28 a* — .|a® -f- V«*— 4a by tt® - 4a. 
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29. ia»-]a*6 + J:a6®— 

30. 10. »« + 10. “ + 10*^- 100 by »’'+»■»— . + 1. 

162- Homogeneity and Symmetry. 

Deiinition : An expression is said to he homogeneous lohen 
the degree of every term in it is the same. 

h-f-7///is the form of a hoiuogeneous expression of the first 
decree in a* and // 

Ax^ + nry-i-Cjj^ „ „ „ seC07id „ „ „ 

Ai‘^ Dg^ „ „ „ third ,, „ „ 

For three quantities Xy /y, the corresponding expressions are : 

\ f ■¥ Ihj-^-Gz \ A IS iz+ F nj • and 

A(^ A" By^ + Cz^ + nixif^ + m' * •// 4- 7iyz^ + 7i* y^z A" p^*^ 

A-p*z^xAr(pgz. 

Law of Homogonoity* The product of two homogeneous 
* xpressio7iSy of the m‘^‘ aiul degrees respectively^ is a homogeneous 
expression of the {in + n degree. 

( 'orollary : Tlie factors of a homogeneous expression are 
also homogeneous. 

Thus ( » 7/+ + /y* + — xy — //r— c<) = a* + 7/ ^ -f 

— 3/7/^. 

b -f c^ia+h — /•) =a^ + 6* — q-2a6. 

ftr^q-c^a+ra® + 2fr5c=(a4-6)(6 + r)(r*4-aX 

This law is of great use in testing the accuracy of alge- 
braical work in Multiplication, Division and Factorization. 

Dofinition \ An expression is said to he symmetrical with 
res 2 >ef't to certain letters token the interchange of any two of these 
letters throughout the (xpression would leave the value of the 
expression unaltered. 

Symmetrical expressions involving two quantities x and y 
of the 1st, 2od and 3rd degrees are : — 

Ax + Ay'y Ax^ -¥ BxyA-Ay^ \ Bxy^ + Bx^yArAy^* 

The corresponding expressions involving v, t/, are Ax + Ay 
ArAz ; -46* + Bry q- Ay^ + Biz + Az* + Byz ; .4 1 * + uiy^ + uiz^ 
ArB{xy^ + t^y + yz^ Ar ^A- ^ -hz^x) +(\iyz. 

Note, — Tho terms that have the same co-efficient are those that are 
derivable from each other by interchanges of the letters. 
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Buis of SyniniStry - — Tlw algebraical sum, 'product, or quotient 
of two symmetrical expressions is a symmetrical expression. 

Obs. The product of two asymmetrical expressions is not 
necessarily asymmetrical. 

Thus a+ and a?> + ar+6/* being both symmetrical, their 
product a^h-¥b^a + c^h’\‘hc^ + a^r + rir® + 3a6c is symmetrical. 

Again, x^yz and are both asymmetrical ; yet their 

product is symmetrical. 

Application of the rule of Symmetry : To find ihe product of 
+ + — .i y - yz-^zt), each of which is symme- 

trical in d , //, c. The product must be symmetrical in ./*, //, z. It 
is plain that the term occurs with the co-efficient unit}', hence 
//* and must occur witli the same co-efficient. Agaiii, the 
term y^z has the co-efficient 0, hence also, by the principle of 
symmetry, the five other terms yz^, z^x, zr^, xy^ . belonging 
to the same group must have the co-efficient 0. Lastly, the term 
— is obtained by taking from the first factor, hence, it 
must occur by taking //, and by taking i.e. the nyz term must 
have the co-efficient — 3. Therefore, 

(.f -p y + z)(>L ^ -P //* -p z^—xy-- yz-^zi J = i^ + y^-hz'—3f yz. 

Alternating Expressions are those that change their sign 
merely when any two of the letters are interchanged. Thus 
(a — h){h — ci){( — a) is an alternating expression. 

The product or quotient ot two alternating expressions 
involving the same set of letters is a symmetrical expression. 

The s and the ’t Notation for Symmetrical Ezpressions. 

The symbol 5 a (read ^igma a) denotes the snm of all the 
terms of which a is the type ; if we are dealing with three 
letttTvS a, h, r, then Pi tt = a-f h-pr ; p. ab == ah + hr ca ; p a* = a* 
-pfea+r* ; P a^b = a^h + ab^ + b^c-^hc^ -^-r^a-i-ca^ ; Ac. 


The symbol tt (a-^h) [read a-ph] denotes the product of 
all the expressions of which a+6 is the type. 

If we are dealing with three letters a, &, c, then T(a + b) 

= (a-ph)(&-pr)(r + o) ; x ( ~ 

V T A T- A \h-P<7 h + r f-pa tt-p6 


163* Method of Indeterminate Co-effioients- in Chapter 

XIV this method has been explained, and its application illns^ 
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trated by several examples. We shall give some more exam- 
ples of its application combining the general principles of 
homogeneity and symmetry. 

1. The product of (<+//)(<+//) will be a homogeneous 
symmetrical expression of the second degree; therefore (<^+ 2 /)* 

+ 7 ♦//-!- p/y®. We have to determine p and 7 . Since the 
identity holds for all values of .c and //, it must hold when 
.i-s^l and 7 = 0 , therefore l=p-|- 0 -|- 0 ; .*• p=l. 

We now have (<’ 4 -//)* = <®-i' 7 '/y+//® ; this must hold when 
fir = l and — 1 ; therefore 0 = 1 — 7 + 1 , or 7 = 2 . 

Hence (.» + yy)® =*< * 4- 2.<'7 + yy*. 

2. The product of (aj*f /y+^;) {.v^ ^ }j^ —.nf^yz — zx) 
= u4(aj®-f 7 ^ + c:*)4* ^C/y«* + /y*i:+r«® 4 '< 3 *.<‘ 4 -a 5 ?/®-|-a:*y/)+C./ 7 y-: by 
•the principles of homogeneity and symmetry. 

Putting .1 =1, /y=0, z=0, we get ^ = 1, Using this value 
of Ay and putting x=l, y/ = 1, r=0, we get B =0. Using these 
values of A and B, and putting a? = 1, /y = 1, :; = 1, we get 0 = — 3. 

Hence f<-bty + ::) (<® + ?y®-f-r® — #y/— /y;:— 5;ir) = f’*-f ?y**-|-;s' 

3. Resolve into factors a^{h — c)-|- a)-|-r^(a— 5).. (A). 

Since vanishes when a = 6 , and also when 6 = ^*, and 
also when f =a ; /• it is divisible by (a—h)(h — c)(c— a). 

m\ (.4) =(a— 6 )( 6 — r)(c— a)x H where R is a factor of one 
dimension symmetrical with regard to a, b, r. Therefore (J.) 
= (a— + ^ + ; where p is a numerical factor 

to be determined. We have a^(h—c)+h^(c — a) + c®(a— b) 
— fe)(6— r)(r— a)(a + ft + r)p. Equating the co-efficients of a®, 

we have — (ft — r)p = h — r, ,\p = — 1 . 

the expression (A)^-^(a’-’h)(b—f)(r^a)(a + b + ry, 

4. Resolve into factors (a + ft)® — a® — ft"^ (A), 

Since (4) vanishes when a = 0, and also when ft =0, and 
also when a = -^b; /• it is divisible by aft(a 4 -ft). Therefore 
(4)=aft(a+ ft)xR ; where B is a factor of two dimensions 
symmetrical with regard to a and ft. Hence (4)=aft(a+ft) 
X (pa^ + gaft-f pft*) where p and 7 are numerical quantities to be 
determined. 
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We have (a+h)^ — — &® = a&(a 4 - &)(/?«* + gfa 6 + ph^^. 

Pnttinga = 1 and 6 = 1 , 32 — 2 = 2 ( 2 ^ 4 - 7 ), ^.e., 2 p + 7 = I 5 ..(l). 
Putting ( 7=2 and 6 = — 1 , 1 — 32 + 1 = •^2(5p — 27 ), 

i.e., op— 27 = 15. .,(2). 

Solving these simultaneous equations, we get 
Hence (a+- 6)® — a®— 6® =*mb(a + h)(a^ + ah + &*)• 


EXERCISE 74. 

Prove the following identities : — 

1. fa + 6 + c)’ =5a’ + 3ir(a+ 7>). 

2. Sa X 5a* =5a^ +-5a*6. 

3. (6 + r — a)(c+a— 6)(a + 6 — r) =5a®(6-+t*)— Sa^ — 2a6r. 

4. 5(ra — 6®)(a6 — c*) =(56(5j(5 6r— 5a)''*. 

5. 45(6-c)(&+^“2a)»=95(5-c)(6 + r— a)*. 

G. 5(6+ (•— 2a)‘'' =3ir(6+-c — 2a). 

7. (//■f^)*f-4-<<0‘*(-^'+2()* =5("*(t/-+^)-' + 2(52/-/— 

8 . 5 (r+. 7 /-::)Ky---)'*--(^-‘OC<'-- 2 /)} 3 a» 2 /^. 

9. 5a(5a* 4-56 c) + 5a X 5a* — 5(6+c)® =3a6r, 

10. 5(a + 6)^ — 37r(a4-6) = 25a® — 6a6r\ 

Find the factors of : — 

11. a(6— c) ^ + 6(c — a) ^ •+ rf a— 6) ® . 

12. a(6^ — c‘)+-6(c* — a^)+-c(a*— 6^), 

13. (tn2»®-c*)+6^(c*— a2)pc^(a*-6*). 

14. a{6 — 0*4- 6(c— a) * 4 - c(a — 6) * 4 - 8 a 6 (*. 

15. (a64-ac4-6c)'* — a’ 6® — a®r* — 

16. (<4-y4“^)® — ic* — y® — 

17. a2(6«-('3)+6*(c®— a^)+c2(a*-6®). 

18. a* (6 — c''4-5*(c — a)+(**v^a — 6). 

19. a*(6— r)*4-^®(c— a)* + c*(a— 6)», 

20. a®(6-c)+ 6®(c— a'4-^^®(a— ^). 

21. If 5.(*4*19.t' + 18=Z(.t;-2)f.(-3)4-m(.o— 3)0i:— 1) 

+ l)(a;— 2), for all values of ir, find ?, m, 71^ 
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22. If A (.-3)(aj--5)+i?(.-5)(,-7)+6V-7)(.T--3)==8. 

— 120 , for all values of find Ay By C. 

164- Elimination* Take the two e((uatioTis at + h=0; 
and a^a! + = 0 . If these two equations are satisfied by the 

>jame value of then— ^ ; Le., a^h=h a. This relation 

tt rtj 

is called the 'Elimuiant of the two e((uations. 

Similarly, if we have three equations involviiif^ ht'o unknown 
quantities and if they are satisfied by the same values of the 
unknown quantities, we can find a relation between the other 
symbols involved, and the pi ocess of * finding this relation is 
called the Elnninafiou of the unknown quantities from the given 
equations. 

Ex* 1. Eliminate * from the equations + q-r = 0, 

If a be the value of / which satisfie.^ both the equations, 
then we must have — 


aa* + =0 ) 

-f 1 =0 ) 

multiplication, ~ ~ — 
or 1 


Hence, by the method of cross- 

a ^ 1 

— ar^ a6 , — n 




( O,^— 0 ( , \ ® 

ab^-a^b) 


ab^ — a^b 

^(bc^ — ^ 1^)5 which is the required EUminaut, 


>\ (a^r— uf =(a6, — 


Ex. 2* Eliminate .# and // from ax+ /v// + r = 0 , 
a^.r+ b^i/-h (\ =0 and .r® + 

Prom the first two, by cross-multiplication, 

= '/ _ 1 ^ br, —l^c . _ ca^—c^a 

hc^ — b^c ra^ — i\a ab^ — a, 6' ’** ab^ — a^b^ * ab^ — a^b' 
Substituting these values in the third, we have — 

^(ahi—a^by, which is the required Eliminant. 
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Ex. 3 - Eliminate .r, y, z between the equations •'* + «» 
=c.ey, y* + 5* =ayz, z*+.c* = bz>. 

We have-+^=c, =a, " + ' = 1 . 
y .t z y z ■ 

By multiplying together these equations, we get— 

ahc= 4. ' 4.0 

••• =(^+.f)* + (■!+;)'+(, 7 ■':)”- 4 - 

.•. ahc=c^ +a* + 6»— 4 , which is the required FAiminant. 

Ex. 4. Filiminatc .» and // from -- = ar 4,,.,^ 

*=^ + a// and .< • + ^* = 1 . 

From ( 1 ), — .wy® = a.<‘® — } 

From (2), 4ixy^^h.nj-haff^ * J* 

A .(•“ + 3 .«y * = a(.<,» + //* ) = a. V .<“ + //» = I . 

Similarly & = 2/5* 4 So?®//. 

•*• a-{~h =(x + y')^ and a — 5 = (a:— t/)** 

2 2 

(a+ b) “ +(a— 6)5 = (ii; + yj3 + (.,--y)»=2(.-»+ ,/»). 

^ 2 . 

/• (a4-&)^4 (a— 6)^ = 2, which is the required 
Ex. 5 - Eliminate .1,2/,.: from = a, ^ 

c— ic * • - 


y-z 


From ( 1 ), A 2 ^ = 5 -+?. 

2/+^~'2/+- a— 1 ;3 a — 1 


x-^y 


Similarly from (2), i = and from ( 3 ), 

X u X y 

2 ^ X - X ^ X ^ ^ X ^ 

z X y a — 1 b—i c — 1' 

/• (a+ p(6+ l)(c+ l) = (o— 1)(6— ^l)(c— 1), 
required Eliminant, 

Ex* 6. Eliminate .f, from a;*(^ + 0)s=a* 

2/*(ir + ») = &», a;»(ar+y)s: 


c + 1 


which is the 


c*, xyzssalc. 


19 
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Maltiplyiog the first three equations, we have — 

+ //)(y+ r)(r-|-a;) =a*Z>*c* ; but .< =a®b*c*. 

• • (• -h y)(}f + =)(~+-0“ 1 (^) 

Ajil^in, adding the first three equations, we have— 

+-) + -•(.» 4*^) = a* + and 2xijzss2abc. 
.r*(// + -)+ //•(«+ r)q-<3*(a;+ y)-H2an/:; =a* + 6* + c* + 2ahc. 

(•< + + + + 2 a 6 r {B) 

A from (A) and (B)y + ^ + 2 <T 6 r= 1 . 


Ex. 7 . Eliminate .«*, y, - from the equations 
y - —a ®r=6 ?— ^/ = r 

Adding, a + 0 + <• — - • ^yz 

(•I — ?/)(y~*)(^~‘^ ). 
ryz 


Similarly 




(,i +v')(z + ■«)(!/—£> , 
*ys 


, _(* + »)('/ + 

, (y + z)(z + »x*— .'/) 

A (a+ 6 + o)(b+c-“)(' + t 


■'■‘ 2 /*= 


=-(!--;)■ (;-’)■ (r!)*--"-"' ^ 

is the required jUiminant. 

EXERCISE 75 - 

Eliminate e from (he equations :— 

1 . b, + a= 0 r r»»-s= 0 i 
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^ oa 5 * + 6 a; + c =0 1 


a:* 4 -?= 4 (p*-h 3 *) ^ 

= 3 *> j| 


aa:» — 6 = 0 ^ 
*- 9=0 J 


Ix^ +maj-h» = 0 


5 ^ =U ) 

-r'l 

*■*=« ) 

a»* + baj + r = 0) 

, = 0 ] 


:S}- 


px+ ^ = a 

X 

px — ^ = b 


10 />'*+ 9»®+»'=0 > 

Z.c® + w/* +?^=0 J 


lit ag + A =bx + B = cx+ 0. 12. 


aj* + a® a;* + 6 * »* + c* 


lilliminate 0 and y from the equations : — 

J3. a + ^ = <2, 0 * + ^^ =h*, »®4-y® =c®. 

**• *■ 

15. a»+ 6y=0, 0 + 2 / + 0^ = 0, aj* + y* = 1. 

16. 4(0*4-^*) =aa + 5y, 2(a* — ^*)=aa— &y, 0y=c*. 

17. 00 * + i&*2/=ct//* + 5*0=<*®, .<*+ ^ = c. 

18 . . 6 — ?/ = «,«• — ^•= 6 *, 0* — y* = c®. 

19. 0 + y=a, 0^ + ^* = 6*, a* + ^* =c*. 

20 . p(^+y)=5', 0 — y=&(l+ 02 /), xyp—r. 

Eliminate 0, y, 2: from the equations : — 


21. -Ji-=a,-J'-= 6 , -^- = c. 

2 / + 5 c + 0 * + y 

00 «»_%_* _i 



oy-^cz cz+ax .( *f y 

23t 0 + 2/+~==i?, 2 ( 07 / + 2/5 + cz)=iq^y 0 * + 2 /* -h-s® =r®, 

Sxyz^s^. 
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24 i:) = a, y^(z--x)=h, z^{x--y) = c, xyz = d. 

25 . mj-i-bt = Zy az = 7 /, hz + ry==^i. 

26. (< + = 47/c®, («/ + r)® = 42/~a^, (z-\- <y ==4;zxb^. 

27. («— 2/>^ = c% (y--z)x^ (z--x)y^^h^, («— y)(y— -) 

X ==Sahc. 

25 ±.2/)= == 1 

a®| ^ (tbc 

2H. * + ? = ^ = *^4-^, »•//;: = a/Or aod x^-hy^ + z^ 

a X b y r z ' 

4- 2(a6 + ar 4- ic) = 0. 

30 . //—-)(« + --*2/) =«//'-» (a; +r— //)(//+ = 

(7/4 c— .OC' + 2/—-) = ^ 

165- Miscellaneous E::amples worked out- 

1. If 0^(6— c) +2/(<'— a)4:(a— “/0 = 0 , then will 

hz — cy ^c x — az ^ay— ha 
b—c c — a a — h 


We Lave x(b — c')-^y(r — a) + «(a — 6 )= 0 ( 
Identically, affi—c) 4 - b{c—a) + c(a-- 6)=0 J 


/• by ero'^'^ 


multiplication, 


b — c c— a __ a — h 

cy — hz az — cx bx — ay 


, hz — cy ^cJt — ctz _ay — hx 
b — c c — a a — h 


2. If x^cy-\-hz^ y — az-k-cx and z — ki+ay; shew that 
X* _ y* __ z^ _ 


From the given equations, x — cy — & : = 0 

wehave co? — y 4 a- = 0 (2) f 

5 af + a^— c = 0 ( 3 ) 3 

•*• by cross-multiplication from (Ij and (2), 


- y . 


^bc^a — l4c* 


; or 


JL =- y ^ - 

ac + b 6r4« l—c* 


.(^> 
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From (2) and (3), _ !_== y a=_ " 

' 1 -a* ah+c ac+h 

From (1) and (3), ® =- U—ss 

ab-hc hr+a 


From (A) and {B), rN==- 7 v — ' 

(1 — a^){ar + b) (1— c®X<7C+6) 


F,„„, ,0), 

, < * 7/* tt 

■*1— a*~l— 6*' 1— b* “ 1— c»‘ 

3. If «+ 2/+ -^=0, aa; + by + rz = 0,(h — c)« + (c — a)y + (a— h')z 
=5(), then shew that +r^ — ah^hc — ca = 0» 

We have x+y +^= 0 ]^ cross-multiplication, 

a,c + fev-l-c; = 0 i *" , = = = & (suppose). 

J r — a-^c b^a 

Substituting the values of a;, y, z In the third equation, 

— Aj{f6-0* + (c— a)* + (a-5)*}=0. 
A (b — r)^-F(r — a)*3-(a — />)® = 0. A a*-|- — ah — ac 

-6r=0, 

If + «-»' = !, shew that *=^ 

c d h r d a c 

cZ “~a6" 

Subtracting the second from the first relation, we have 

a — h a — 6^1 — b , 1 I 

~ ~r b a iT' '• /; 5”^ 

Adding the given relations, - -f — = r + 

c d b a 

a^h , . « , a+^.a-f-h a+6 

= - ; but from (U, + ^ = 

ab c a ab 

A f.e., (2) 

r d c d 
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Again from (1), - +?= % 

r a ah « I 


Adding (2) and (3), . 

r a ah 

5, If .^ 4 - 2 /= 1, a « 4- bys=^c, a® <'4-6®2/ = c*, then a".T+ h”y^c . 

A¥e)iavej + ?/-l = 0) **• cross-muItipHcatioii, 

ax+by—c= 0 if-^ = —^ — , - ( 1 ) 

^ ; h — r r — a 6— a 

Again a+y— 1 = 0 •) . _£__^ _y_ ^ __l_ 

a^x+h*y—c*—0j‘ ’*6* — c® — a‘‘ 6® — a® ^ ^ 

From fl) and (2\ and ■ 

o — a — a® 6 — a 

/. b + a=h + c and 64 "^ = ^+ a. /. a=h = <, 

/• a".* + h"2/ = c> + = f*"( a; + 2/) = ( V .^' + ?/ = 1), 

f). If .v = a(y+ 2 ), y=::h{z + x), z^c(x + y)^ then 


a(l — be) b(l—ar) c(i—ah) 

We have x^ay — az^O (1). 

bx’^y-^ bz= 0 ( 2 ). 

r»4- c?/— s=0 (3). 

Fro» (l; »»d (2). 


. _ j» y___ _ i_ 

''a(l + 6) 6(1 + a) l-a6 " 

From (2) and ( 3 ), -^ , 7 ,^ ti-'-.v 

^ ^’1— 6f 6(l + r) c(l + 6) 


From ( J ) and (3), , , ' =. 5 -^^ = ■ 

a(l + c) 1— ac «(l4-a) 


From (A) and (B), 


a(l4- 6)(l-6c) r(l4-6)(l-aZ/) 


rr(l— 6r) c(l— ah)* 
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From (B) aod (0), — 


a(l + c)(l — be) 6(l4-c)(l— ac)* 



2* 


Hence . — * 

a(l— fcc) 6(i--ac) c(l— a6) 

7. If + + 2;*)(a* + ■+ r*) t=* (a.» + 62 /+ca)*, 


then ?=f=". 
a 0 c 


Identically (a?* +//* + ;3*)(a* + 6^ +^2) = (aa’+ hy^cz)^ + (ay—hx)^ 
+ (az — cx)^ + (6z — cy)^ ; 

bat (a;^ +y^ + z^)(n^ -f 6^-|-r^) = (aa;+ by-^r cz)^. 

(ai/-~6<)® + (a;:— r®)® + c?/)® =0. Here the sum of 

three positive quantities is zero Therefore each of them 
must=0. 


Hence (ay—hx)^=s0. ay — bx^0» ay=:bx. 


b a 


(a5— r®)®=0. /. f»=0. /. az=rx. 


X 

a’ 


(hz^cyY =^0. hz = cy* 


* a 6 c 

If the sum of the squares of two or more real quantities be 
zero, then eaoh of the quantities must=0. 

8. li xVl—y^ +y'\/l—9^ = a(.c^—y^); and 
xy- \^(l—x^)(l — y^) =^b{x'^ + y^ — l) ; shew that ~ + 


We have.tVl — y®+2/v^l — .i.* = a(x® — ?/* ) .....(1) 

Identically, .ii’*(I-7/)-2/"(l--.»)==®*-7/« (2) 

Dividing (2) by (l)» 1— y* — I — (3) 
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Again, 

Identically, — (1— tT*)(l-- 7/^) = .* *+ 2 /® — 1 

Dividing (B) by (A), iry-fv^ (1 — t/®) 

Squaring (3) and (0) and adding them, we have — 

( 7/^) + 7/^(1 — I — 2i7/v'( 1 — y*) + 

+ (1 - ' “)(1- 2 /*) + Sasyv'Cl -a"‘)(l— 2 /*)=^ + 

11 

Rednoing, we get = 1. 


.(^) 

.(B) 

•(0) 


9 Ifa+6 + f=0, then 


a’ + b’ +0“ _a* + + c' 


a‘+b-‘ + c‘‘ 

X 

Since a 1-6+ r=0, . a = — (6+c). .*. a® = — (^>+ <?)“ 

. o» + 6’ + c» = —5b*c- 10b^r‘ - )06*c» —56c*. 

= — 56c(6* +25*c + 26c“ + c*) 

= — 56c{(6' +c®) + 26c(6 + c)} 

= — r>6r(6+c)(6® +c® + 6c) 

= 5abc-^-^ [■.• b+c= —a]. 

. a»+6»+f» _ , f (6+r)® + 6» + c‘ 


_= a/jr < 

0 i 


} 


a*^ + 6*-fc* 

~ “8“ 2 • 

[*.* tt’ +6’ + ^ ® = 3a6r and (6+r)*=sa*]. 

10. If x + y-j-z =1, + = -+.^4--, ai+ly-^cz 

* a o c a h r 

a hl + c, find the value of a** » + '^^y+c^z, 

Fi'Ora the first two, ^ + ^ + "^ = (a;+7/ + s?) 

a 0 c 




(yyj- 
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A a(6H-c)u + 6(a + c)2/ + ^(a4“&)5=0... (A) 

From the third, (a-|- 6 + ^ )(aa 5 + hy + cz) =(a + 6 + c)® 

•. a^x-\r ® 2 + a(hy’^(z) + 5(aic+ ^5;)+ c(aaj + 6i/) 

= (a + ?# + c) ® . 

\ a®cL+ 6®2/ + a(Zy + c)x + 6(a.+ c)y-hc(a+ h)z 
hh + f)^ , bui from C-^), af&-|-r)a: + &("a+ c)?y-b ^(a + fe)-s = 0. 
A a®fl5+ 6*2/-|-r»r=(aH- 6+ r)*. 

1. If =: JL = - , 

1{'in.h + uc —la) w(w -{-la — mb) + mfc— wc)’ 

that I = J!L ^ = 'i_ 

\(by + cz — ax) y( cz + ax — hy) z(ax -i- by — cz) 


We have ” 

mb-\-nc—la 'ii( la — mb la-^mb — a 

y+- 

each = 1^=^ 22__« = 

^no 2la ^Imh 

. mx -4- ly ny + mz + nx 

mm — — ^ . 

< a h 

* __ Zr?y + way 

a< ' 

.*. each ="*'“ + h~ + « ' y+!? 2mx= 

f^-{-af — by ai+cz — by 

Similarly each = and== . 

at-{~by — c- 6y+Cw — at 

• • i: — — — = — - = = — Divide each by 

hy -^-cz — at at+cz — by m -hby — cz 

m Z _ m w 

• {btj + cz — at ) y(at + cz — by) z{ai + by~-^cz) 

2. Solve 4^+ +4^“"=10, We have 4 . 4* + 4 . 4~*^ = 10. 

2.4"+ f = b 2. 4- —5 . 4"+ 2=0. 

4^ 

4"=|(5±3)=2 or 2" = 2»or2-^ 

2( = 1 or — 1. *=4 or — h. 
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13* Solve <^+"= 2 /^ and 

T+V ft 

From the first, a: from the 2nd, < '^+^= 2 /. 


14, 


•’• +yy = 4!a^- 


g, 40 _ C+V • -= TL 

® ' * “40 »+//■ 

I + y=2a. Substituting this value in the first, r =?/' 

»=yS. 1 + 2/ = 2/» +y = 2a. 

y^-\-y — 2flf=0. 2 /»=j(— l±v^8a+l). 

iss2a — ^( — 1 ±-v^8a + l) = |(4a^-1^^^8a+ 1). 

If ( be Bb propel fraction, shew that — 

1 




= (1 + 0(1+ '0(1+ '0 


Let (1-0(1-' 0(1- '0 = «: (1+'X1 + -'’) 

x(l+ .") = &, 

(1+. 0(1+ '0(1+ 'O = rand (l-.»Xl-'0 

x(l-.0 =A. 

Then (1— *0(1- '0(1- ' ’ 0 =a6and(l— <0 

x(l— *0(l-'"0='d 

(1- . 0(1— XI- ' 0(1 - ‘■0(1- ' ’ 0 , 

but (1 - I 0(1- ' 0(1— ' * Kl-a:0(l-«' O —d. 

• • ctl)cd^— dt * • ““ < 


=(1+.)(1+ <0(i + »0 


(1— *Xi — *’Xi 

X (l + »0 

15. (a) The product of the and terms in the quotient 

of 1 divided by 1— < is ^ ; shew that m** + = 0. 


We have by division = 1 + .r-h t* + t * + .t * + &c. 

1 — aj 

It is plain that the term= and the n"^ term=s ♦ 
the product of the and terms = X 
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By the question, sc»‘+-i = — /. 2=— 2 


/• w+n= 0 . (m+n)(m* — i/ 2 n + w®) = 0 . /. m® + n '=0 

(b) The quotient obtained by dividing the term by the 

2r)'* term in the quotient of JL ig - , find r 

1 — iC JC® 


l-x 


= 14-85 -i-(a? )a4-(» + &c 


The term =(» ) and (2r) <erm= (t )® 


The 9 term x 

The (2r)''' term rr ^ 

= ^ =35 ® 


= 3- ^ By the question, 

r-* = — 9. .% r * = 9 .•.9 = 3 


16 If the HCF. of a.r’ +635*-^- (a+ 5)«-h 1 and ax'^ 
4- (^4-1)35® -f (a 4- 6 — l)a’ + 2 be a hinomialy shew that (5+1) 
X (rt4- 5— 1) =(a + 25)® 

a< *4-535® + “1 aa5'* 4-(54- 1)35® + (a+ 5—1 ''354- 2 PI 
(a4-5)35+lJ_ a^«4-5x ®4-(a4 - 5)a5+I _L 

I)a35'*4-5flp*4-(a4'5)35 + l(a9 -f a4- 5 

* aa:* — 035® +03? 

35*(a + 5)4- 5 r-^ 1 
35®(a+ 5) — ^ (a4- 5)-+ 04- 5 
a5(a4-26)— (a4-5 — 1) 

»(.+ 2l)-(a+ 6-1) ]:;Z'5i6^,[;r6.V6-(;^> 
0+26 

Bemainder is x\ ^ + 1 = — ^ 

< n + 2i) J a+2t> 

-^(1 + 6) (a+i.-l)(l + 6) 

a+2b (a +2by 

If ar(a+ 26) — fa + 6 — 1) be the H.C F., the remainder must 

vanish. Therefore (“+ 1 

(a + 26)® 

Hence (o+h-l)(h+l)=(a+26)* 
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13. Find the difference between — 

Jl— («+ l)(» + 2).«” + 2«(n + 2)»'*'*'^ — »(n+ 1)*"'*'*} -r (l — »)* 
and the same expression when n is increased by 1, 

14. The value of the expression a® — 3a* + 2 remains 
unaltered when a is increased by 2>v/3» Determine that value. 

15. If a + /S+78=— a/:i + /87+7a = ^ ; a/37= and 

a a CL 

a, id, 7 be in continued proportion ; shew that a : d = : c*# 

If "^(a-fc)= ^ fl-k)=b^{c-k) = la'=mb'=ne', 

I m n 

than . ^ t > ^ . 

aa-^hc 56 —c a cc — ah 

17. Extract the square root of (2a^ + a"'0(2a*+ «”*) 

a+y -a:4v 

+ 2(2a a + I + a a ). 

18. If two algebraical expressions and their H.C.F. be of 

the and degree in respectively, no common multiple 

of A and B can be of less than the (tw. + «—»•)'* degree* 

19. lifQc) +/* (a:)=o*= shew that— 

W 

/(»)/*(■<=) + /(y )/*(y)=/(*-y)/*(.o + y). 

20. Shew that the equation (6— a;)*—4(a— .c)(c— »)=0 has 
real roots whatever be the values of a, 6, c. 


ZII. 

21. li M and N beany two odd numbers (2lf>N), shew 

that is divisible by 8. 

22. Substitute |(6+ c) for .r in the expression — 

6)(,,-c ) ^ (a ;-a)(g- c) ^ and simplify 
(a— 6)(a— c) (6— a)(6— c) (c— a)(c~6) 

the result. 


23. Solv.(i) M-S-«.5+5=>«' 


‘2 ■ 3 6 ■ ’ 2 ■ 3 6 

(ii) j. + a^/y=y + a^.i'=h*. 
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24. A boat which can row 6 miles per boar in still water, 
takes 3| hours to go to a place 10 miles down the river and 
come hack. At what rate does the current flow f 

25. If aoj-h by + cz"= a*.i + c‘z = 


5 + c — a c-fa— 6 
+ =0, prove that c)* -fra(c— a)*4-a6(a— 5)® 


Q 7 

26. Write down ^ a;* + 1 
6 


91 

— + 1) as the product 
12 


of four factors. 

27. Solve (i) r +r/+ m(iB— = ® > s— .ti— wi(*+a5) = 5 ; 


and (1 — m)^yz=^ah, (ii) 


x + d a} + 6 ic + c 


= 1 - 


28 . lix^yzr^{(l-a^)a-y^)(l-z^)} S 2 / + *^ 

= {(l_6*)(l-*a)(l_2»)} 4 , and * + »j/ 


29. 


shew that - ^ 

6 »- 
a 




f 5 * — a* 


Simplify 

c 


(a— 6)(a— c)(sB— a) (6— c)(6-'a)(»— 6) 

^ (c —a) ( c— 5)(aj— c)* 

30. Find two numbers, of which the product shall be 6 and 
the sum of their cubes 35. 

IV. 

31. Divide 1 4 - 2 .<; by l—S-t; to 5 terms in the quotient. 


32. Solve (i) 


as* +2a5 — 3 


-.f-o = 5 - (») 


.« + l 


jj*+ 5 ic-f -6 3 J +2 2 •c-t -2 

33. 

34. If a + c = 25, then -2-(a+ 5 + c)* = a®(6 + c)d-fc*(a+ c) 
-hc®(a + 5). 
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36. Find the H.C.F. of 8.r* and Sa;' 

— +3.<' and the L.C.M. of 2 and a?*— 3.^*— » + 3. 


36. Solve (i) 


1 


a./' ^ a 


a — X a-^x 


(ii) aj*+.^ • = (« — ./ ^) + 2. 

37. Find the square root of 7 — v'lO-f v/14— ^35 ; and 4 + 

yi 5 . 


38. Resolve (i) 3aj® — 14ajy + Saj— 5?y® -h 7y — 2. 

(ii) — 7xy^ — 3^^^. 

39. Eliminate ^ from a;+?/+ 2 =a; ; 

x^ + ?/■’ + c® — 


40. .4 sets off from Madras to Bangalore and B at the same 

time from Bangalore to Madras and they travel uniformly. 
A reaches Bangalore 16 hours and B reaches Madras 36 hours 
after they hiave met on the road. Find in what time each has 
performed the journey. 

V. 


41 If ^ ^ ““ ^ 

+ 2(- ~ 2^cT2a 

. 2x^2y—'Z 2w+2:r— ./■ 2z-¥2x'^v 

prove that ^ ^ — -1. 

a h r 

42. Solve — 

(i) S{x^ + y^)—2xy==27 ; 2(a’® 4-^®)— 3.*?/ = 8. 

./• + ! .c-l_6 


(ii) 


; a— 2/=l- 


2 /— 1 y y 

(iii) ir+ y + 2;=39 ; + s* =741 ; .('y=z*m 

(iv) 

2^3 3 V2 

(v) .i’ + y + ;5= — = — = — , 

X y z 

43. If the product of the and terms in the quotient 
of =--- be *”■*, then - + -=1, 

1— » jp 3 
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44. Find « = ?> = !. 

a+6— 2 aH-6— 2 

45. If (a" + 5c)"(6^ + ac/(c2 + a5)*='(a*— 

X (r^ — a6)*, then a"* + 5* + c® + aftc=:0. 

46. If .i' = a( 2 /+ 2 ?), ?/=?>(»+-), ^ = CK+?/), then 

a5 + 5c + crt4-2a6c= 1. 

47. 

48. Solve (i) -</ ;ii- + 4 + v'3,i’ — 5=9. 

(ii) >/9i; + v',. =Vl5,. + 4. 

49. Sol-® v^( '-*-)+y (>-;)- '■ 

(ii) ri/ = ir+y; .I.r = 2(a? + ;;) ; 2 / 2 ; = 8 (?/+;:). 

nii^ 123 h-4 1v^.»'_20v^^ +4iX 

v'.(‘(l 5 + .«') — 8 r ^»( 6 — -v^cr) 3 — v^a’ 

50. A cask, which held 270 gallons, was filled with a 
mixture of brand}^ wine and water ; there were 30 gallons of 
wine in it more than of brandy and 30 of water more than 
there wore of wine and brandy together. How many were 
there of each ? 


51. If 


g -f &+ c+cZ+g 
b-i-c-^d d+g +5 


, then shew that- 


(g + 5 + c)(a + h + d)= (g— c)(g— d)(2^— c)(5— d). 

{a + b^r — g)® 

52. Find the value ot 5_, when 5 = 0. 

h 

53. If g*/>® + 5®r* + c*g® = 2g5c(g + 6— c), shew that — 

(i) ^ + r= (ii) (tt + 6— c)* = a® + 5® +r^. 

a b c 


p be n CL^ eg *1 

54. If = — and = then 

7 / a b 

20 


a® — 5® ah 
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55. If a 

\y S'/ \s •<■ y) 

then a( 64 * c)a'= h(a + c')y<= c(a + h)z. 



56. Solve (i) a;* -f i/* =7 + a*?/ ; a?® + 2 /® = 6aj^— 1. 

(ii) a:® + ~a’=19. (iii) 3a;“ — 20»=5. 

*5 

(iv) a;*— aj® 4 -?/^ —' 2/2 = 84 ; + 2 /* 

57. If a;® +a.f;® + 6<'-f-c and a'®4-da’® + er+/ have a common 
quadratic factor, then shew that 

a— a b—e c^j 


58. If os=a\/l—6® + fc\/l — a®, thena\/l— a® +^\/I — 5® 
+ cv'I — c® = 2a5c. 


59, If mv/1— .«*— w.f;= and 


?!+i; 

a» 


6* 


= __L 

m® + 


, shew that +^=1, 
6* a® 


60. A person has £1,800 which he divides into two portions 
and lends at different rates of interest so that the two portions 
produce equal returns. If the first portion had been lent at 
the second rate of interest, it would have produced £50 ; and 
if the second portion had been lent at the first rate of interest, 
it would have produced £32. Find the rates of interest. 

VII. 

61. If </'' + pt/=r ; r.v-\-jpz^q\ nj'hqz^p] then — 

62. Eliminate x and y from x) —y(b y)^ +2/” 

63. Eliminate n, h and c from (a+&)® =4a? ar® ; (5-|-c)* 
and (a+ f?)* =4acy ®. 

64. Solve (i) 8"+® + 2®"+®4-2®^+^ = ll2. 


(ii) Vh + x=^^7x^^Sbx-b\ 
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(iii) <fc( . - 1)( / - 2)(2 6 - 1)(2.I -3) -h 1 = 0. 

(iv) (>’-h4)(a;— 5) + < + 1 =0. 

65. It a7:’hby+cz=a^ hx + cy’\^az=h and c< -|-a 2 /+& 5 ;=c, 

shew that + />’ + c^ = 3ahr, if « + ^ not = 0« 

66. When will the hands of a clock be at light angles be- 
tween 1 and 2 o’clock ? 

67. The G.C.M. of two numbers is 8 and their L.C.M. 
IS 240. How many pairs of numbers are there ? 

(J8. If '+'^=1 and *%2';=-£^,then Z' V 

a h (t ti b a b \a-^b/ 

and^+?^/' = f 

a h \a+h/ 


69 Sum up + 

1 + a l-ba* 


2'-'^a2 


1 + a^ 


70, The sum of the squares of two numbers is 1450, their 
G.C.M is 5 and their L O.M. is 105. Find the numbers. 

VIII. 


71, Simplify 




— a 


<xb ?/— c , - — 

(^-1X^-1) (^-1X^-1) U-lXa-l)‘ 

72. Shew that . = y ' - ~ ® if 

b^r r — a n^h z 


+ 


6- f 


+ 


c— a 


=0. 


^ y 

73. If / -==(a+6)t+ (5 + c )y-h0* + a)i2=(5+<^)*' + (a-l-c) 

y+(a+Z>X = 0, then =ab'^bc-^ca, 

74. Find the H.C.F. of ^ + 6 and 36^-|-120f + 117 

and the L C.M. of • ^ *—5 and 2a:® 1 ®— 8aj-|-5. 

75. Find how many s^allons of water must be mixed with 80 
gallons of spirit which cost 15s# a gallon, so that by selling the 
mixtuie at 125. a gallon there may be a gain of 10 per cent, on 
he outlay 
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76. Extract tbe square root of 28— 'Ov' 3 and simplify 

\n 

a “a 

a 


77. Solve (i) (., + 

(ii) (.« — ?/)(a;“ + 42/2) = .»3 q-2/» ; xy—c^. 


78, Reduce -- 


2£c® q-ac* + 4a*aj— 7a* 


to its lowest terras. 


79, 


Elimirate x from A i * 4* Ba’-f (J = 0 and A'x^ + + ( '' 


= 0 . 


Ifl 

a 


y=~ then “I =2'* 
h a>+i“ fe*+r= ,'» + a^ 


( /ag + my-f ?2;:; \ ^ 
ta-^mb-^' nv) 

80. The fore-wheel of a carriage makes 0 more revolutions 
than the hind wheel in 120 yards ; but the former would only 
make 4 more revolutions than the latter in the same distance 
if the spokes of each be lengthened by 5 inches ; what is the 
circumference of each wheel ? 


IX. 

81. If then = 

Z 'if 


Eliminate x from .r* + ^ + 3 

^ •' ^ =j)i and 

3 i j =n. 


^ A/2a:4-l a 

82. SolveO) 

... .' + 20 / .1 + a \ 

(iii) a’*-f-apy=a* ; a’*— 



(iv) (l + a!)(l + y)=10; a)* 2 / + ityr=18. 

83. Shew thatif ?igC=0 and 

<iaj+?)y+o«=:d, then = .__•(_ — 

_ d 

*“a(WiW,-'W,Wj)+ n3^i) + c(ZiW,-- 
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84. If 2#j = a + b + c, thea ahc—a(s^h){8~-c)-^h(s — a){s^c) 
— c(s a)(6 -2/) =2(s--a)(s--^)(s— c). 

85. Find tho H.C.F. of 20aj* + 0 ?** — 1 and25a5'* +50** — aj — 1, 
and the L.C.M. of 6x* — 7a;® + 2 and ® + 6 / ® - a;— 3. 

86. Jf 2s = a-f 5 + f, then(s — + — c)' — 3(s — a) 
X (s — /j)(s — r) = i(a^ + 6® + r* — Sadr). 

h7. 1g -aXa*— r) ^ r®(a;— a )(a;— &j _ 

(a-^b)(a r) (6— a)(//— -c) (c — a)(c— />) 

an pquatlou or an idenfity ? 

88. Find the value of x* + 4a;* + 6/® + 4# + 9, when 
— 2 — 1. If p he the difference between any fraction and 

unity, and g the difference between it*? reciprocal and unity, 
then pq =p^(f, 

89. Solve (i) 3« — >/2/® 4-6( •n = l-a 5 ». 

(ii) a’®4-2< = 12— 4\/a®-f 2a’. 

(in) 8» + 2\/a;®— 3 / 4-9= / -"d-d. 

(iv) (4r + 2)^ +(a’+3)^=(2»-f 4)*4-(3^ + 1)* 

(v) '®(y4--') = a\ //®(c4- a;) = 6'* ; * 4*?/) = ^‘’‘- 

90. Two trains moving in opposi te directions pass each other 
somewhere between two stations A and /?. One train leaves B 
at 10 minutes past 4 and arrives at A 20 minutes to 5. The 
other leaves A at 10 minutes past 4 and arrives at B at 20 
minutes to 5, Find the time at which they meet. 

X. 

91. Prove that (< 4 -y)(y 4 -£;)(^ 4 - <) — a?** — ^ Axyz 

+ (2/ + -— + 2/)(< +2/—-) and 

^(I-//^)^l-^0^^V(l-a;»)(l-:;a] + g(l-a’®Xl-•■V*) 

♦ d-y + z—.cya; 

s=l— sr 



310 


ALGKBRA. 


[chap. 


nn o- 1-f /-■> d'" + 36“ (j-*— 3a'’6‘‘' +96 * 

92. Simplify (i) ^ i.+ - 3 - 

n“ —.36 * re** + ,3a'* 6'* +96 * 


(ii) 

\ (i^ / \ 


9;^ 

94. 


Find the H.C.F. and L.C.M. of— 

• ^ — 4®+ 4 and 8 . 1 ^ — 4 . 1 + 12 . 


Solve (i) ^ + 

.1 — f^(( 


.( — r>a^aj + 6a_^ ./ + Ija 
— '\tn ./ — 4ff cr — Set 


(ii) y -4)1 = ^ ('^2 j _ 4, 

(iii) .1 +?/ + c = lS ; .f® + ?/^ + ;:'^ =110 ; aj(// + i:)=Gr' 


fiv) .1 >///+ == ■" G ; + //“ = 2G. 

(v) 1 + //+■::=. i//): = G ; i //+ //c + c.r = 11. 

95. li aa’ = , find 

96. If y=d'— \ express ^ , in terms of //. 

,r »t'’ 

97. If ax + hy ~a h and 4 - then 

a"a:''+ //y'~a"4-/)' . 

98. Solve (i) (a?+ 4){mS) + v'5(i +-8)(,^’— 2){ =8G. 

(ii) . 

m.» + a n,/4-(f pas+o 

(iiij 0)2 + //* +r* =2n* ; x-f y + z = 2b ; yz — c^. 

(iv) ax 4- r//+ hz=:rt 4-5?/+ nz=b( + a?/ + r;: 

= ^ 4 - 5 ® + /"’' -Sabc 



99. Resolve into the product of two Zmear factors the quad 
ratic exqressiona 7.<® — 8jr— 160 and wm * + — m^^aj — 

100. A man starts from the foot of a mountain to wal! 
to its summit ; his rate of walkin g during the second half c 
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the distance is half a mile per hour less than his rate during 
the first half, and he reaches the summit in hours. He 
descends in 3|: hours by walking at a uniform rate which is one 
mile per hour more than his rate during the first half of the 
ascent. Find the distance of the summit and his rate of 
walking. 

XI. 


101. If P = a^(r< -f* {.>^(^3:+ Z>) — a((*' + and 

Q=r^(ax + hy {oii{rx-{-d ) — find the cube root of 

Q-P, 


102. Tf .l==(Z>-c)(a-d), H=(r-^a){h-d), (J= (n--h){r^(l), 
find in the simplest form — SAfiC. 

lO.l. Shew that -j-r* “fa + Z> + r)(a® + /P + r"*) 

+ (od+ ar-l-J>r)(a® + 6^ -f-c®)=:aZ^c(u + b + c). 


101. If 


- -y __ 


4z 


a^-h 

-|-2y(r* — aj®) + 4^ a;^ — y^)5^=0. 


— , shew that x{y^ — r^) 


105. Eliminate Z, wz and w from a^Z'^ ^‘b^m^ + =?a®Z + 

+ al^bm = cn, Z® -|-m® + 

106. For what value of » will the expression +22,«^ 

4-23« + 19 be aperfecf square ? If the two quadratic equations 
a.< ^ r 26/'+r=0 and c+ =0, have a common root, 

prove that (aCi + air— 25& J^ = t(ar— — 

107. If P = (a — 6)^ + (Z> — c)^ + (r— a)*, express (a — b)^ 
X (a+b — 2c)® + (b — c)**(6 + c — 2a)® + (r — a)®(c+a — 26)® in terms 
of P. 


108. Prove that (x + y+z) { ♦ ® + y® + — (y — -)® — (~ — a?)® 
-(*-«/) ’} = 8*2/-+ (2/ +■-•')(•'■ + -- 2/)(*’ + 2/— -)• 

109. Solve (i) (a+..)'+ (a-a-)* = /i. 

(ii) .1!^ + ?/ * = 6 ; O’* + ?/^ = 126. 

(iii) a(ic® + 1) = a*(a® + 1). 

(iv) ./(» + 2/)=A/a?<-l; «— 2/=7. 
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(v) y— ;: = 2 ; y(x + z)-^h\ 4<'+ ?/)=45. 

(vi) cc^ +xy-iry^ \ if- y- z-0 

- y 

110. J rides at the rate of 8 miles an hoar ; B walks at the 
rate of 3| ; B starts first, and after a certain interval A sets off 
to overtake him. When he had ridden 14 miles, his horse 
broke down, and he had to walk on, which he did at the rate of 
4 miles an hour, overtaking B in 14 miles more. What start 
had B ? 


XII. 


111. If ..+« + --=0,then sL- U- + .I -+ yt =0 

.i—y y-z z-x 

and ixfl — 4iyz is a perfect square. 

112. Shew that (..-f-y + .-)»-(-+?/)* -(2/+~)*-(::+ '* 

+ V® + =^6xyz» 

113. If2s=a + h + cand2S‘*=a=“ + h^ + c‘,shewthat(S*— a*) 

X (S»— h*) + - r=*)+(S* — a“)(S*— c*)=4s(«— a) 

X («— 6)(s— c). 


114. Shew that 

r”^(a — b)(a— d) -h —c)(c—d) a—r 

when m = 1 or 2. 


115. If nh-\-br + ca = \t 


shew that 




h 

1-h^ 


1-r® 


4a6c 

} 16. Solve (i) (.>-2ay + {x--2l>f = 2(x-a-by. 

fii) (. 1 ;— 9) (* — 7) (a— 5) (x 1) = (e 2) (x—4) 

x(e— 6)(.t;— 10). 


..... 1.2 

^"*^3 + 126 *^ 0:- 66 


^^+46 .1+26* 


117. 




relation between f and .f. 


2 

2-y 


2 

yzs , find the 

2— as 
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118. Simplify : — 

(1 — + — 30ag^4-5.o*)-4- (5.< — 10^5® H-a;®)(20.ij — 20 .<j®) 

(5¥~i0«® + cT®)® + (T- 10a;® + 5^^)* 

119. Shew that (a® + + c® + (2®) (a;® + 2 /“ +^* 4 -w*) = 

(ax—hy + cz—duy + (ay + ht — cu—dzy (az — hn-cx’k-dyY 

H- (a^^ + 62 : 4 - cy + da;) * . 

120. A person leaves £12,670 to be divided among his five 
children and three brothers, so that after the legacy duty has 
been paid, each child’s share shall be twice as great as each 
brother’s. The legacy duty on a child’s share being one per 
cent., and on a brother’s share three per cent. ; find what 
amounts they respectively receive. 

XIII. 


121. Simplify: (a-f6+c)(.t*4-t/ + -)+(h + r.-a)(r + 2/— «) 

H- (a-f — c)(.< + 2/— 2;)+ (c-f a— &)(» + x—y). 

122. Find the square root of x— + yz— zx^y^). 

123. Solve (i) (3.0- 1)2 + (4o-2)® =(5a;-3)2. 

(ii) + 

x—Sn ?/ — 36 ^ y+a y-^Sh' 

(iii) .< ® 4-7/* + i •' — a=^y—h=z--(\ 

124. Kesolve 2o® — 21a;2/— ll?/®-- » + 34?/— 3 into rational 
factors of the^yc<?/. degree. 

125. If a4-6+ r = 0, shew that the three following expres- 
sions have a common binomial factor and find it. 

a»® + hx + c, cx^ +ax-^b and 6.0® -hex -ha. 


1 26. Shew that the two expressions (a® + l)(6— c)(h + c4 - 1) 
4*(6*4-1)(c — a)(r4-a + l) + (c®4-l)(a — 6)(a + 6+l) and (a® 4*1) 
X (6—0)+ (6® + l)(c— a)+ (c® + l)(a — 6) are equal. 

127. Find the square root of (a® + 6®)(c®4-d2) + 2(ac4-6d) 
X (be — ad) and shew that 12®" —3®" — 2*" + 1 is divisible by 120 
(n integer). 


128 . 


Simplify : 


(a^b)(a—c) 


4- 


ac(x — 6)® ah(x^c)^ 

(6~a)(6-7)'^(/— a)(c-6)' 
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If 


a * ~ 5 * «'« « — by ~ 


then ii= h. 


129. Solve (i) (5~-.0'’-8(7-.03 + (9-.0"=0. 

(ii) a>?/=:c(6aj + m/) ; huyssc^a-r—ly), 

(iii) .( -f 2/4- - =3, a.r+ =a4-i4-r, 

hcx+acif-\-ah: = ah 4 - hr 4 - ca^ 

130. A man buys 570 oranges, some at IG for a shilling and 
the rest at 18 for a shilling; he sells them all at 15 for a 
shilling and gains .*> shillings ; how many of each sort does he 
buy. r* 


XIV. 

131 . Shew that (I + .»r) (1 + ?/r)^-“ { ( 1 — .< ~j(l— //i:) 4-2 (?/r{ 
= 4(aj4- y — xy) (.< yz^ 4- ,♦ yz^ + c). 

132, If ,>4-?/+:=0, find the H,C.F\ of ” +//‘' 4-a'' and 

las. Shew that 

(l — h 

2(1 ^ah) 

■“ (l+«V^+T*4-(l+/>)^/l+T^^’ 

134 . If 4- 6.t 4-r be divisible by r^+px+q, prove 

that p(p--a) = q~h. 

If a 4 - 2 ;+r = 0 and a(by rz^a t) — h(cz-^ a^-^hy) 

= c{ax+hy — cz), then ,» 4./y4-£;r=0. 

135 . Find the values of a and b in order that + 3, <'7/4-4?/^ 

may exactly divide 4- 7 .r®?/ 4- 6.1’^^* + 6.t ®2/® + + hxiy 

+ 12?/«. 

136. If then ^— = 

a+^-fr b-^ax* (5 — a 4 -r)“ 4 - 4 a 6 * 

If (a+ 6)^ =r(a— 6), prove that h{a + 5 + 0)* (a+ 5 — r) 
•f 2 abc{a + b + r)-~ 4 abr(a + h — c) —ac(a + 6 4- c) (a + 5— c) — 8 ahc^. 

137 . Eliminate jb, ?/, 2: from a** + by* 4- cs* — c&t -^hy + cz 
s=i.cy zx=0» 
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A TJ 

138. If p and q be the roots of the equation — -4- 

X — X x—h 


+ ==0, find the value of (p—a^((i~a). 

139. Solve (i) H — — =:2. 



(iii) ,/ ‘ +a* =(.< 

(iv) -^.(y = 66 ; 

(v) c< — by-\-az—a^ + r® ; bx + ay — cz =a^-4-5“ ; 
at -hcy + bz = l)^’^c^. 

140 An officer cun form his men into a hollow S([uare 4 deep 
and also into another 8 deep. If the front in the latter for- 
mation contain 16 men fewer than in the former formation, find 
tlie number of men. 


XV. 

141. Find the squai'e roots of : — 

— “t" — — + 4,1 ’ — 2 and 16 ■4*5/y/7. 

4 ,< ® 

142. If .f ^ +pt ^ + s be a perfect square, shew that 

y-a =:p^s and jp® — 4p^+ 8r = 0. 

14S If + c) c 

(a — c)(c — d)’^ {b—d){d — a)'\- {d — b){f)—c) b— d" 

then either a-+-d=/>+c or {a—h)(c—d)=(h — c)^. 

144. Find the H.C.F. of 5^ * + 38^* -195aj-600 and 4.^ 
— 15r* — 38 « +65 and the L.C.M, of 4a® +4a^b — 13a?)® — 56® and 
6a^ — 5a®?)- 13a*6® + I7afi®- 5h*. 

145. Solve (i) (.)2+ 7.) + 5)®-3a}® -21a;= 19. 

^ 2 _ 8 
5-a''‘'4-. 2+x' 
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[CHAP. XXX. 


146. Resolve into its partial fractions 


18r+66 

(.c+l)0u+5)(.( + 7/ 


147. + =y + 0- «)(g + «)»+(■*- y)( x + v)» 
Ky + s){y — .0(s— a;)* + (a^ + 2/)( < — y) ® 

and shew that, if a + 6 + c + d = 0, then +c'‘ +(2*) 

«= 5r£i+ + afirf + abc. 

148. If - (b — r)-\r ^ {r — a)4- \a--b') =0, shew that - (s— y) 

X y z a ' 

4-|(^-:j)4-?(y-aj) = 0. 


150. Two persons A and B walk from P to Q and back. A 
starts 1 hour after R, overtakes him I mile from Q, meets him 
20 minutes afterwards, and arrives at P when R is J of the way 
back. Find the distance from P to and the rates at which 
they walk. 



APPENDIX I. 


CALCUTl'A UNIVERSITY 

KNTRANCIv rxamination papers. 

1858- 

1 . FiXplain the rule foi the signs in algebraical nniltiplication, and 

multiply Si/-* + 2a;*i/‘*by 6(r' — 2y^ + 7 jo'^v • 

2. Find a fraction, such that if 1 be subtracted from its numerator rlie 
value shall bo J and if 6 be added to the denominator the value shall be i- 

3. A and B can do a piece of work in SO days. A and C in 40 days and 
B and C in 50 days. All three work together for 10 dajs. If then t^o hc^ 
taken away, how long will each of the others take to finish it p 

March 1859 

1. Multiply 1— a + «-— f"* by 1 + »+/- + » , 

^ ^ 2 II 

Dhide (c*— a *)(«?* + a'*')by 'p’+a’ ; and 

Subtract hcd"'—{a- — h-)hdivom (n- + 6c)d — (a- — b^)i>d. 

2 Solve the following equations : - 

(a) 10 (!> + 0-23 = 0®^-^-^^; (;-) S-h7V(P-6) = 15». 

3. I bought 25 yards of cloth for Hs. 223-8.0, for a part I paid 
Ks 8-8-0 a yard, and for the rest Rs. 9-S-O a yard; how many \ards 
of each were there ? 

4 . Urn: n : : p : Qj prove that ^ = (m + q) — ( 7 / -j- p), 

5 . Divide 39 into two such parts that the greater increased by (> shall 
be to the less diminished by 3 as 5 to 2. 

6. In a right-angled triangle, the base is 8 and the sum of the 
hypotenuse and perpendicular is 12, it is required to find them. 
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7* A person has -two horses, and a saddle worth Rs. 76 ; if the saddle ’ 
be put on thoftrai horse, his value becomes double that of the second', but 
if the saddle be put on the second horse, his value will nob amount to that 
of the first horse by Rs. 330. What is the value of each ? 

8. There are three numbers, such that the sum of the first and second 
divided by their prodart is the sam of the second and third divided by 
their product is j and the sum of the first and third divided by their 
product is Find the numbers. 


December 1859* 


1. Shew that — 

[{ax + by)^-\-{ay-^hx)-] k {(ax-hhyy^ijiy + buc)-} =(«♦ — v" ). 

2. Divide £b° + by (uJ+v)®. 

3« Resolve c* “ — o’ ^ into its simplest factors . and simplify — 


4. 

5. 


1 + 


a-h 

a+b 


1 + 


1 - 


0.-5 


1 


0 + 6 ^ a® h6® 

Find the Greatest Common Measure of — 

aj*’ +3aj“ — 9tC + 5 and c** — 19uC + 30. 
Solve the equations 

( 2 ) : 


b 

x—b 


a— 6 
x—c' 


I860. 


1 . 


Add together — ^ + — - 

® dC+S dC** — 3cC+9 


2 aj 2+^+12 

x^ + 27 ’ 


2. Divide u.-* + +y bi/ a? * — .t, *|/^ + t/® ; and simplify the expressions 


g + c 6 + r , g* — 6* ^ a—b 

(flf— a)(6— a) (jj— 6)(a— 6) a’’— 2a6 + 6= a(g + 6) 

8. Solve the following equations 
1 1 2 

— 4 + 7=^ 5- 

aj— 1 or — 4 03—3 

2g;+ll _ 9a;-9 _4^+13_ 15<p-47 
03 + 5 3fl5— 4 0 + 3 3.C— 10 


. ( 1 ). 
. ( 2 ), 
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4. A )>erson bought a picture at a certain price and paid the same price 
for the frame ; if the frame had cost til less and the picture 15s. more, 
the price of the frame would have been only half that of the picture. Find 
^he cost of the picture. 


1861 - 


1. Divide 28i ^ + 13aj® 2 /- — by 4u/- +4a/// + 3y 

2. Reduce 


4 “TT^i — \ + I ^ . —X to the form — - 

4a^(a— «) 2a-^(a~+r-) 


3 * Multiply -H 2 / by 

4. Solve the following equations : 

(1)6’,-^=^^^; (2) 4. +3 = 8. -9s 

(3) V(.+9)-l + V,; (4) 

1862 - 


1. Reduce to its simplest form - — 

1/ x + y 

I 1 I 

2. Square — +c and divide 1 by (« + 6)® giving three terms of 
The quotient, 

8, Prove that if : b : : c : d, then a — b : a r—d : r. 

4. Solve the following equations : — 

(1) 2ji+ll=7c-14j (2) V(o + 9)=l + V. ; = 

5. What fraction is that which if 1 bo added to the numerator becomes 
1, and if 1 be added to the denominator becomes I 


1863 - 


^ , C + U j, t'— Jj'W 

1. Prove that ^ = 1* 

y ju+y x^y—y^ 

I 2 i I 

2. Divide — by a-ft. ^’Tiltiply »*i/+ </ * by a> ‘ — y*® 

3. Solve the following equations : — 

2x , jff-2 


¥"-3 


.201-7; 


(3) 2oi- =4,3y+ 

o 


(2) V(3.)-4«v' (301+4); 
=9. 
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4f. A post is a fourth €)f its length in the mud, a third of its length 
the water and 10 feet above the water ; what is its length ^ 

1864 

1. Add together —(»— 2/ + i)(aj+j/ — c), — (y — «,+ .)(7/ + a— ) and 

a” — (-~aj + 3/)(^ + a;— I/). 

2. Multiply a5 + j/ + --— V'(xy)-- V(t/^)— '/(as.) by VaJ^- V/y+ v' ; and 
divide +a*iii* + o'* by x- —ax + a-. 

3 Simplify the expressions^* ^ 

2 c—1 x^—7x+W 2 9c+lS 


4t. Solve the equations : — 

35-1 aj-c) 3, 

:i 


(^0 


^ “^=4i; (/,) 5a!+llv=140,n'’ + '>V = ll0 


1865. 


1 . Div'ide the continued product of 1 +» + !/, 1 + a,— ?/, 1 — « + ^and 
as + T/ — 1 b}' l + 2Ty’-~x^ — y^ ; and fesohe 4(uc—.(y)- —( m ' 
into four factors. 

2. Find the Greatest Common Measure of 2 * — 11 » “ — 9 and 4 » + 11 * * 

+ 81 : and reduce — ; — ; n ;- — -.,77 to its lowest terms. 

, *+4' - — 47 «— 210 

3 . Simplify as much as possible any one of the following — 


CD 

(2) 

(3) 


^ + ,-- 


V 


(x-y)(^-z) (y-x)(y-.) (i-..)(s,-i/)’ 

i + _i + L_ . 

V- , V° + i» , ~- + xy 

4oh 
a+l> 


jt V 1 „"'+2a a.+2h 

4;. Find the value of — — + 


when G» 


x—2a i — 2h 
5* Solve any two of the following equations: — 


(1) 


I f — 6 c_ r— (a+6 + r) 

c a abr 


<*> 2('-S)-X-0*K'-0-”' 

fs'l --i 2 _®-5 _»-6 . 

'■ ^ a— 2 j’—3 x—6 te—7 ’ 
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1866.A. 

1 . li‘ r/ = l, ?> = 2, c = — da=0, find the \alue of 

a -h-i-c ___ / X 

a — Z> — r />fi — f/r 

2. DiNidc' lift — ^7(^^h — 7(fh- — bh" by 2a — bh^ and u ‘ — i~ • b\ x — ^ ' 

and tii.d tlic coutimiod product ofr/«— 1, a - + ^ and na: + l. 


3- Uiiid the (Jl.C.M of * ‘ +6' - + lla> + () and x ' + {Ki - ■{■27x-\-27 mu. 
the li.C'.M. of X 1 J, x—tj and t/^— ,♦-//. 

4. Sini|>lif\ tlie rollowiiif^ . — 

iM » + 3v ^ x + 2y j •¥ If 

'^C»+.V)(» ^ ‘ 3 */) K ' V 2 ii){a ' 

' '^+2a fT ^ a- -TTc + 10* 


5. K\ tract tlic cul)e root of a'’ + P* +21ic‘ + “1 J ' “ -I- ()3i- + .“> ht -i-L'7 

6. Solve the equations : — 


(0 


--:t :;+2 

r -3 2 _« 


(- 2 ) : 

h — a a — b 


a: — 6 I 

3 "^ 8 ’ 

( 3 ) l '~1 _ 

(j f ^ ijf ^Ki — " } 


7 . A is twice as old as 1> and 4 years older than C\ 
ages of A, B and C is 96 years. Find i>’s age. 


Tiic sum ol tit 


1866-B. 

1. Find the product of the four factors : — 

‘V + y + i, x + .c+^— y, £-r tj—>. 

■ 211 a 11 

Multiply : O’ ‘ + ct *?/'^ +|/» by « y'** 

Divide : (d' + y-^z)(cy ■^xz + yz)-~‘xyz by .»■+// 

2. Reduce to its simplest form - 

(a 5 +z) 2 -y= (.'C + y)a~s* (y + z)®— 

Find the Greatest Common Measure of 2fc® — 1 In - —9 and 4 » ' + 11 » ‘ 




21 
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3. Extract tlio M]iinie root of + 12 and shew 

that (t — i/)* +()/- ) * + ( 2 — )( - 0- 


4 . Solve tlio ef| nations • — 


1 . 


^r>f_3_3~5 
3 “"2 3 


(2) 


, ‘Oii+W r + 2 
- -03- - ¥ 


1867 


1 Reduce to it-, lowest terms , — 

/ ♦ + / — / 

C<iminon Measure of 2 +9( - + i —15 and 4 


— j-, and lind the Gieatest 
. *+8»-+3r-r20. 


8 simp]ih • • r Tj:) - (rrrr ^ 1 0 

e*'iry *(>:-)' <i < D' “-O'-iX:. ".")(: +0 


or sIjcu tint 


3. Prove either of the identities [ny-^h ) ~t{( r— nz)® + (h 
— (^*+iy-+ -)(a^4-h-4-c-) — (uc+ht/H-c )-. 

168(«? — fi)(s — — c) = 2a-b- + 2<t-t - +2^ r- — a^ — b* — e* where 2 h 
«=a + b + r. 


Solve cither oi the equations 

(1) (^+^)(,^2)-(^+5)('“»)+i=<^; 

, V o + h _ ~0 

^ J (s/t/ — b)(A/ t/— t) (V i — ti)(v^ V — r) (V ( — a)(\/u; — b) 

5. SolvcUhe simultaneous equations — 


ac + biy + c ■=07 

' ^ a^r + bj fy + Cj «:0 ) ’ 


o + 5y— 4z=:5 
(2) 3t-2i/4-2z=ll 
— 10 0 + Sy + z — G 


}• 


6* Evtraet the square root of + 2o* + lG.c®— 8c + l or a* + b* 

+ e++d*— 2(a=+c-)(bM d ) + 2a''c-+2b*d". 


1868- 


1* Given a=V2, h=Vilj r='v^4 and d=0 find the value ot 
V {(a“ -{-c*) (h“ +( ) (b +d^)} , and extract the sqnaio root of 

a® + 6*’ + d- — 2a(b — c + d)— 2b(r— d) — 2r(i. 


1 - 


^ /fl + b , a“+b*\./« — b u'* — b''\ _ , , 

2 Simplify: (^ + ^^7'" 

/ b^ + c.“ -o"\ ^(e + b + ( )(a4-r--b) (b + c-a)(a+b- ) 


V 


26c 




45-0- 
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3 . Solve tlie equations : — 

. 4(c+3 29--7»_8a + 19 
9 18 ’ 




Hg+4. 


«4V(g+5). 


4 ;. Find the Greatest Common Measure of » ' 4-4 b- — o and ai'^--3» + 2, 
and the Least Common Multiple of «'* — o* ‘ + g- + t*— 4 and ** + »'* — 

— 4g + 8. 


5> Solve tlie simultaneous equations 

}x-^\y = l2^l , = 10 . 

6. There is a number, the sum of Avhose digits is 5, and if 10 times the 
digit in the place of tens bo added to 1 times the digit in the place of 
units, the number will be inverted What is the number 


1869- 


1. Divide ® ‘ + ?/ ‘ +3/y — I by * --ty — 1, and < vtract the s< pi. ire root of 
» ‘ —3 1 ‘ { Jg® + 2® + jU 


2. Resolve all the following eviiressious into fac tors, and thence lind 
the Highest Common Measure of o*+2*'-f-l, t'‘ -r ' ^ — 1, and c* — 1; 

and the Lowest Common Multiple of — E 3 '“ + 7^+2, and 

+ 3.r>-2. 


■htr 

— u » 


3 . Simplify: {a) ^ ■ 1 

/ — e (y + a ^rOj^o—^a 

+a 

u- 4- (u e— r 2r 


(h) 


3 


(e +. > 


^ 4, 1—2* “—3* +r 


4. Solve the equations : — 

(a) ,’.(2 -3)-2, ; (h) " + + 

5* A labourer is engaged for 30 days, on condition that he receives 
2fi,’6d* for each day ho works, and loses 1^?. for each day he is idle; he 
receives ii2-7-0 in all. How many days does he work, am? how many days 
is he idle 


1870. 

1. Find the product ot 3a + 2h and 3r+2f — .3h,'and test the result by 
making a = 1, 6 = r = 3. 

Divide by - o»i/+ .-i/®- o?/' 

_ a , & ‘ - <r ,h 
and , d-“ by , 

h\ a' ^ h V, 
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2. l*rove that , +— — — — + ; niul .siu'w that 

1 + ’ 1 — ?_ i+_J_ 

I t! T ' a 

It 

tlio iiotatitm It is of ainhiguoiis moanin'^. 


3 . 


4 . 


Simplif\ tin* exj»rr,s&ioiis : — 



l± ' 

1 -.. 


A 

1+3 


l_+3- 

1 - 


+ 



43- 

1 + . ‘ 


_ 1 - . 

iL-iij 

1 - 3 - 

1 + 


Solve the e<[Uatit)iis : — 







a — . _^2a — . ^;{a— - 
(t 2a 8a 


Kind the [joast Coianioiv ^Multiple of — 

ft * + 3 - ^ + 3 »/ - 4" {I ' and » — < ■ /< -S ' ?/ - — .a . 


5 . Extract the square root of 

43 > * 4 Sa t • + 4a - t ‘-i 4 1 ()/>'- , - Wah - / 4 l(U, ’ . 


23*-a‘’-l)t‘-’4 i:V-, 

■vCdllCC /‘•j TO 

7 ,, -J — 4 . 1 ^., 


to its lowest terms. 


6 - - .1J3 is a railway 220 miles long; and three trains (/'.(*>,/*) ira\e 
nj»or it at rates of 2o, 20 and 80 miles per hour respective ly: i" and V 
leuAc .1 at 7 a.m. and h-lo a.^i. respectively, and Ji leaves 11 at 10-80 a.m 
AVhen an^ where will P be e(juidistant from and it ^ 


1871. 

1 . Multiply 3 ’^ — i 3 -?/— 8 // by 23-— and find the square’ root <*f 

_2> = -4r + -V + 3- 

fc- ft * 

2. Ilcduce to the lowest terms, and find the Jjeast 

Ccmmoii Multiple of 2(3’-2)^ 23 --S, fr'423, 2ft--4f/. 

3 . Simplify 

a It a" . 2a" 
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41. Solve tlu* e( I nations ; — 

,.v _ 1 _ 2 ... 4x- ;f27^-3)=56n 

5. i and It coinparod their monthly incomes and found that.4^s income 
was to that of B as 7 to J>, and that the third of .4’s income was Rs. 30 
'renter that* tin' difTon'iice of their incomes. Find Avhat each received. 


1. J)jvide j:* — IOb" + 9 by aj- — .3. and find tin' of 3x —17'* 
-Mlx + llandOx — 25x- -r 17i! — 22. 


2. Sim]>lif> 


(i)[ •> > 

' 4 X — ((’ K — o a' + fO n- 

' !C-^a + 

V 

... I 1 _ I 


3. Sob <' the e(]nations ; 




« 4 f 

^"-' 4 .- 5 ,, _r 


4 . Rs. arc so divide<l among A, Rand (', that if A were to give i> 

Ks. 200, f> would then have twice as much as A, and three times as miudi 
MS How many rupees did A, B and C oacdi receive o riginally ^ 

5. If ((:!>’:(: d, piove that tt ' U • + also shew That 

h'’-\~d'' • (e + r)': (// + d}*. 


1. Reduce to tlieir simplest forms: — 

fi) . (ii) „ ( .I '-i/Oyg+i/)- _ . 

2^/ su- ' («'+ + — 1J-) ’ 

....X 2+» , 2-' , 
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2. Find the (J.C.M. of <> ' — - -rlOa^a’ and - 1 - — 4rt* ; and‘ 

the L.C,M« of 3fra’- —oa- t’, • fi- +r/.r, V (i\(Ui ), v'cf — V 

3. Solve the c*(jii;iiions : — • 

4 * ” .~ 7 > Uieii each <'f these ratios = ^— - 7 - > 

h d />4-d+/ 

. . , (i+lt—vh + r — ti i+a h , , 

AssiiminK that ; — — — ; = - , and that + e + f its 

(I -4 h t> + r r -{ a 

= 0, shoAN that a==i)ssr. 


5. Two persons starteil at the saia(‘ time from .1. One rode on horse- 
back at the rate of 7i miles an hour .iiid arrived at /J 30 minutes later than 
the other, nho trav elled tlie sami* distance I»y train at tlu' late of 30 miles 
an hour. Find tin* distance ])etween A and /?. 


1. Simplify 


a» (, ro»' -s« 


‘ iiTT 2/r ‘ 2h(n^h) ' 




2. Find the Least Common Multiple of 1 +4 » 1-4'- — 10'*' and 1+-' 
-8»' -l(v •. 

Extract the siiuare root of 0 * * — //- — L' - y ' I 0?/^, 


3. Solve the etpiation 


ir>-i. 2. +5 I'J 


The exi)ressioii is equal to 30 when is 3, and to 42 when 

is 7; what is its value when ./ is 4*3 ; and for what value of (c is it zero If 

4. Shew that if a . l> : : r : r/, (ij n-v h. u — t : ; r + f? ; c—d ; 

. ,A/. . + 


(ii) 4(a + ?>)('■ + <l) = 


5. A certain iiuiuher consists of two digits; the left-hand digit is 
double the right-liand digit, and if the digits be inverted ; the ratio of the 
number thus formed to 00 is 4 ; o. Find the number* 
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1875. 

1. Subtract 3« — ^ fn>«n 2^/ +',/>— b* ; multiply y 

and find tlio (l.C.M. ot b/*‘ 4-® — (ia>- — 52 * — 2 find 2» ‘ +3® * +2a - — /ai — 6. 


2. Sinijilif}' 


1 +r + y- ^ 1 — < -4~t' 

~i“® ■ ^ 1 + » • 


+ 1 , and 

Vl+' ^ ■' Ji-m 


, (I h h — f r-i- if . 11 

Hhew tlifil if 'I- — “1 — — = I siml + < IS //oZ = 0, Lhen- -'t- 

r f! h a t> 


3. Solve tlu‘ equations • 

ar— ^ 

5 T) 


(i) 


3 // — 2 ' 1 

(ii,) 4. I, 


+ '^ = 0 (ii) v/.-;.-.! =l-f v^5i’-2; 

1 


4. 


If 


(I (’ 

h^'Ti 




proV(' tliat each ot ilie fractions iseijual !o 


(0 


Xu + /(• + ViV 
/| h + id ->r ill/ ’ 



5. Hoh many bundles of ha \ ai Us. 5 per tliouaaiid must a ijluis wala 
iniv ivitli OjIKX) bundle's at R.*- b per thousand in order that lie may ??aiu 
20 ]>er cent, b} sellintt the whoh' at 11 annas p('r hundred - 


1876 


1, Simplify the followiniij expressions — 


(1) 

3u — [u 

4-h- 

•2 {u -ph + r— ((/- 

•fi + ( ^d}\ P a , 

(52) 


‘ + (' 

+ y) ‘-h3( •-'/)-( 

'+?0 + ''^( ^y)-K 


a 

a 

r/ -p e ^if — h 


(:<) 

(/ — 6 

It + 

a — /j II + h ^ 

(1 - 

h 

"IT 

<f h 

(1 — h ft 



il — h 

a -f 

n — h 

If t- h 



2 . Rind the Greatest t’oimnon Measure of 2 * -f 3 .i - -I- 2 .r — 2 and 
4«'^ — 2( * + 2.r— 1. lUulliply .<-—('4-1 In ^ + I 

//- 


Rind the square rout of 4— 4r + 2h -f r- — . 
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3« Solve the eciuations : — 
2,-13 ^5-1 


(1) ^ 3^-5y .r >/_ 

9 11 8 7 ’ ^ ' 2 4 *14 18'“^* 


4. 1 f y ^ , shew that 


Cl) 


»n(< + 


JjV 


(2) o - + c® +e- : Z>® + cZ- +/- ; 


•If. 


5* *1 can do a jueco of work in 9 da^^s, B in twice that time, (*{iii only 
do ,• as much as A in a day ; how long would .4, B, and (\ woi king 
foirctlKT, require <o do the same piece of w^ork ? 


1877. 


1. Simplify; r~. ^ ; multiply toy:ethei* 

I +1*4.1“' !--.<■ + . I" 1— cT'+oJ* 

e ; /> + (“, /i + r— (/, (•+// — /», — and divide jj* + — 35' +57 hy 


2. Solve the equations : — 

2.-3 3.-S^4. + 15 

~^“n — •« 

( 2 ) 2(/’ + 2)«l + VC4.-+9r + ]4); 

(3) 3' +4t/-ll=(), 5.v-6c + 8 = 0, 7^-8 uj-13 = 0. 

8. Find the (ireatest Coninion Measure of +a?^ — 11..* --II.-I-IS and 
‘+35.--50. + 24. 


4. Find the first four terms of the square root of «" + and from the 
result deduce* the square root of 101 coriect to six places of decimals. 

5« If >• ’ l> = f' ' d, ju’ovc that a- +r- : h" +d- : : nr : bd, 

6. A and B together can do a piece of work in 15 days. A can tlo it 
alone in 24 days ; how long would B take to do it alone ? 

7. T^^o passengers have together 5 cwt. of luggage, and an* charged 
for the excess above the weight allowed 5 k. 2c?, and 98, lOd. respectively ; 
but if the luggage had all belonged to one of them, he would have been 
charged lOs, 2d. How much luggage is each passenger allowed to carry 
free of charge, and how much luggage liad each passenger ? 

1878. 

1. Divide .((1 + »•■*) (1+ -.-) + j(l +-‘'') (1 + ®*) + + {l + y-)+'‘’r- 

by 1 -f ‘*’1/ 
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Kxtracfc the square root of- 

(<r- +r-)(.V‘ + --(rvmfr.)- ^(ay--hc)K 


_ V 


8 . It 

h + r — f/ r-f-u — /) (I *■ h — r 
-h (u — />)'.. 

4. Solvr* the (‘(|uatioii8 : — 


liiid the value of (b— /■)/!+(<■— «)tf 


(-/) Vix- + .Kix + ir-^Kit^ + 111 + 10=2(x+2) { 


8V + 19 


(I,) + 

i) I()H 18 


5. Simplify the expression ( t,® —:{»•)- 


1 i 


37 ' 




1879 


1. Alultii)ly — e"(" +fi5“J' hy u^ + iE", and 
Measure of a?" 4* 13 ) + \ and t - + ’■! • -r ,V* 


2* Divide ru- 
Simplify - 


/I «-i /t-i 

"!/■ by a- 4-l/‘ ; Jiud 




iv-'Y 


O’— .v)(' — 0 


find the Greatest Common 


8- Solve the p(]untions ; — 


{n) -r v^/i ; 


(/') 



4. 


If 


e (• 



pro VI' that 






/ i 


(-•) 1 

4 + L^=2 

1 r 'J 

Is 2^19 

tj 20 ' 

(ir 4- hd 

((C — hd 



Two armies number 11,0(10 ami 7,(K)0 men i-espeetively j before they 
lifrlit. each is reinforeod by 1,000 men: in favour of which army is the in- 
ereaso 

5. From two towns .761 miles apart two men start, one from each, at 
the same time • one cfoes 2t and the other 27 miles a day : in how many 
days will they meet 'i 



330 


ATXiHBRA 


1880 


1 . 


Sinii)lify | j ■ 


«(6 — ff) ) 


( (t ^ 2a r ) 

( • '(^ + .0 )• 


2. Find the Highest Coninion Factor and Ticast Common Multi] do ol 
and — ood - — Jin"’. 


3. Sohe the equations : 

(a) 15-f-'i^Ct + 7)-19: 




4«- 


-1 2.-2 

= . + — +24; 


(n 


• ) * 1 ? 


.r,,,-7 , 4..— 3 . 


4. If r/ • : f : 4, shew Unit 

I 1 

m}} + ad . {a' I r-)‘^ : (/>-+i/-)‘‘'. 

5. Extract the square root of 

ft III f« *. jf 1- 

ft’* — 2n +2c‘< ’ + /f ’ —2f/ I *+c'. 

6 . A boat goes u]»-stronm 30 miles and don n-stroam 44 miles in 10 
hours ; it also goes up-sircam 40 miles and down-stream 55 miles iji 13 
hours* Find the rate of the stream and of the boat. 


1881. 


1. IMiat do you mean ]>y a negative quantity 
IVov'C that e — (?/ — r) =-e — // + / . 

2. Siniplifv“ + , - . + , , resolve into eh'- 

(/fj.i a(a — ())(j — (f) ii{h — 0) 

mentar^ factors the expressions : — 

' - — 5a / — CGe''' and (1 — c-)(l + f/)- — (1 — +r)-. 

'r y 

3. A man receives -ths (»f Hs. 10 and afterwards ' ths of Es. 10 Ih 

V ■' 

then gives away Bs. 20. Sla w that lie cannot los(‘ by the transaction. 

4. What is an envoiion ^ Prove that a sinijde equation has only out 
root. 


5. 


Solve the equations - 
(1) \/ii - + ilrf’ + 20— \/ci " + 5 f — • 

^ ^ 9.f *8-2./. ".f 2*4 —tb* 


1 = 3; 

; (3) ajc-f?»y = r, 




0. A challenged B to ride a bicycle race of 1,040 yards. Ho first gavt 
B 120 yards’ start, but lost by 5 seconds : be then gave B 5 seconds* stun 
and won by 120 feet. How long does each take to ride the distance ^ 
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1882- 


1 . IJivido fi" — t/" b}' and find iht* continued jiroduct i>\ 
a-“ + u / + u", a) ■ + a . 

2. llesolve int() factors z- + 42, * - + a— 12, :i43aj ^ +512?/ . 

3. t'ind the Highest Common Factor of - — 7a- — S0z+o70 and 
3( - — 14r — hO, and the Lowest Coinnion Multiple of tlioso two expresj^^ions 
and dr- + l7z— 90. 


4‘ If « : : : < : d : ; p: /, show fluu '‘acli of these ration is ecjuiil 
-\/u ' + r * + (j : T d ’ -f-j ‘ . • 

5. Sol\e the equations ; — (i) (Oa+O) + pSz — 7j-=(l(L +o)-~7i , 


(ii) *1)5 <? + 


’5S5a — *975 


0 


l•5()_•39^•7^ 
•2 *9 


to 


(iii) 


a'-2 


a -I- — 7/— 1 // + 12 

1 1 N “4 

x-f7^V-5 
3 10 


5(//-rjn^ 


6. 'riie dioianet* from a jdace 7* to another place Q is 31 miles ; two 
jHTsons A and B start together from P to ico to Q, the former by carriage 
which trav(*ls at the rau* of 0 miles an hour, the latUr walking at the rati‘ 
of 3 miles an hour Jf .1 remains at (^M'or 15 minutes and then ictiirn^ 
In the earriagt‘ to P, find where he tvill meet B. 


1883. 

1 . Dnicle — 

{a — l>)-c -t-(u — A)( — (r —a ’)/»- 4- (r— u)/» by — 0^'“» 

2 Find the Grtuitest Common Measure of — 

/(O' - — S//-)— f/(;L - —4)/-) and 2>y{2y-- 0 + *^' ’ — • 

« o. ..P 2 1 3. m. 

3. Sim])llf\ ; 


3. 

+ 

u — ( a- — i - a 4 ( 


4. Fitid the talue ot\ ^ \ Avheii « - — (■ and y — ^ , • 
y-—a--\-if u — /> 




• h' : 


5. yolve the etiuatioiis : —(a) 

' 4 .•) « li ' -5 -Oo -WO -OOtV. 

(d) 3j/ + c*— 2 = 0, 3.— 4?/»»c» +15, 2y+7i = 7. 

6. Reverse the digits of a number and it will become fi\e-si\ths ot 
what it was before ; also the difference betuvcon the tno digits is one.- 
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2 . Divide— 


(ti •'’^byy + (a.e — by)' — (ay—h.cy-k‘(ay+bxy by {a + h)-x-- ^ab{x-^y-) ^ 
3 . Hxrractthe square root of (1) (ab + ac + hcy — 4(ibr(({ + r) ; 

( 2 ) .‘+2(!/+s)a!’ + (3j/'‘ + 2yj + 3-.*y + 2(j/ •> + -/=-. + j/i= + ■.■•)< 

+ ij‘+2yV + z'. 


4 . 


Solv(' the following etj[uations 


(1) 


1 _ 7ji-l _8 
3 6J^~3a5 3 




( 2 ) 


^■+2» r + ;i\ 

16 25 


55 ’ 


(3) (.o+7)(!/-3) + 7=(i/+3)Oc-1) + 5, 6c(;-11i/ + 35 = 0. 

5 - The dimensions of a rectangular court are such that if the length 
were increased by 3 yards, and the breadth diminished by the same, its 
area would bo diminished by 18 square yards, and if its length were 
increased by 3 yards, and its breadth increased by the same, its area 
would be increased by 60 square yards; find its dimensions* 

6 . Find the G.C.M. of»« 

4/’'' — 8«c- — 20«-.t;-l-24a’' and 6'*'^^ -1-2 hr +6a" •. 


(o + c)^ c)- 


7 . = prove that 


1889. 

1 . Solve the equation : = ^(2®— 37)— 

gf»4 •ir/*/' 

2 * Find the square root of ^ '^9 


3. 


If 


(h-c) (h + r-2a) 
value of x-i-y + 


(r — «) (r + n— 26) (a— 6)(e + 6--2r)* 


find the 


4* Iloducc to its lowest terms 


3<jc’* — 27«vC- +78(t=a;— 72f/'' 


2vC^ + 10«a!‘-* — 4a® ./3 — 48a 
5. A man rides one-third of the distance from A to B at the rate of 
a miles per hour and the remainder at the rate of 26 miles per hour. 
If he had travelled at a uniform rate of 3c miles per hour he could have 
xidden from A to /i nid b ick again in the same 'time. 


Prove 


that 


1 

a 


+ - 


I 

6’ 


6« SimpbTv ♦^he cxpr*ssion : — 

(16 c - J + 5.r)2 + (1 - { 16( r- .0®)® - 20(1 - + 5 K®, 
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1890. 

X« Multiply a o* 4--1 l^y <* ~3a® +4iC^, and find the Greatest 

‘Common Measure of + 1 and < " -2f'* + r- —1. 

^ 4 1 

2. Extract tlio square root of 9<- 24^ + 19 — +. „ 

^ X 46 - 

3. Solve the equsit'ons : — (i) ’('+l)+i(' — 7)a=2 ; 

. JL_- ^ ^ _ JL (-\ L— in?. = ^ 

^-a+c . -6~c (•—/>’ ':U 7y 3’2>e 3y G' 

4. Of tlio candidates in a certain examination 45 per cent, passed. 
If there had been 80 more candidates of whom 19 failed, the number of 
successful candidates would have been 4i*S jier cent. Tlow many candi- 
dates were there ? 


5. If u : b : : c : d, shew that (i) r/ — b • a + b : : r— d : c + d, and (ii) 
f "d — ?)r- = <a*(b“-d). 


1891. 


1 . 

2. 


Divide x + 6a *' .»• ' + 6a ' o ' + a + on ' 
Solve the following equations: — 



- b){ c— u) (c- d)( r- r) 


4 1 1 1 _ 

’ ^ -f 7a ' ' ‘ by + a 


3 

10 ' 


1 1 

(a— b)(o — b) (r — d)(a; — d)’ 


3. A tradesman sella two articles together for 46 rupees, making 10 
^lier cent, profit on one and 20 per cent, on the other. If he had sold each 
article at 15 p( r cent, profit, the result would have been the same* At 
what price does he soil each article ? 

4r. Prove the rule for finding the Greatest Common Measure of two 
6 lumbers, a and b. 

Find the ‘J.G.M, of 20tt*-3a"b + b‘ and 64a‘-3ab3 +5b*. 


5. If-" 
0 


c _e 

d~f * 


each of these ratios will bo 
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^ + + ') 

1 ph» 4* Qf?" + + S '' 

If <i-^h: h'^c=sc+d : d + a^ prove tlint rr = r or <i •\-h + c + dszO. 


1892. 


, 1 , Find tlie value of : 

-4?/ 


— ^ "“^(7' —42/) I Jwhen ' = — A and y^:: 

a. Find the square 'root of +<•- 

4a-+9( I2fic 


3 . Solve the equations 


(a) A(r_8) + t±i-‘’+ 




(},) 

»4-Z> i+a + h' 


4 - The express leaves Bristol a 8 f.m. and reacUes J^ondon at (i p.m.: 
I 1h‘ ordinary train leaves London at 1-30 p.m,, and arrives at Bristol al 
V^ p.M. If both trains travel uniformly, find the time when they will nn*pt 


5. lf-:y = i/ 


find the simi>lt*8t \alueof: . 

( » 1/ + ?/-. -F *. .’) 


1893. 


1 . Find the H.C.P.tof : 3» -ot -+o' —2 and 2> ' — 2i +.‘L +1. 

2. Kxtmet the square root of : 1 — 1 2 f ' -F 13 ~22r ” -F 25*' " — 8 < -F 1 0 

3. Solve the equations : — 

(1) 120x-4[;V-2 {6.^+7(d -8)} ]. 


m 


u+h ic — h^ 
a—h a + 6’ 


04) 


<' + '^ = 3; 

'!■ y 


X V 


4 . Divide the number 834 into 2 parts such that 30 per cent, of (me 
part exceeds 40 per cent, of the other part by 6. 


5. If ; h : d, prove that ma : a + b = mc^ nd: r + d» 

What number must be added to each of the numbers 3, 5, 7, 10 to 
jsive four numbers in proportion ? ’ 
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1859 . 


3L Tf a = 2, 5 = 3, c=s 4; find the value of— 

U’—h + c . 5 — r + i/ , c — £/ + /) 

+ ■ -p < 

a+5 — r 5+c— ft r+n— 5 


3 . 

4 . 

5 . 

6. 


Add together 5*^— 3rfc + 7, 6art/ + 45af — 3, 4:(iz-^2xy + r and 

— l9+«c— «?/. 

Prove that a — (c—d) = «—c + d. 


Multiply +2a-6^ +iah^ +8ah + 16ah • +32i.^ by J - 


21 ) • 


_i -I 
Divide J3“i— yi by® 3— y 3» 


Are you acquainted with any rule which will enable you to know 
that — 3®® +3®— 1) is divisible by (®— 1) without a remainder F If so, 
state the rule generally, 

7« Find the value of (a + c— 5)^ + (u + 5— r)*^ + (5 + r— a) ' +24r[6f. 

® . y X _ V 


8. Shew that — ^ +- 

ff + l/ x^y x—y x + y 

9. Solve the following equations : — 

(i) 3a!+I.= 5. (ii) 


3,-13 11- 4« „ 

-7- + -^ 


(iii) 4(a}“ — 1)+ 5(»-— 2® +l) = 6(a’— 1) + 3®— 3. 

10 . A man, whose age is 40, has a son who is 9 years old. When will 
the father be twice as old as 1 Is son ? 

11 . Suppose in solving- a problem as the last, you were to obtain 
jB as— (quantity), how would vou explain the result? llllustrate your 
answer by stating problem 10 in a different manner. 

la, A farmer sells to one person 9 horses and 7 cows for Bs# 3,000 
and to another 6 horses and 13 cows at the same prices and for the same 
sum ; what was the price of each ? 

22 
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I 860 - 

1. State what is meant by *a term of an expression. Distinguish 
between like and unlike quantities. 

If r 7 = 4 , 6=3, c=2, find the value of 

Multiply X®— ^05 + ^ by lJi + 2 and a"»— 2c*' by a— c”. 

Divide a*— 81 by a— 3 and ^7 ^ ] 


2 . 

3. 


5x 


4. 

5. 


Extract the square root of 


9 ■ 4’ 

State and prove the rule which you employ. 

Prove the rule for finding the Greatest Common Measure of twt» or 
more quantities. 

6. Find the G.C.M. of 6a® + 7na— Sas® and 6a® + lla» + 3a;* j'and deduce 
therefrom that of 72a®i;+84a®a;® — 36a«® and 24a®« + 44aa;® + 12fl5*. 

7. Reduce the following fractions to their simplest forms 

7aj-10_3»-7_ 27aJ-30. , 

5 6 30 ’ 2 * + !^*’ 


3 


— and 


4(l-x)® 8(l-«>) 8(1 + a?) 4(1 +a®) 

g;8f» ®*” ^ 1 ^ 


aj" — 1 «" + ! a?" — 1 »" + ! 

8« Solve the equations : — 

•1353f - *225 _ -36 _ ’OO*- ’18 7® - 4 ^ 7i»~ 26 

aj-1 “ 


*15« + - 


6 -2 *9 ' aj— 1 as— 3 

9* A boat’s crew rowed 3^ miles down a river and up again in 100 
minutes. Had the stream been half as strong again, they would have 
taken 31^ minutes longer. Find the rate of the stream. 


1861 . 


1, Remove the brackets from the expression : — 

a— [66— {a— (3e— 36)+2c— (a— 26-e)} ] and collect the result 
into its simplest form, 

2. Write down the rule for the multiplication of algebraical express 
Bions and multiply »* +a*— axf*® +a=») by »■* +a® — a»(«+a). 
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3. Define the G.C.M. of two or more quantities, and write down 
•learly the algebraical method by which it is found. 

Find the G.C.M. of— 

and 3a'* — Tpa- +3p*a— 2 ^"*. 

W“ + w® 


4 . Simidify — ™ 




5 . Solve the following equations : — (1) - ^ eO. 


(2) 2b {v'(v+,0-l>} +2r {-^/(j>-o) + c} =«. (3) 

a+6-|-x a b X 

6 * The distance between two termini A and B, is 100 miles. A train 
starting from A runs up-hill during the first 30 miles, the next 50 are on a 
level, and the remaining 20 up-hill. The train travels 5 miles an hour 
faster on the level than when ascending the hill. There are stoppages at 

C, D, Ej and F, at distances of 20, 42 J, 67^ and 90 miles respectively from 
A, each of which occupies 3 minutes. Find the time of the arrival at C, 

D, F, and F of the train which starts from A at 8 o^clock and arrives at B 
at 42 minutes past 12. 

1862 . 


1 . (a) Define the power of a number, and the index of the power; and 
illustrate the distinction between them by any numerical example* 

(b) Give the origin of the expressions : — 

The 8^7 aare and cube of a number. If these names are not perfectly 
'orrect, substitute ones which are ; and give your reasons. 

(c) Find the value of a® . 

2 . Define a Simple (iwantity and •a Compound quantity. Is 42abx^ a 
simple or a compound quantity ? Give the names of the different kinds of 
compound quantities, illustrated by algebraical examples. 

3. Multiply ac^ — ir+f by ia:+3. Divide (1) a?* +6^3— 5 by +3. 


aA-h, a— c 

(2) — K- 

' ' a+c *^a— o 


(3) 1- 


V®+a® 


by 1 + 


a* 

'y* + a*’ 


4 . The epitaph of Diophantus states that he passed the sixth part of 
his life in childhood, and the twelfth part of it in the state of youth, and 
that after an interval of five years more than the seventh part of his life, 
he had a son who died when he had attained to half the age of his father 
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and that the father survived the son four years,* How long did Diophan- 
tus lire 9 

Q y 

5* To the sum of and anucx^2 and multiply the rusult by ->?/, 
y ^ 

putting the product in its simplest form. 

6 . Find two numbers, the greater of which shall be to the less a'- 
ihoir sum is to 42, and as their difference to G. 


7. Reduce 


8a" +a— 6 
+ 6a^ + 10« + 3 


to its lowest terms. 


8. Resolve into elementary factors 

(1) 25a=«)®-.42/"-. (2) . (3) '"-y . 

9. Find (a) the instant of time between 3 and 4 o’clock at which tin- 
hour-hand and the minute-hand are exactly in the same direction and 
(b) that at which they are exactly opposite each other. 

10 . Solve the following simultaneous equations : — 

4a5-6t/ + 62«3, 8<c-f7i^-3:=2, 7/’+8t/-h9.-al. 

1863 

1. Explain the following : — Lihe qmmtities, and expression of n dimen- 
sions, a co-efficient, a root of any quantity. 

Tf a«4 and a5=2, find the numerical value of — 

2aa;" 6^(ag; ) 293* - 

(«— O’)* a’' V(2a-J-4/) 64fl * 

2. State the rule for the addition of algebraical quantities. 

Add together — ^ } 

° a h c a h c ^ n h c 

3. Divide — 

+ a'^isxs-ah'^w-ha'^^a^b + ab-^b ‘ by ax- + b/- + aba;-ha= + b‘-‘. 

4. Investigate a rule for finding the L.O.M. of two algebraical 

expresBions. Find the L.C.M. ofn-— 1, 1 and a" -b 6a + 4, 

5. Define a fraction. Reduce to theirlsimplest form&» 

a a=/ VaJ a/* « — — 1) aj+V(a?- — 1)* 

3. Shew that the sum of any fraction and its reciprocal is always 
greater than 2. 
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7 . Interpret the meaning of the equation ~ in the case 6f m 


and n being equal. 


Extract the square root of — 2(i^b^ +2fi‘‘*c ^ — 2l)“c '* + 6* + c*. 


8 . Solve the following equations : — 

/ \ I c— 2 3— a; 

(-0 . 


(b) 54.!'=68,-4---=67. 


(0 


+ 1)+ '>/ (aj— 1) 


9- A vessel can be filled by means of one tap in 3 hours and by means 
of a second tap in 5 hours, in what time will it be filled if both taps run 
together ? 


10 . A ship left Bombay on a voyage of 3 weeks, with provisions for 
that time at the rate of a seer a day for each man. At the end of a week 
a storm aroso which washed 4 men overboard and so damaged the vessel 
that its speed was reduced by half, and each man could be flowed only f 
of seor per diem. What was the original number of the crew 

^ 1864 ! 

1 . in what respect are the sciences of arithmetic and algebra identic 
cal, and in what respect do they differ ? 

Explain the following : — Simple quantities. Similar quantities. Irrational 
/iLfintities. 


2. If « = 1, 6«=2, r*a3, ds5 4, find the numerical value of the expression, 
db be ^ac ^cd ^ad ^da 
be cd da da dc ab' 


3. From {a+b)j) + {a+c)y take (a— b)aj— (b— c)y, 

4. What is the value of axO? Multiply + + + by 

(«- 6 ). . 

5* Find the G.G.M. of a* — a?* and — a*aj— aoj® + 

Prove that the value of a fraction is not altered by multiplying its 
numerator and denominator by the same quantity* 

Reduce to their simplest forms : — 

b g— c b — c a (a^^b^)x , a(g^— b°)j>" 

ab ac be ' b b® b®(b® + a£9)* 

7. If aj+ - prove that + -i 3p, 

C X"* 



AI^GEBRA. 




8 . Solve (1) 


■\/ (a? + 2) 
V(cc-2)“ 


( 2 ) - + ' -+- « 6 . 

V V 

9. Find a number siicli that whether divided into two equal parts, or 
into three equal parts, the product of the parts shall be the same. 


10 . A labourer is engaged for 10 days, on condition that he shaH 
receive 8 annas for every day’s work done and that he shall pay 1 anna for 
every day on which ho is absent from work — at the end of the 10 days hr 
receives 8 annas ; on how many days was he absent 


1865. 


1. Define the terms Homogeveou^ expi'csszons, Similar tiuanhtivs. 
Remove the brackets from the expression — 

c-[2?)+ {3c-3o~(a+&)} -f2r/-(b-301. 

2* If (1 = 2, ^ = 3,'c = 6, b=5, find the values of — 

(0 +i/ {(■^+")(>>-2a!)} f • 

{ii)ffi+2a— {?/+<>—[.■—<(—(?/— 26)]} . 

3* State the rule for the multiplication of two algebraical quantities. 
Multiply together (a- —Sa + 2)® and n® + 6o + 1. 

4f. Assuming the rule for finding the G.C.M. of two algebraical 
quantities, prove that for finding the G.C.M. of thre'^ such- quantities^ 
Find by ins^iection the G.C..M. of : — 

(rt— l)"((c--2)((C--3) and (r— 5). 

5. Simplify the expression — 

1 + ^ + , 

c(ft— 6)(a— -c) (h^uj c(r’—a) (c — b) 

And multiply + 1 by ~+ -+ 1. 

6. Extract to three terms the square root of l + <<, 

7. Divide'a «“6+al;‘^—2ft^6- + 6^by a?>® + a‘^6 — 6-. 

Shew that aea+a>-b V(asD + cc"), 

v(a+(o)--vaj ' 

8 . Solve (ii) V(»+48)+ Vii:=12. 

(iii) ^(n+(Jf)= "^(aj3+8a«3+6®). 
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9 . A cistern can be filled by two pipes, A and in 12 hours, and by 
the pipe ^ alone in 20 hours; required the time in which it would bff 
filled by B alone. 

10 . A privateer sailing at the rate of 10 miles an hour discovers a 
ship 18 miles off running from her at the rate of 8 miles an hour, hou 
many miles can the ship run before being overtaken ? 

1866. 

1 . If «=16, 6=10, find the numerical value of— 

(rt— 1/) {(a— »)(?» +?/)} . 

2 . If the multiplicand and the multiplier of any expression be both 
liomogcneous, what will be the character of the product ? 

3. Divide 6a* — +2«“6- + 13a6 ‘ +46 ^ by 2a® — 3a6 + 46-. 

4. Prove that — 

{(a-6)^ + (6~c)® + (r-a)^} •‘=2 {(a-6)* +(6-c)* +(r-a)* } . 

5. Find the G.C.M. of 4aj^ +9flj **+2a/® — 2r— 4 and 3.r'* +5uj-— 05 + 2. 


6. What is a complex fraction ? How do you simplify it F 

Simplify — . 

05-1 — : 

7 . Kxtract the square roots of— 

(i) 4i<!‘-4j!'’+5*=-2ji!+l. (ii) -4i<i-2+^. 


8. Shew that 


o" = l, («=)^=a‘. 


„ , ... 2a!-3 4iB-5 .... 3a!-6i/ 2a! + 4 

Solve (i) (u) 2 5'’® 4 2^3 


10- A pound of tea and three pounds of sugar cost six shillings, but 
if sugar were to rise 50 per cent., and tea 10 per cent., they would cost 
seven shillings. Find the price of tea and sugar. 

11 . A railway train after travelling for one hour meets with an acci- 
dent, which delays it one hour, after which it proceeds at ^ths of its former 
rate, and arrives at the terminus three hours behind time ; had the accident 
happened 60 miles further on, the train could have arrived 1 hour 
20 minutes sooner. Required the length of the line. 
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1867 - 

1* If a«3, bsT^2, c*l, find the values of — 

(i) + b^~ca 

a+b + c a-~h-~‘C 

(ii) f/(a-b)(a-f) { V(2a®+3b+4c)- V(a+b)v'(a+c)} • 

2. Multiply — - fot/^ + ic^y^ }jy jjgi «_ 

3. Extract the square root of x^-^2a}*y^ + 2c(!’^y^ + x^y*^2xy^ +y’*, 

4. Shew that + -y^) ^ 

v{flj+-?/)— 1/ A/(a}* — y®)—y ->/((»— 1/) 


5. Reduce (i) _ 


r + — . (n) 


4(®*— «— y x+y' 


J5 + - 


1 + 


£C 4"3 
2— a; 


6. Divide ^ ^xa>^ representing the result m its 

simplest form. 


7. Add together and • 

a + b a^h* a®— b® 


8 . 


Solve (i) V(a7 + 12)+ V'aJ=6, 


(Hi) 


5 2^5 

y 5“6’ 


y ic 10 


..... 2a?-3_2(» + 6 
6®- 2 5® +37* 


9. Find the exact time after 3 o^ clock that the hour and minute hands 
are 1st exactly in the same direction, and, 2ndly at right angles to each 
other. 


10 . A merchant has a certain number of Back Bay and Mazagoii 
Pharos. The market rate for the two Shares was Rs. 2,000, but Mazagou 
'Shares rose 10 per cent* and Back Bay fell 20 per cent. The value of the 
•two shares became in consequence 12| per cent, less than before. Find the 
•original market value of each share. 

11. Two boats start at the same time from Bassein and Tanna, the 
‘distance between which is 18 miles. At a distance of one mile from Tanna 
the Callian creek falls into the Tanna creek, causing a current at the rate 
of 2^ miles an hour towards Tanna, and two miles an hour towards Bassein. 

.'The boat from Tanna is rowed at the rate of 3^ miles per hour, and the 
Bassein boat at 3 miles per hour. Where will they meet ? 
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1868. 

1 . Substitute 1 / + 3 for x in +2.C®— 3 and arrange the result. 

2. Find the Greatest Common Measure of a5“ — y® and aj*— y*. 

8. Find the least Common Multiple of — 4a’, +2ax^ +4a*a5 + 8a® 

and 'c’ — 2ax^ + 4r7 - .r — Sa** . 

4* If the denominators have some factors in common, how do you pro- 
ceed in reducing fractions to a common denominator ? 

Reduce the following : — 

...J 2(jJ+l) 10(aj— 1) 6(2aj + 3) 

5. Simplify the following 

(i) ( ^ \ — f ^ — A- 

\a+b a— b/ \a — h a+h / a®— 2ab + b“ n^+ab 

6. Solve the following ; — 

..V c 5a5+8 2®— 9 . v,, v „ v a^c 

(0 ^ 6"’“ — 3~' (a + J!)(& + J!)-a(6 + c)=-jj- +x». 

7 . Two shepherds owning flock of sheep agree to divide its value, 
A takes 72 sheep, and B takes 92 sheep and pays A Rs. 350. Required 
the value of a sheep* 

8 . Solve the following : — 

(i) asAby^c • mx’-^ny^d. (ii) 5 

9. A and B start together from Poona to go to Eirkee. A would 
teach Kirkee half an hour before B, but missing his way goes a mile and 
back again needlessly, during which he walks at twice his former rate, 
and reaches Kirkee 6 minutes before B, C starts 20 minutes after A andB, 
and walking at the rate of 2| miles per hour arrives at Kirkee ten minutes 
after B. Find the rates of walking of A and B and the distance from 
Poona to Kirkee* 

10> Extract the square roots of — 

(1) 4®*-12a®'‘+25a*®*--24a’jJ + 16a*. 

(2) 4(t-12o*6^+9b^ + 16a*c^-24b^c^+16c*. 
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11 . What is a surd quantity ? Can a quadratic surd be made up'(rf 
two others which have not the same irrational part H 
Kxtract the square root of 4 + 2^3. 


1869 - 


1. Define a te^'m and ad 

What is meant by the dimcTi^ioii or the degree of a term 

Write down two trinomial liomogoiieous evju'cssions, one of si\ 
ilimensions, and the other of heven dimensions. 

2. Reduce to its simplest form- 

{2a’= — (y= — £ci/)} - + {2i/- -(Sajy-aj'O} . 

3. Divide —2a'^h-\-2a^b" ^4.o-h'' —Hah* + 161"* by a-—2h‘-. 

4. Resolve a- — 4?>- — c--f-^^^"+2(3acZ--2i>c) into factors. 

5* Find the 0 . C.M. of 4a r + 6a * — 18a x * an( I 12a j - — 34a * ^ ’ 
+ 28a^f'+-6a-.i’\ 


6 . 

7 . 

8. 


Find the value of : 


a + 6 
,a— /» 


a—h 

aVh 


2a® \a — /> 
2a 


Extract the square root of iG^*—4cc'^7j+4x*y' — 2x^y' +4.t/®i/ * + ?/*. 


Solve (i) 


4aj— 9 
27 


(c — 3 —3 

4 6 


3? 4- 6 

__ . 


.... 75- » 80c. +21 __ 23 
^"''3(a!+l) 5(3..+2) c+1 ■ 


9. The charge for the first class tickets of admission to an exhibition 
was Rs. 4 each and the charge for second class tickets was Rs. 2-8-0 
The whole number of tickets sold was 259, and the total amount received 
for them was Rs. 731-8-0# How many first class tickets were sold, ami 
how many second class tickets ? 


10 . 


Given 


9x—2y 


2x—2y 

36 


a *and 


6f(j— 6y 
60 




find the 


values of x and y. 


11 . A and B (one of whom could do the work alone in a less number 
of days than the other) agree to reap a field for Rs. 20. If they had work- 
ed together every day, the field would have been reaped in 15 days ; but at 
the end of 7 days, A left off working for four days ; and It consequently 
took 16} days to reap the field. In how many days could A alone, and in 
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how many days could B alone, have reaped the field ; and what part of the- 
Ra. 20 ought each to receive for tho work ho actually did ? 

1870 - 


le Find tho value of 

(lc=-«dT 

2 . Dofino a ^ower of a quantity, and t he inde^i of the power. 
Interpret n and - . 


f m— I hi Vn- 1 Iwi 

3. Multiply" (( —h by r/" — 


4- Find tho L.C.M, of — 

2:4 * + 2a3 ® 1 / — 18» 1 / - + 22icy and 3.c ^ — 3d * </ — 9<c - y - + 15d’»/ ’ — 6i/ * . 

5* Reduce ^ V 

\yz z w / \y w/ 

6. If i>=*i(« + 6 + r), prove that «(.s — «)(8 — 6) + s(.»?— /))(s— r) + s(j* — r) 
x(s— a) = (8— o)(8— 6)(8 — c) + e?)r. 


5 I 2 3 1, i I I 

7- Extract the square root of x+Gx*^y" + 9® ‘2/ ‘ — t2aj 'y** + 4y. 

o ^ , 3 j3+1 402+® 371-6.’ 

8 . Solve (a) ~ =99-- 


12 

, . 10®+4 , 7-2®^ 11-5® 4®-3r 

21 ^14{»-1) “"ir) 6 '■ 


( 7 ) 10.r-^^=7 + ^g^” ”; I6»/+5f.^ = 26 t-*^'. 


12i/— 10® 


5® -2 


9 . A garrison of 1,500 men was victualled for 36 days; but after 16 
days it was reinforced, and tho provisions were then exhausted in 12 days. 
Required the number of men in the reinforcement. 

10 . A person left Poona in the Sattara mail buggy at 2 p.m. and hav- 
ing proceeded a certain distance he went out of the buggy and^ returned to 
Poona on foot, walking at the rate of 3 miles an hour, and he reached 
Poona at 8 p.m. Had he gone 6 miles further in the buggy he would not 
have got back to Poona till 10 hours 40 minutes p.m. How far did he go 
towards Sattara and what was the speed of the buggy ? 
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1871- 

1. Bequired the i)roduct of ^ (a; and (o*), 

2. Find the value of— . 

8. Find the value of — 

1 + -1 _i 

ki^(a—x) 4a^(a+x) 2a"(a^ + x^y 

4. Find the Cl.C.M, of 6r ‘ +lSx- +Q» and Sa;*' +6r-9«®. 

5. E\tracb the square root of f/+ — 2ft'* +|ft'* — 

6 Reduce to its lowest terms the following fraction : 

» ^ + 7 *^ + 7 ^ 3 ^ 15 ^ 

r‘-2a52-l3u;+110* 

- 7 . Solve the equation -=?i. 

15 5r-2o 5 

8. Solve the equations — 

(a) «'+2«+i/+2;:<« — 3 2a+aj + 2|/+a=3« 

(7) ft + 2» + 12i/+;:=21. (,r) w + a! + 6i/ + s=10. 

9. A farmer parting with his stock sells to one person 9 horses and 
7 cows for Rs. 3,000 and to another at the same prices 6 horses and 
13 cows for the same sum. What was the price of each* 

10 . A garrison had sufficient provisions for 30 months, but at the end 
of 4 months the number of troops was doubled, and 3 months after, it was 
reinforced with 400 men more, on which account the provisions lasted only 
16 months altogether. Required the number of men in the garrison before 
the augmentation took place* 

1878. 

1 * Explain the meaning of the words expression^ term, facto) ^ com 
eJUcieTvt, power j index. Write down an expression of two terms, each of two 
factors ; another of two factors, each of three terms, each of four factors ; 
another of four factors, each of three terms, each of two factors. 

8* State and prove the rule of signs in multiplication and division. 

8. Divide the product of y ® — 12y + 16 and y® —12?/ — 16 by y® — 16. 

4« Divide {<c®— ya)® +8y''a® by 
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5* Resolve ® — 1/ ^ “ into 5 factors. 

6 . State and prove the rule for finding the G.C.M. of two algebraical 

quantities. Find the G.C.M. of 2*® — llas^ —9 and 4aj® + 81. 

7. Dividea^ + l + iby 1 + aand 4 + ?^ by ^ 

a- a 2y- X" 2y x 

8 . Solve the equations 

r-v 2»--I _3 jj— 2^6a!— 4 _7u +6 a?--l_as--2_aj— 5 05—6 

^^“3 4 4 "12”* ^ 

(3) ((c + .5)(a;-.;i)-(a)+3)((r-5) + ^. 

(4) Cc-?)(a5+0=(ic-3)(» + 5)-f 

9. Divide Rs, 15,200 among Krishna, Gopal and Govind, so that Gopal 
shall have Rs. 1,000 more than Krishna, and Govind Rs. 2,700 more than 
Gopal. 

10 . A certain sum is to he divided among Rama, Lakshman and 
Hanuman ; Rama is to have Rs. 300 less than half, Lakshman is to have 
Rs. 100 less than the third part and Hanuman Rs. 80 more than a (luartcr. 
How much will each receive F 


11 . Gopal and Govind agree to divide their fiock; Gopal takes 72 
sheep ; Govind takes 92 sheep, and pays Gopal Rs. 300. Required the 
value of a sheep. 

12 . One-tenth of a rod is coloured red ; one-twentieth orange 5 one* 
thirtieth yellow ; one-fortieth green ; one-fiftieth blue ; one-sixtieth indigo ; 
and the remainder, whicli is 302 inches long, violet. Find the length of 
the rod. 

1873. 


1 . Explain the terms — inde.c, co^efficieni, like and unlike quantities. 

2 . Tfa*=V2; b-sVS; 0=^4; d=0; find the value of 

Divide by n‘'-L 

1 

mi — -t- — 

JT— 1 


3. 

4 . 




cr _ ^ 

(T^ 

5. Find the G.C.M. of a)'* + 2aj® +2.c-t- 1 and _2£C— 1 and the L.C.IM# 

of 6(0!'“+®!/) ; s{ay-y-) and 10(®’-v=). 

Extract the square root of da^ + lZr^v+lSr-j/'+Bj/^ + j/*. 

7 . Solve: (i) J(®+l)+‘.(‘'+3)=i(»+4)+16. 


(H) 


cc-l-l 


+3j/»33;^+2«=27. 
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8 . The sum of two numbers is 100 and the greater is to the less as 
"7:3; what are the numbers ? 

9. There is a number consisting of two digits whose sum is 10, and if 
72 be subtracted from it, the digits will be inverted. What is the number ? 


1874. 


1 . Explain the terms — binomial, lexponenf^ rational and irrational 
quantities. 


Find the values of the following 
ah 




{x + yY 


3® +2 ®— 1 


8 . Find the G.C.M. of 12a2®< +120tt*®® — 132a ‘^aj, and 3»«a®— 27®'a* 
+ 39»®«*--16®‘*«’ ; and the L.O.M. of 7{®— a), 14{aj® — a®), and 21(aj®— a^). 

Find the square root of x® — 4x® + lOx* --20x* +26x® — 24® + 16, and 
the cube root of 8»® +60®®i/+160xy® +126t/®# 


5. 


Solve the equation : — 
4fl3® 4-288 

2» + 13— 2y 


= 2x4-3y — 131 ; 6»— 4yas22. 


6« B has 6 miles start of A, but only travels at the mte of 3 miles per 
hour while A travels at the rate of 4^ miles per hour. Where will A over- 
take B, and how long will he take to do it ? 

y , A mixture is made up of a gallons at m rupees per gallon, b gallons 
at n rupees and c gallons at p rupees per gallon ; what will be the value of 
the mixture ? 

8 . Solve the equations : — 

2_3 4^_33. 1 . l_i«_37. 5_2 3__191 

Syc**10*»V» GO’xys 60 

9 . The sum of the throe digits of which a number consists is 9 ; the 
Irst digit is one-eighth of the number consisting of the last two j and the 
ast digit is likewise one-eighth of the number consisting of the first two, 
Pind the number. 

1875. 


1. Describe in words the operations indicated by the expression 

/ f (a® + b®)c®*> 

V t {a^-h^y S * 

2 . Multiply <t^ + oM+a*6+6^bya*-bi 

Divide 2«^+e^by 2e^+<e'‘. 
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8 . Find the G.C.M. of reduce the fraction 

4a‘* — afo — 3o* 

GO its lowest terms. Find the L.C.M. of a® +f«5® and a® — as®. 


4 . 


Divide 


a 

1 + a 



a 


U. , «0 

- l^-a“ 


l — n 

• 

a 


5. 

6. 


Extract the square root of a®--2ax+^®-4-2a — 2a5+l. 
Solve the equations; --(i) (3.x? — 1)® 2)® ■B(6a?— 3)*. 

‘2 • 

(iii) c = 3; a? + o — 1/=:6; y + c — a?s=7. 


7. A person has a number of riipoos which he tries to arrange in the 
form of a square. On the first attempt he has 116 over* When he 
increases the side of the square by three I'upees he wants 25 to complete 
rhe square. How many rupees has he ? 


1876. 


1 . Fin d the value of (i) when e a — ^ . 

(ii) i-ti- ]. 

What is the use of hrackeU ? What is the rule for removing 
l)rackots which are preceded by a minus sign ? 

2 . Simplify the expressions ; — 

9a®b« . (/3a(aj-i/) . 4(c-d) . c®-(i» \ ) 

16(»4-V) * ( V 7(c+d) 2lab® * 4(a?®-y®)>/ ) * 

<") iV("')V(i;f.)r-{V(0VC)r 

/.2 

+ . 

tt(a+'o) 

8. What is meant by a co-efficient ? Hnd the co-efficient of as in the 

y 

quotient obtained by dividing Sa?* — V* hy g. 

4* Separate into their simplest factors . — 

(i) a!®~a?i/-6i/®. (ii) a?®— 4*2/® + 4^®. 

Find the highest common divisor of — 

1 + a?^ + »+ .0 ® and 2a? + 2a?* + 3a?® + 3a?». 

5. If a"y=a6(«-t-t) and a?® — a?|/+y®*a® + 6*. 
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6. State and prove the rule for findiuf? the L«C.M« of two or more 
algebraical expression s. 

Find by inspection the L.C.M. of 2x^—8; Qir + d and daj^ + lSir 

+ 12 . 

7 . Extract the square root of 4aj* — 12a! + 25x~ * — 24aj~ » + Id*”* * and the 
cube root of 8®»-12a!« +6aj7-37aj« + 36a!«~9a!* +54*3 -27®“ -27. 

8* Distinguish between an equation and an identity^ and give an ex- 
ample of each. What value of r makes (a>— 2)-— (a? — 3) =f an iden- 
tity ? Can any value of c make it an eauation ? 

9« If the telegraph posts by the side of a railway be 60 yards apart, 
shew that twice the number passed by a train in a minute gives roughly 
the number of miles per hour at which the train is moving. If 11 posts 
be passed in a minute, in what time would the distance tiaversed, estima- 
ted by this rule, be 1 mile in error ? 

10. A boy receives a fixed sum as pocket-money at the beginning oi 
every week, and in each week he spends half of all that he had at its 
beginning. He had no money before the first pocket money was given 
him and at the end of the third week ho has Is. 2d. What was his weekly 
allowance ? 


1877. 


1 . Bemove the brackets from the expression 


{m— 7i— 3.C — 2y } — {2tC+5|/— + 7« } 


and enclose the last three terms of the expression a — /> + r — 2(Z—l in a 
bracket with a negative sign. 


2 . Find the quotient which arises from dividing the third power of 
10a® by the square root of one million times ®. 

8. Extract the square r(*ot of a* * — + 13aj®i/ ® — 12an/ ^ + 4i/ ♦ . 

4. Find the G.C.M. of 21ff3-26a!® +8.r and Grr®-«!-2 and the L.C.M. 
of a!®— 1 ; 05® +2®— 3 and a?®— 7.T®+6a!. 


5. 


6 . 


Reduce (i) a + (^) x («) 

Solve (i) (flJ— a) («—&) = «&— a®. 

(ii) ^/0c + 4) + ^/(2a! + 9) = V(3^e + 25). 

(Hi) + 

X y xy 


34 2) 

1^1 +(rr-.^)’ 


7 . From a certain sum of money I took away one-third part and put in 
its stead Es. 50 ; from' the sum thus increased I took away one-fourth part 
and put in its stead Bs* 70. I then found I had Es. 120 ; what was the 
original sum ? 
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8 . A certain number consists of two digits whose sum is 8 ; another 
number is obtained by reversing the digits. If the product of these two is 
1 855 ; find the number, 

1879-80 

1 . B-cdueo to the simplest form 

2. Find the square root of — + ~ — + 

y'^ \y x/ 4 

3- Find the G.C.M, of 2x- — juy-^iyy- and 8;r- —Su/ + 4i/-'. 

4. Add togetlier ..s and and find the value of 

(i» + l)(a; + 2) Sw(x + 2) 

the result when 


5. Find the values of x and y from the equations - 


nx f l)y = c® ; 


6 + y a + x 


8 . A and B invest equal sums in speculation ; A gains Us. 1,000 and B 
loses so much that his money is now of -.I’s money, if* each gave the 
other *; of his prosout sum, B’s loss would be diniinislied by one half. 
What did eaeh adventure ? 


1880-81. 


1 , Find the continued product of the following <iuantities: 

r/d-b + r; — a -\-h-\-c a — b + C; tt + b — c ; a + ?»'/( — 1) ; a--bv'( — l). 

2. From the sum of the squares of — ^—r and subtract the square 

a — o a ^ o 



3 . Find the G.C.M. of tne quantities forming tiie numerator and deno- 

„ . „ a>*-15iB-+28ap— 12 , , xi. i? 

niinator of the fraction — -7 -r — — and reduce the fraction to its 
2a»^ — lo» + 14 

lowest terms. 

4. Find the values of x, y and :: in the following set of simultaneous 
equations : — 

x + y + z=fG; 3aj— y+2r=7; 4a+3|/— -c: -7. 

28 
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6 * Determine the time, between ten and twelve o’clock, at whicli tlie 
hour and minute hands of a common clock are exactly together. 

B, O^e student said to another : “ If you give me half your money I 
shall have a hundred rupees.” The other replied : “ I shall have hundred 
rupees if you give me a third of your money.” How much had each ^ 


1881-83. 

1 . Divide a®a;® + (2ac—6®)»‘ +c* by aa?* + c— Lae®. 

2 . Resolve 4a*b* — (a® + 6® — c®)® into four factors. 

a® u® X y 3 

3 . Find the square root of « + -T-r 

^ t/® 4a® y 2x 4 

4. Find the G.C.M. and L.C.M. of a*— a* and a® — «®a— aa® + a’*. 


5* A train carrying three classes of passengers, at () as*, 4 as. and 3 as.^ 
has eight times as many third class passengers as there are of the second 
class, and seven times as many second class passengers as there ai-e of the 
first class. The whole sum received is Rs. 290-6-0. How many tirst 
class tickets were issued F 

2®— 9 X ®— 3 

6. Solve the following equations: — (1) ^ 


(2) l'2®-’^®-“‘^^=*4®+8*9. 




1882-83. 


1 . (l) If —a, prove that a®-J-i«=0. 

(2) If ® + v = 22, shew that 

2 . Resolve into their simplest factors the following expressions; 
6a;2 4.5,,.~6; 3®» — lOc-8; 9» ♦— 82®®y® -9y*. 

3 . Find the G.C.M of ®*~3.c-i-20, 5®*-3«® + 64. 

4. Extract the cube root of : — 


>+ 4 - 12 *»-^ + 54 +^— - 112 . 

aj3 x“, X 


h + c 


5. Solve the equation : — 
a . b 


a— >c 
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6 - A father’s age is four times that of his eldest son and five times 
ihat of his younger son ; when the elder son has lived to three times his 
present age, the father’s ago will exceed twice that of his younger son by 
three years. Find their present ages. 

7 . A cottage costs tts. 1,600 to build. At what rent must it be let to 
pay five per cent, clear after allowing ten per cent, of the receipts for 
repairs ? 

1883 - 84 . 


1 . Shew that — 




and 


a“ + 6* 


( ssa® 

® i T T- a I a**© identical 


expressions, such that the one can be deduced from the other. 

2. Divide + 8?/®— 27^-* + 18»y;:/ by a;--3s + 2i/ and resolve into factors 

of the first degree a-(6 + e) + b®(c + a)-f-c®(a + 6) +2a6c. 

8 . A criminal having escaped from prison, travelled 10 hours before 
his escape was known. He was pursued so as to be gained upon 3 miles 
an hour. After his pursuers had travelled 3 hours, they met an express 
going at the same rate as themselves, who met the criminal 2 hours 
24 minutes before. In what time after tlie commencement of the pursuit 
will they overtake him ? 

Divide the number 127, into four such parts, that the first increas- 
ed by Ifi, the second diminished by 5, the third multiplied by 6, and the 
fourth divided by 2t, shall all be equal. 

. 17“3a/ 4®+2 7® + 14 

5 . Solve the equation — g — -efi — 6aj *1 g — • 

A ' ^ 1 ,.1 I -« + 2a, 05+26 , 4a6 

Ana find the value of — — -+ — — when aj«: — 

2a »— 26 a+6 


1884 - 85 . 

!• Divide (4aJ^ — 3a®®)* +(4t/^— 3a®y)®--a® by aj*+i/®— a*. 

8 . If (a + 6) (6 + c) (c + d) (d+a) = (a+6 + c + d) (6cd+cda+<2a6 + a6c), 
then prove that ac—hd. 

3, Shew that — 

2(a — 6; (a — c) + 2(6 — (•)(6 — a) +2{(;— 6)(c— a) is the sum of three 
squares, and resolve 10®®— 23^!— 6 into the simplest factors. 

4. Find the Greatest Common Measure of 7aj‘ — lOa®* +3a*aj® — 4a’*® 
+4a* and 8®^ — 13a®* +6a*®® — 3a®£c + 3o*. 

5« A certain number consisting of two digits becomes 110 when the 
number obtained by reversing the digits is added to it ; also the first 
number exceeds unity by five times the excess of the second number over 
unity. What is the number ? 

6. A person walks from A to B, a distance of 7^ miles, in 2 hours 
17% minutes and returns in 2 hours 20 minutes, his rates of walking up< 
hill, down-hill and on a level road being 3, 3% and 3% miles per hour 
respectively. Find the length of the level road between A and B. 
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1 . 

2 . 

8. 

4 . 


1885-86. 

Find tlio continued product of — 

— 2y- ; rr^ — 2jJi/ + 2y- ; a-^ + 2y* ; and +2.cy ■\'2y-. 

Kxplain the terms factory multiple and common measure 
Resolve into factors, and thence find the L.C.M. of 
f/- +6r/6 + 5/)“ ; rt* — u"h — ab^ ; and 

Simplify the following fractional expressions : — 


16a3-27 


D-<-' 


V(o*-4a= + 12a=-16a+16) 
^(a» +24n « + 192» " + 512)' 


Solve fcbe equatio'ia- - 


233 1— ij3_2cC+7_l-a3 V q 

f’> H T^-- 12 2 • ("> 


PT+ qy = 1 '. 


5 . 1 bought a horse and a carriage for £90; I sold the horse at a gain 
of 12 i>er cent, and the carriage at a loss of 4 per cent., and gained on thr 
whole 6 per cent. Find the prime cost of th(* eairioge. 

6. A man walks one-third of the distance from A to B at the rate of o 
miles per hour and the remainder at the rate of 2b miles per hour, and 
travelling back from B to A at the rate of 3c miles per hour takes the same 

time Prove that ^ + I" = ^ • 

(( h c 

1886-87- 

1. (i) Simplify 24 {e_s(.f-2)} j*- ; uiifi 

subtract the result from +7a3+12)(® 3, 6) 

03—3 

(ii) Reduce to its simplest form - 



(a — 5)(a— r) (b’-r)(b—a) (c—a)(( —by 

2« Resolve into factors 4 (ad— he)* — ?>"—( 2)^. 

If aj+^ ~p, express in terms of p. 

3. Find the G * -M. and L.C.M, of 

fl5® + 33*— 4aj'' + 233*-f Gru— 9; a:* — aj* + t5a3— 9; and a; 233*' — 5a?*— 601 + 9, 

3 1 

JC* 33* , 33 3’* 1 

4. Extract the square root of ^ ~ "*"4 cube root 

of 8a3« — 36a5* +6633 ‘ - 93/ • + Z3x- — 9a?+ 1. 
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5. Solve tlie equations — 

(i) V {(uJ— «)=4-2a6 + b3 } =»«— a+b. (ii) 5 a*^^^*^* 

6 . A man walks from tlie University towards Malabar Hill at the rate 
of 3 miles an hour, runs part of the way back at the rate of 8^{ miles an 
hour, and then walks the remainder in 1 hour 5 minutes. Ho was out 
2 hours 44 minuics • find how far he had «yone. 

1887 - 88 . 


1. If o +bs=f* + (7, pL*o\e that either of them is equal to 

nhrd C3.1.KO .1 , , 1, , 

+, + + , ?• : and jf c + - =1 and n+ —-1, prove that 
ah + rd ta h r d ) // c 

c -f ^ = 1 and xy . + l *=0. 

X 


2. Sim}»lify- 


. (b + cX®-^ , (aj-b)(/?“ +C“) 

(c-a)(a-b) (a-t>)(b-r) (b-c)(c-o) ‘ 


3. Show that (ao + bv + c,)*’ + (f®— bt/d-Uv)** is divisible by (a+c) 
x.(x+',); and find the three factors of 2uj®— 28f;+60. 

4. Extract the square root of — 

(«-b)= {(a~b)*~2(a2+6=)} +2(G^ + b*). 

7?— 8 5 4 

oj— 10 .r— 7 ST— 9 03—6 


5. Solve the equation ' 


6. A number consists of three di^^its, the right hand one being zero. 
If the left hand and the middle digits be interchanged, the number is 
diminished by 180 ; if tlie left hand digit be halved, and the middle and 
right hand digits be interchanged, the number is diminished by 336 ; find 
fhe number. 


1888 - 89 . 


1 . 


2 . 


3 . 


Find the factors of the following expressions 
( i) 2y3 1 2 ^ 2s 2 aj‘ + 2.C®?/ “ — r * — y ‘ . 

(ii) — (p® +2)i=3/*+y‘‘. 


1 l-2b» + b* 

Given the relation _ ~r^ 


1-b- 


l-b° 

I+2by+b“ 


Prove that 


05—1/ «. 2b 


1— osy l + b® 

Divide 1 + a+a® +a'‘ +a* + ft® + a^ + a'*-f-a®+a^® by 1 — g® +a". 
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4. Simplify the fraction : — 

(y + -)(l/ — ® + (-: + ajK - - ® ) ^ + (® + y )0^ * 

5« Solve the equation : — 

^ e + b ^2(a"4‘?>") a + /)^e — 6_^ 
iC ij a- — ?)^ ’ r y 

6 . A number eonsists of three digits wJio&esum is 10. The middle digit 
is equal to the sum of the other two ; and tlie number will be increased by 
99 if its digits be reveised. Find the number. 

7 . If 19 lbs. of gold 'weigh 18 lbs. in water, and 10 lbs. of silver weigh 
9 lbs. in water; find the quantity of gold and silver in a mass of gold and 
sih er weighing 106 lb.s. in air and 99 lbs. in water. 


1889-90 


1. Find the divisor when ( 1( - -f ig the 

quotient, and y^(9> +lli/)" the remainder. 


dividend, 8(< +2]/)- tl«e 


2. Find the value of the expression t(v-1 2)+ + 

y X 

V .1 .. a — 2 


y . 


terms of a when 


0 s= _ and y 

y+i 2 

8 . Simplify: - 




4 . If o + h = 1, prove that (« - — b*)- ■ 

5 . Solve the following equations — 
a+x 


(i) 


’ 4* b 


2a* 


^ a — X _ 
a^-{-ax + jc- ((- — ax+x" r(e'* + r/-aj* + ,r*) 


.... 2ic + 3__4aj+5 Sx+3 
aj+ 1 "”4a>+4‘^ 3» + l’ 

6* Show that if a number of two digits is four times the sum of its digits, 
the number formed by interchanging the digits is seven times their sum. 

7 . A certain resolution was carried in a debating society by a majority 
which was equal to one-third of the number of votes given on the losing 
side ; but if witli the same number of votes, 10 more rotes bad been given 
to the losing side, the resolution would only havo been carried by a 
majority of one. Find the number of votes given on each side. 


1890-91 


1. Find the value of — 

aj® — 3abaJ— 2b* , »*— 4^/b 


when a^4-l-b. 


®-— ab 05—2^/ 

2. (a) If and a* = shew that xyz^h 
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3 

4 . 

5. 


(h) Simplify — 
9^^— (4i: 


(2aj + 3i/)= — 16i- ^ (3i/+4cr)“— 4a?2 (42+ 2^?)“ — 9t/- 


a>^ 2x « 2ci <z* 

Extract the square root of- ~ +3— -^4'--- 

a- a X 


Kind tho L.C.M. of ; — 

T’— 3u;2 + 3u 3-1 ; ir^-aJ--»+l: and t ' -2,t ‘ + 2rc~ I. 
Solve : — 


(i) _L . 

ah — ax hr — hx ac — m 

(„•) ?-V 

X y X y X y 


= 10 


6 'I’uo vessels contain mixtures of wine and water; in one there is 
iwi(‘e mucli wine as water, and in the oilier, three times as mucli water 
jiM wine. Kind how' much must be dmwn ofT from each, to till a third ves- 
sel, wdiieh iiolds 15 gallons, m order that its contents may be half wine 
and Iialf water 


1 


2 . 


1891-92. 


Simplify using factors : 

(i) .j g- — 5zt/ + 4i/\ 

^ aj“ + 6a3i/ + 6v® + xy—2y" 

(x^-xy + y^y-\-(x^^xy + y-y 

2(»"- + ,/”-) ' 

(d) If n- — 6® — — c* — c- — n ", RheAx that 

ah — c^^hc—a^^ra — h- 
a— 6 h — c c — a 


3 . 

4 . 


(/>) Simplify: — 

Kind the G.C.M. and the L.C.M. of: — 

,t_-2cC®~19u; + 20; ct'’ +2*’®-23 i— 6C: / ' + Tc*’^ 
6 


Solve 


• = 1 , 


7— 


7- 


7-® 


4£B®-52c^-f4S. 


5 . What value of a will make the product of 3 — 8« and 3« + 4 equal to 
the product of 6a + 11 and 3— 4a ? 
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6 . The gross income of a cerrain man was i>40 more in the second of 
two particular years than in the first, but in consequence of the income 
tsx rising from 4sd, in the pound to 6d, in the pound in the second year, 
his net income after ])aying the tax was unaltered. Find his income in 
each year. 

7. The sum of the ages of a man and his wife is six times the sum of 
the ages of their children. Two years ago the sum of their ages was ten 
times the sum of the ages of the children and six years hence the sum of 
their ages will be three times the sum of the ages of the children How 
many children have tliey 


1892 - 93 - 


1 . Define an ‘ algebraical expression' and the ‘ degree of an expression/ 
Wliat is a homogeneous expression ^ 

Find (lie numerical value of ( fj/'- + < + y + .) “ — ( ty-f ys + s c + 1) - when 
tsa2; and ss=4. 

2. Find the G.C.M. of 3 and a>"" — a."*— 4®^ — 3®— 2 ; and 

the L.C.M. of 6cC* — -4 ; 4<i®— -30; 3^® — 7< — 6 and 3« * +7«/— 6. 


3. Simplify — 



( (u - ?,)« + 8oi>(a-- b) * + 16a’^b2(a - ly 


(n) x + ] 





i/’ + 52 


4. Solve 


(i) 




~5 5 (®^ 1 ) 

9 6 


-0. 


(ii) 


Vi. 4 

® y 


9__2 

' y 


2 . 


(iii) 


(/ 2 j ““ 3 c 6 X ““ 7 


B- Find the fraction which becomes equal to a half when the nuine- 
rator is increased by one, and equal to a third when the denominator is 
increased by one. 

6* In a mile race between a bicycle and a tricycle, their rates were 
proportional to 6 and 4. The tricycle had a minute’s start, but was beaten 
liy 176 yards. Find the rates of each. 
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1857. 


1 Piiid the value of ’ + — 3a6r, when uwl, 6 = 4, c=— 5. 

2. Divide ' by / -f 

3. Solve (1) . + — - • 

o 4 2 7 

(2) «(?/ + '.)«= 22, y(iJ + c)«40, c(a?-f i/)«42. 

4< A train running from A to B meets with an accident 50 miles from 
A, after which it moves with Jths of its original velocity and arrives at 
B 3 hours late. Had the accident happened 50 miles further on, it would 
have been only two hours late. Find the distance from ^4 to B and the 
•original velocity of the train. 

1858. 


2 . 

3 

4 . 

5 


Find the numerical value of { e — (6 — r) } { 6 — (c~a) } - + 

{c— (a — 6)} when a = l, ?i«3, <’ = 5. 

Expand and simplify the quantities in the preceding question. 

Find the square of l + 2ic— — i o*''. 

y 


Solve +f =1 — 
a 0 c 


a 0 c 


_ A number of two digits when divided by their sum gives the 
quotient 4 ; but if the digits be inverted, and the number thus formed be 
increased by 12 and then divided by their sum the quotient is 8. Find the 
number. 

6. Explain what is meant by a ; b : : c: d and from the principles 
here involved deduce the common Buie of Three. 


1 . 


Provo that— « x — 6* 


1859. 

+ a6; and that a~^ 


1 . 

\/ d 
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2. Divide 1— *by — 5 ~~ to 5 terms. 

2 " 3 4 

8- Resolve tlie following Algebraic quantities into their elcmrntar\ 
f actors : — ; c - — 9^ + 14. 

Solv^ (i) : 4cU— h : : 3a?4-b : 2.r + n. 

(ii) .r— a/ — s = 4; 3?7 — T— '2 = 16; 7"- — t/ — ® = 22. 

5 A can do a piece of work in 12 days ; when he has been at work 
1 days, B is sent to help him and they ftnish it together in 3 days. In liow 
many days could B do the whole 

I860 


1. Simplify the following : — 

5 \ ” , (g-h? /) (f — 2/) (^* +1/-) 

\ ^hyX/a -vh {x—yY ) j'*—y^ 


X \/a^ +2oh + h=. 

2 Divide r* + 3c®a( — — 6 y^) — j/- + (162;— l)y^ + oy* In /-+ 3 a>y 

+ y®. 


1 

8. Prove that a; s- 

ajo 

4 . If « ; b : : c : d, shew that if r be hoTnogoneous with a, b,c, and d, 

n’+ : h^c' : : 1+ : d\ 

a* 

8- In the following equation sho'w that the value of x is independent 
of a : — 

aj + a ^ s c + b + b)' 

a + b a-~b a-— b“* 

6- Find fir and y from the following equation . — 

\/a; + v^y=2 and a;+yw3» 

7 . Two years after the flood, when Shem had lived a sixth of his life, 
he begat Arphaxed j who, when he was 35 years old, begat Salah. When 
Salah had lived a twentietli of Shem’s life, he begat Eber, who after 
34 years begat Polog. Peleg begat Reu at the same age as Salah begat Eber. 
Reu was two years older when ho begat Serug. Semg begat Nabor at the 
same age as Peleg begat Reu. At a year younger Nabor begat Terah, 
who, when he had lived ^ths of the years of Shem’s life, begat Abram. 
Abram was born 292 years after the flood and lived 175 years. By how 
many years did Abram survive Shorn or Shem, Abram ? 


1861- 


1. Multiply ac* +7a5*i/ — 8aB®y® — ISajy’ +5y* by 6a5®y— 3y’a:. 

2 . What is the numerical value of ^ 


if assC, y~3, s:«s5 ? 


— 4 a? y 

/> T* 

r y z 
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3 . Simplify^ KS + ^-Xr-"^ K\/*'\/ "'OT' 
4* Separate into its factors a * + 2a‘'a?— 2«ar‘' — x * . 

5 . Find the cube root of 

8 4 6 27 


6 . 


Add 


together 


4a + 6& ^ Go — 46 __ 4a” + 66 - 
0+6 0 — 6 


46®-6«- . 206* 
a» + 6= '^o‘-6^* 


What will be the valu(* of the sum (1) if a = 6, (2)a = —6, (3) a — 
6(2+ V5), (4) a=2, 6 = 0'' 

7 . At the last Matriculation Examination, a fourth part of the candi- 
dates and six more passed in th(‘ second division, a thirteenth part in the 
first, and three more than half tailed. ITow many candidates were 
examined 


8 . A man has in his pui sc sovereigns and shillings. If he receive as 
many sovereigns as he has in his purse and pa}' away his shillings and 
an equal number of sovereigns, he will liave 6 coins. But if he double the 
number of his shillings, retaining the original number of sovereigns, he 
will have 9 coins. How many sovereigns and how many shillings w('re in 
his purse at first '' 


9 . Solve the following equations ; — 

(1) I -I +*--6=2. (2) •'"" + -T-' + 

£C— 2 £r— 6 a o 


1. 


( 3 ) 


''-«46 + c. 
ah he CO 


(4) -v^rr - + 4a: + 4 =■ 3® — n. 


1862. 

1. Add together 2a'’ +4a- + Oa6, a- + 6” +a6* + 6'' ; a6® — 4(f6 — 2o-, 
3a®6 — a6“ + tt, 6— 2a” , and reduce the sum to its simplest form. 

2. Divide — a”caj2i/ + 36'’a;i/"+3bca;i/ + (6-cy— r®)v by 6®?/- — 

ry, and square the quotient. 

3. What are the numerical values of ^2o ’ +f?‘- + a, ^ 2a®+a‘- — a, 

and . / when a = ^ ? 

•\r a® rt* a 

4. What are the uaughr, first, second, and fourth powers of 
x/4a®— 4aa5‘- -f > What is the square of the quantity whose square root 
is ft ? 


5. Find the square root of lGm®aj® +36n‘-t/® +9p*::® + 48mna;jy + 3C7fpy - 

+ 24mpa!c. 

6> Solve the following e(iuations. (!) a5® — ac— 12 *(3 + fl5)(31 — 4a) ; 


( 2 ) 


aaj . 6a> , rflj_(a6® + 6c® + ca®)® 

-- - ; 


(3) 2»+3y = 5#-i = 4y+g. 
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T. Two trains start ai^ the same time from ^4and U for the 0 junction. 
The train from A should run at 24 miles an hour, and reach the junction 
half an hour before that from B, which travels 18 miles an hour. But the 
former is so retarded as only to run at an average rate of 22 miles an hour. 
The two trains arrive at tlie junction at the same time. How far are A 
and B respectively from C; and how long were the trains upen the road ? 

8. 1 and B went out to shoot. A shot throe pheasants for every 

5 partridges; B 5 pheasants for every 9 partridges ; A shot four birds to 
5. How many pheasants, and how many ])artridgos hod they brought 
down when they had shot 326 l>irds ? 

1863- 

1 . Simplify + + {(»+ + c®)} • 

2. Multiply (1) oj® +3a3 + 9 by j;" --3»+9. (2) n— rt^6“ + bby a* + 

3. Divide (1) «;■* — 7aJ— 6 by J5— 3. (2) .pb- s by a" ' -f 
Define the squar(' root of any cpiantity. 

5* Find the square root of (1) aj° + 14.u°-“4a;* — 28aJ-4-4a52+49. 

(2) « 4-h + r + 2v'a?) — 2^6^— 2Var. 

6« Find the cube of u + — using factors and not direct multipli- 
cation. 


7. Solve (1) 


7cr + ly 24— 4ir . ^ 3a5 + 7 
-Ti 6 — • 

33—6 r— c a3— (a + 6 + c) 

h r a abc 


(3) -c } 


3a!+2j/-l-4 ) 
1-99 { 


(5) = ^ + ^4; 

c y ’ y ^ X 


8. A merchant goes to three ba^caars in succession. At the first he 
gains 15 per cent, on his capital ; at the second 20 per cent, upon this in- 
creased capital ; and at the third 25 per cent, on what ho then possessed ; 
on his return home he finds that he has gained Rs. 2,639. What was his 
original capital P 


2. A certain fraction becomes ^ when 1 is added to its denominator 
and when 2 is taken aw ay from its numerator. What is the fraction ? 


1864. 

1 . lfa=sl,6 = 2, r~3, d = 0; find the value of 



(a+6)(c+d)- {(a-dj + (c— 6)} ' 
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(2) ^?)-a + .y4(( -a)-i''3(8a+6i> + 3f-2rf). 

2. Simplify {2®- — 7/(3»— + 1)} 

- {2(. +y) + 3(v + l)(s/-J)+2®(®-2y)( 

+ ^(®— I/H)— 2(v= + v— 2)^ +2^ 

3 Multiply —4«“a6—4r/-i6* — 6** by a~2— 2a”i6 + 6- 

Divide (a — — 2(« +h‘^)sty by (rr + &)«— (a — b)y 

without remov the brackets. 


5 Find (1) the scjuare roo< of a- + 4h+9^( --f 4v^a-b — ~ 

(2) the cube root of 28 934443. 

6- Find the G.C.M of a"* — 8a*b + 4f/®b — -^3ab* — 2b® cind2w‘ — 

Sa''h-'a-h^ — 2(fh . 

7. Reduce the followint? to then simplest forms 

(1) (2)— 4- 

jl-+7x + V2 (t+x a— * 1 / n — x 




^ X — a 0 '-It 

8 Sohe(l) 7=+— / = 

c— va t<+ /« 


r(- 


(2)2<i— a— 2v — b-b '^“^ = 26— v 


(3) ajy5=(jji/ + ^ -V-)=4(v~ + a!V-'0-6(' +v - 'V) 

9* A merchant speculated ill 20 voyages On examining his accounts 
he found that, on an average, in each prosperous voyage, he had gained a 
sum equal to of hjs oiiginal capital, and that in each adverse voyage he 
had lost a sum equal to i ot the same On the whole, however, his capital 
was increased by of itself. Ho\^ many prosperous \oyages did he 
make ^ 


February 1865- 

1, Prove that (a - + ob + b= )(c2 + cd + d= ) = (uc + ac7 + hd) - + (ac + ad + bd) 
(hc^ ad) + {be— ad)” 

9. Divide (1) 2aJ® — 9cr*" 6^/** by a'—3a ; 

( 2 ) Sr—Si^y —yhy 2x'—y^» 

3. Find the square root of (1) n- + — , — + S , 

U" \ a/ 

(2) a-* d-b-* -a“*b-» +2a~»b-i -.2o-ib-*. 
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4. Find the G.C.M. of 4 jc‘ + 9«»+2«®-2»-4and 3aj> +6aj»-» + 2. 

5. Find the L.O.M. of Sas* — Bx + 2 and — 4»® — as + 1 . 

6. Shew (1), that if P divide A, it will also divide mA ; and (2), that 
if P divide -4 and P, it will also divide mA ± nB. 


7 . Simplify (1) 


3o*— a*l>*-26* 

10a* +15a3b-10a=ba-16a5* " 


8 . Solve (1)- 


a — — oj* a + v^a**®— aJ*' 

+ 18 ll-3aj g ^ 

4^ — . — -s5'C— 48— 


13— a; 21— 2i» 


3-3a 2-2a’ 1-a* 


5(3)^ =1 + 5^^ 


(4) 5i + 2y+i; = 30 ; 2x + 5v+ 10 j=129. 

8. A and B start together on a certain journey. When they have 
walked a distance of a miles, A finds it necessary to return home, and 

goes at twice his former rate. He then starts again at — times his origi- 

n 

nal pace and just at the end of the journey overtakes B, who since A left 

71 

him had gone at times the original pace. How long was the journey ? 

December 1865- 

1 . Find the continued product of 

ic + \/3i: + 3, c*— 3aj + 9 and »— ^/3 jj + 3. 

A «. Li. . 2a ^ 1 

а. Simplify (n-^y. + 

^ c — a c^b c*— (a+b)c + ab 

3. Resolve each of the following expressions into three factors* 

(1) b3-a3-(c*-ab)(b-o); (2) a(b» +c»-a*) + b(a»+c*-b»), 

IT 1 41, 1 f (a;— o)(a;— b) , a’ +ab + b® 

4. Find the value of , • - . v/ »'when a!» -r — . 

( 35 — a— b)* a + b 

5. ShewthatP-ly+ * =(“±£-4-)*. 

\a c/ (a + r)® V ac a+r/ 

б. Find the L.C.M. of a!'®-7a;-36, «^-13»-12 and j:® +4x + 3. 

7. Solve (I) ^ + ; (2, V»>-+ 9 »-- v/.-rrSr- 
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(3) aa; + 6|/ + c'w=a+b + c; 


^ =1. ^^ 4- «V I J 

Z) + c a + c * b+c a+c a h' 


8 . A, B and C work together at building a wall for 10 days, after 
which B stops working, and A and O together finish it in 6 days. Find 
the time in which each can build it separately, if A and B together can do 
as much in a day as C can do in 3 days, and 3 days* work of B is equal to 
4 days’ work of C. 


1866. 


1 . 

2 . 


3. 


Reduce to its simplest form 


a?*— 1 + l 2x* 

t-' + l "^as^-l^a^+aj' + r 


Divide 


(a + b) (b + c)aj®+ {(b + c)® + (a + b)® } +(b+c)(a— b)»2 + (a + 6) 

X (a+c)a}— (a+c){b + c) by (b + c)^® + (a + b)aj—(b + c). 

Find the square root of 


+a* + i+2 

a* a* 



4 . Find the G.C.M. of c-1 and aj» + 2jj3 + r+l. 

5. Prove that every common multiple of a and b is a multiple of their 
L.C.M. 


« Ti!« ,, , a3_pa'* + (2C*-f-rc® 

®- prove that 


7* 


7. Solve (1) g 2 18a!+6 6 j!+2’ 

(2) c + y^2{z + l)j y + <’+!> s + ^^^.>y + l» 

8* If + -= + , prove that r- + 

b d a c ^ b^ d^ a® 


9. A, B, C start at the same instant from P to run to Q, their rates being 
such that B is always as much behind A as he is in advance of C* After A 
has reached Q, he returns at once to P at the same rate and meets P at a 
point whoso distance from Q is equal to one>fourth of PQ, Shew that A 
meets C at a distance from P equal to one-third of PQ. 


1867. 


1. Divide (?n+n)a* + ^»i* — l4-u' + 2mti)a’—(^n-f??)(l — 2mn)a*4- 
(»?— n)a — 1 by (?»+») u— 1 without removing the brackets. 

2. If ^’+ ~=-2(a + m), f— ^=2b, ^==2(c+7i), y— ^ =2d, 

X X y y 

find the value of •*y + 4-. 

xy 
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3. 


Simplify («) ±-) 


(fc) 


(« + fc):^+(a^_ 

o— tz ' 

J. _ I 

h—d u+b 


( g+b)*^ + *» 

(a -t-b)*- — (ff — b)-’ 


4 

5. 

6 


7. 


Find the G.C.M. of — 4a- + 5( — 4 and r+ ~ + 

If af = bfj[ = rr, shew that —4-^ -h’ + 

f^r 2^7' pq a" b® r- 

Find the L.C.M. of x^+4r- — 5, c- --4(’+8, and 2r‘’ + j — 8c + r 

6 — 5iC , 7 — 2 (- 

1 1 * ^ 
r— I 


Solve (g) 


- J ‘ — 1 + 


Ch\ 7gbf (g- 4 b- ,2alw((fb-{-(ic + hc) 

^ ' n + b + c (g + b + e) “ (a + b + c) ^ ~ ^ . 

(<•) (a — b)r + (b — c)7/ + (^~ 1 ; 2g r + by + =2 ; (g4b — r).t 

(a-2b + 2c)y + 2b: = 3. 

8. A alone can do a piece of work in a hours; A and C together can dc. 
it in b hours ; and C’s work is ^tli of B’s. The %vork has to be comple- 
ted in c hours. Find (i) how long after A has commenced, B and C should 
relieve him, so as to finish the work in time ; (ii) how long after A has 
commenced, B and C should ^0771 him, so that the three working togethei 
might just complete the wo*k in time. 


1868 


1. Divide hc(c — b)-\-ac{n — c)4-ab{h — a) by (a — b)(u— -c). 

2* Resolve the first of the following expressions into 2 factors and the 
second into 4 factors : (1) / ‘ 4**^ "-hi ; (2) a(b’* — c') + bc(c‘-J^--b-)4-a®(c — b). 

3. State in w'hat cases + will be divisible by a 4- a and a - 4* a- res- 
pectively ; state 7ilso the number of terms in the quotient in each case. 
Show that the last digit in is 5 whatever n may be. 

4> Simplify tbe following expressions : 

m 

'■''x^ + ie + l ir‘ + .r= + l’ 

(•)\ » r — 2a _ (b—c)- b 4- c — 2a 

b—a (g — b)(a — r) c — a 

3 . Find ibe G.C.M. of ic‘'--7®4-6 and 6»®— 7»*4'1. 
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6 . 


If shew that the value of 

a+c a-+r® 

is the same for all values of a anrl r. 


4flr 

(a+c)® 


7 . Solve (1) — +Q-" — j— 


(2) ax-hy^a-h-, 


1 


(3) Vy— -v/i/--2a: = \/48— 2aj; i/(a3— 15j--yt). 

8 A room of which the floor i^ rectangular is such that the addition 
of a foot to the height will increase tbo area of the w'alls as much as the 
addition of afoot to both the length and breadth, the increase in each case 
l>eing GO square feet ; and if the floor bo made square, the perimeter 
remaining the same as before, its area will bo incroa‘«od by f) square feet. 
Fird the length, breadth, and height of the room. 


1869 - 


1. Simplify (/v/l — a- . v^l — d?** -bauj)- --2nfl5(v^l — »/ - • v^l — aj- +aa5)4*aj‘'** 
2- Divide — by o® — a» + o®. 

3. Shew that b® — ac is a factor of (26- + «®— nr) (2t® +c® — ac) 
— 6*- (n 4* c)® and the other factor is fiositivo for all values of a, 6 and r. 

3 a 


4 . Simplify (1) 




1 + 


2 * fifj 


(‘* 0 ’ (»:) 


(2) — --i — + Ji- . 

(aJ + 2}(a! + 4) (uj + 1)(®+3) (‘C + l)(aj+2)l» + 3)(i>+4) 

5 . Arrange the expression (6-l-r)®(a + d)® — 4(a6 + ccZ)(ac 4 * 6d) according 
to pcmers of b and hence find its square root. 

6 Shew that the two expressions (ai— n + 1)(6— r) + (6® — •b4“l)(c— a) 
+ {r®-r4-l) (a-6) and («®-a + l) (6®-r®) + (6 = -6+ 1) (c*-a’) + 
— .•-’rl)(tt® — 6®) arc equal. 

7 . Provo the rule for finding the G.C.M. of two Algebraical expressions. 
2j)® 4-5®“ 4- 19 . 


Shew that 


ID® + 6® 4 12 


is in its lowest terms 


_ — l a— ^ 1 1 6 — 2 1,. , c — 1 c— 2 c 

8. If ”7 and — = |shcw that — =-r. 

X ij b z y o X y ah 


9. Solve (1) 


12g4»19 _ 7g-2 ^ 


18 


8®- 25 6 

3a-10 12 ^'*’36* 


24 
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(3) fl!+V + = - (a— b)(6~r)(tf— r) ; ax-¥hy-{-cz=0; a®a}+l[)*]/ + f-^ = 0, 
10 . A horseman travelling at a walking pace of 4 miles an hour 
meets a bandy going in the opposite direction at the rate of 2 miles an 
hour ; after proceeding at the same pace for half an hour he turns and 
canters back till he overtakes th(‘ bandy. If he had continued for another 
quarter of an hour before turning, the bandy would have been J ths of a mile 
further on, before it was overtaken. Find the rate at wdiich the horseman 
cantered. 

1870. 


1 . Divide the difference between (»+a)(c + M(j;+c) and (i/ + n) (y + b) 
x(i/ + c) by aj-v. 

2 < Find in the simplest lorm the difference of the squares of 

+ and +av/(b““r)T 


^ .. V . 2 a »+ i ~ 2'*+^+2 

а. Simplify (1) + ' 

4. Find the greatest common measure of — c''+7a5+5 andi*— c' 

+ 2 ® + 2 , 

®- « the value of ^ Q^iy 

б. Prove that every common multiple of twm numbers is a multiide of 
their least common multi])le. Find the least common multiple of c"* — 1 
and — 1. 

7 . Shew that 

( (wn+1) I I — - — 2nin — — | y + (7nn + ])= — 4 ?>j7? 

( ) ( in7i mn ) 

is a perfect square, and lind its square lool. 

8. If 2 C"+i/"*»l, 2a?i/ = ^ ^, and 2»®—®+y, shew that ^ 1*“^) 

T" ” \ * 

9. Solve the equations 

m JL- I L-. 

' x-S x-4 Sx-VJ 3X-16’ 


( 2 ) V(a + tr) — v^(a— r)-- \/w® 

(3) ax^-hy 


r /f 

— ; a./ +by~ r(l + -.) ; by— c;:= . 

2 2 


10 . A and B start from opj) 08 ite ends of a straight course eaoli walk- 
ing uniformly ; (-4, who is the faster w’alkcr, at the rate of four miles an 
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liour), and meet at the end of two hours. If, when A reached tUte middle 
point of the course, they had interchanged their rates of walking, they 
would have met a (quarter of a mile nearer the middle point Find B’s 
rate of walking, and the length of the course. 

1871. 


1 . 


If UJ- 


fo-+c^— + — r-* 

, y~ ^ - > and®— 

"Ihc ^ 2ar 2ab 


find in the 


simplest form the values of (1) {b-i-c)jc-i-{c + a)y+{a +h)z; (2) . 

2 . Reduce to their simplest forms 

c.(c -l)^-] 

(x^+iy-ji‘ c^x+iy-i'^ !0 *-{is+iy ’ 

C — 1 OJ + l 2) 


1 ^ 

r + hjo — bo 

+ c bx 

14 - ^ ""a — 2(<i+r) * 

a+c~x ^ ^ iC 

rt + r— X 


8. If a quantity measure two other quantities, prove that it will also 
mcasuro the sum or difference of any multiples of those two quantities. 

If the two expressions ac*— c(3a + ?j)x^+ (g'‘+l)c“)t; + clandbfl!’*-f- 
c(g— b)x® + a(c-* — a^) c—d have a common quadratic factor, (that is a fac- 
tor containing as the highest power of r), prove that this faetor is an 
exact square. 


4 . 


Find the square root of x- — 2-f 


+4x + 9 

+ 4x^ -h 5x- + 4x + 4* 


5. There arc two quantities o and h of which the L.C.M* is v, and the 

h 

O.C.M. is y ; if x + 7/= njg+ prove that u/-* + w-* = m *g ’ + - . 

^ m m-* 

6. Find th(' G.C.M. of r*' +36x®— 4x- +8t — 17 and '’'’-f-Sx*'— x” + 2tf— 4. 

7 . 1 f g ?^ + gc -f- “■ I , prove that 

§ j __ 4a®6-c* 

( irTT- r+F 1+7^3 ""(i+7^)(i+6=)(i+cO’ 

lOx + 47 12X-1-38 5x + ll 


s. Solve (i) 


18 13x4-23 
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(u) (a + 6) 

(a-ft) «+(a + byy=~^{xi^ -y-) 

/....X ®+2i/ + l ^ + 3: + 2 ^ + 4*0+3 

(„,) ^ .j 

9 . ^ and B play four garner of chance of which A wins the lirfct and 
last, and B the other two. The amount whicli eacli stakes for the first 
game is half the whole snm of money possessed by both together, and for 
the other games half the money possessed by the loser of the preceding 
game. At the end of the 4th game, A finds that he has 18 shillings lesfi^ 
than he would have had if he had -won them all, and B finds that he has 
9 shillings less than he had at starting. Find theamomd <»f money possess- 
ed by each at fiist. 


1872. 

X, Divide the difference of — 7>» 4- and (»”— ez + r/.’*) 

X (ff—ff + b) by a — ?), 

2. For what values of n is + dhisible b^ < +«, and .r" — <'/"b\ y —// v 
Write down the last three terms of the (piotient in each cas(‘. 

Shew that (i)4.2^'’ + 1 is divisible by 9; 

and (ii) (1 — a*)®”— (4—7a:-' t-)” both by 2a5— 1 an<l '-f-3, u being 
any positive integer. 

а. Simplify (i) ^ 

.. hc^a- c~ — nh 

(6*-2— ac)(asc— 6} (nr— Z)-)(6.i — c) 

Shew that the numerator of (1) in its simple'-.t form is the sum of 
squares. 

4. lu the process lor finding the G.C.M. of two (piantities A and B, Q 
is any remainder and P the preceding divisor : shei^ that the G.C.M, of Q 
andP — nQ will be the G C-M. of and B, where n is any factor arbitrarily 
chosen, and not necessarily the quotient arising from the division of P and 
Q. In what cases will this principle facilitate the process ? 

5* Find the G.C.M* of — 7ap^+ 1 and 3.f ^ ~ 8 — 1 2 « - + 1 . 

fa" + + 

б. A Shew that squares. 

7 . The remainder after finding the first two terms of a square root of 
the form a/*+ba!+c is— 6aj® +4a? + l : determine the root. 
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solve (i) ^ 


a— 7^ B— 11 
05—9 05 — 13 


jj— 16 


(ii) v^aaj— b — a=(V^/— a/6)\/»— 1 ; 

3(b-a) , ^ 3(a-r) , . 

(ill) aa; — by= hy + 2c^= — y ax-^by ■\-c^ 


«0. 


9 . A iiud B travel in opposite directions from two places 0 and D. 
starting at tlio same time, and moot at a point 10 miles nearer D than C. 
If each had travelled a mile an hour faster, they would have met an hour 
eoonor; and if A had travelled half a mile an hour slower, and B half a 
mile an hour faster, they would have met 2^ miles farther from D. Find 
the rat(* f)f travelling of each, and the distance between C and D. 


1873. 

X. Divide n (n +h)(ti -f-c)— />(b >hc)fb + a) by (c — b) and by (a + b-rc). 

2. Assuming that is divisible by as— y, when n is any whole 

number, shc*w that (ah)» — (hry + (rdy — (day is always divisible by ah — be 
+ ed — da. 

3 . Prove that any common multiple of a and b is a multiple of their 
Jjeast Common Multiple. 

4;* PindtheG.C.M of u ' + 2a-‘ d--!- and u*' — 3a'‘+2(T® — 4. 

5 Simplify (i) . 

9. ^impmyvu + + ^ 

1 


(ii) - 






(«j + l)(2aj + 1) {2x+ l)(3aj + J) (3aj+ l)(4a;+ 1) (4 j 5+ l)(6aJ+ 1) 

6. Shew that (#/ — b)-(e4-ft)- 4-4</b(r- 4-d-)— 4rd(/^* +b®) is an exact 
square. 


M n 1 (a+b) ^ — (b + r)® +(c + d)3 — (d + a)® 

7. Prove that ) , .(» + ^ + 

(u + b)-* — (b + c)-+(c + d)-*— {d + a)s 

S Shew that 




(u + b)** — (b + c)- +(c + d)‘-®— (d + a)® 
ab ^ be ca 

(ij— a)(aj — b) (x—h)(v — c) (»— c)(»— ti) 

whenl=iC+i+^). 

c 3v® b t'/ 

(ii) ^/n — nt^aJ—-v/b — 7^ -«*=->/« +b — (ai 4- tt)®B ; 

,...v o.b a h^a.h ^ 

(in) -+ «“C. 

X y y . X 

10. A gentleman went out for a walk, and, after having been out 
12 minutes, was overtaken by his serv'ant who had run from the house at, 
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twice his master’s pace. The master then bade the servant run back at 
the same rate to the house and bring his cigars, wliilp he walked on at hie 
former pace. If the master was one mile from the house when overtaken 
the second time, at what rate did ho walk 

1874 


1 . Divide ^ ^ bv ^ + 

0 •* r ^ n ‘ h c Cl 


2. Wiiie out the first fne terms ol the (|Uotieui of 
* «H 1 4. ji) 2 «+ 1 « 2 '4 I ^ ^ 2 «+ 1 

; and , ; and hence find, A\ithout niultiiili' 

a +h a—h 

cation the product of (a‘+n'' + n" hn + 1) x (u — ' +a - — 1). 

3* From (r + « — ?))( M- h — r)( <5 + c—fl) subtract ('r — (i+h)(r-^h-\-() 
X — r* 4 fl) and divide the remainder by (a — h)(b-~c)(( — u). 

4* Prove that (‘ver}" common measure of two algebraical expressions 
•will divide their (J.C.M. Find the G.C.M. of 

a 4 29a — 1 o and 2tt ' — 3</ * + 16u + e — 10. 


5. 


Simplify" (1) 
( 2 ) 


<(’ . 
a’(a — J*) a^x^-^n) nx 
(ac + hd)*^— -(ad-f he) ^(ac + bclY' + (ad + hc) 
(a--h)(c— d) (a + h)(r + d) 


6. 


7. 

8 . 


Given that s -« + // + c, pro\e that (s — 3r/) - + (#’ — 3b)- + (ft—3r)= =- 
3 {(e-b)-+(6~0‘- + (^--«)-} • 

Extract the squai’e loot of 
(a= + b=)(«’b--f l)~2a%- -!)(/>- 


If a;: 


«+l h^l 
a— .1 o— I 


'c-r 


shew that 


O'!/ 4- l)(y= + i)('^® + 1) 


(ah + l)(b( -l-l)(m+ir' 


9. Solve the following etjuations — 

r — 4 x-7 1-9 _3 

(2) ■v/~(15-9is) + v'~(10-4(E)=v/ (o-a); 

(3) 4aiC+(a+l)i/=(3a-lX; (3o— l)(j!-J/-l) + --■0 ; (ii' + y)=:. 

10. A man row’ing against a steam meets a log c)f wood which is being 
carried down by the current. He continues rowing in the same direction 
for a quarter of an hour longer, and then turns and rows down the steam 
overtaking the log 1# miles lower down than tho point whore ho first mot 
it. Find the rate at which the current flows. 
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1875. 


1, Remove from brackets [r —a — l>) — { (6 + c — a) — [(a + & + c) 
-(r + a-5)J} . 

3. Add together the squares of 2 +n)(l + ^) 

“h w){l — ?>)} and of + — — — 

— a/I— •«^)( b+ \/l — b-)} and simplify the result. 


4* What must be the form of m in order that o’”— may haie 
both <i‘‘ + u” and «" —x' for divisors, n being anv positive integer? 

Shew that — 1 is divisible by 15. 


K educe to its lowest terms 


20 u»-fl h/ 4-24 
21a'’ + lla' +20 


6. State and prove the rule for finding the Least Common Multiple of 
the two Algebraical expressions P and Q, 

Find the L.C.M. of I -bo + o ' and 1 + « • -b a . 


7. Simplify (i) 


y/ac 


\/ax 


Va+y/j’-^y/a+x v'a+'v/e+v^rt + o; 
« + b + r r 4* u — b a + b 4- < 



c + « — /> a 4- b 4* < c^a — b 


8 . Find what term is wanting to make the following expression a 
eoTn]>lete square : 4*6-tb-)— 4(aa!- 4*8b)(e — b)tf. 


9 


Cl 1 /‘A jr— 2 r— *4 .... / r — « n / a;— b h 

• So’''® 9+^i="'(”)\/;r-5+ - 

(iii) (a®4-b-)(i’— ])*=ob(2*«’ — y); 4a-y4-2. 


10 A person sets out to walk to a certain town. But when he has 
ac<'oin pushed a quarter of his journey, he finds that if he continues at the 
same pace, he will have gone only Jths of the whole distance when 
he ought to be at his destination : Ho therefore increases his speed by a 
mile an hour, and arrives just in time. Find his rates of walking. 
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1876. 

1. Divide (a— 6 )(a + ?> — c) + (b— c)(5 + f— ft) by (a— c). 

8 . Separate into four factors : 

(a=- 6=)2 + Cr®-d*)=-(fl + ^)*(f-ci)®-(a- 6 )«(c+d) 2 . 

8 . Ill what cases is a" — h" divisible by a + b and « — 6 respectively 

(i) Show that +(b — l)b« is not divisible by a+ 6 ; 

(iii) and that ( 2 (i + 6 )” — (« + 2 b)" —a” +h» is divisible by both a + b, and 
a— b whether be odd or even. 

(i) Jf an Algebraical Expression, is a common measure of two other 
Algebraical Expressions, prove that it will measure the Sum or the Differ- 
ence of any multiples of those Expressions. 

(ii) Jf jc- — (2f/ — 1) aj + 27 and sc-— 2 </j 5— 2 (<7 + l) have a common 
factor, determine < 7 ; and hence find the L.C.M, of the two expressions. 

5 . Simplify (i) (n + h-^c){l + m + 'n) + (b-¥r—a)(in -{-v — , + r) 

(i — m + w) + (flf -h b — f)(/ + w— w) ; 

...V a — b b— c c — d d^ti 

(a;+a)(c4-b)'”(i; + b)(a!+c)"*’(ft’-|-r) (a’ + d)'^('®+d)(aj+'/y 
6 * Kxpress the follonnng as the difference of two squares 

^(e + b)a5— (r 4 -<?)i/ j . ^(a— b)ic— (r-r?)y^ . 

7 . If (m-^a) (b-t-c)-fa- *:(in + b) (r-ha) + b‘^ = (a/ + c) (a + b) + c*‘^ = t? 

<letermine the values of m and n in terms of e, b, r. 

8« Find the cube root of (x+y)*' — (® — t/)” — 12ri/(.'C“ — y")*^. 

9 . Solve the following Equations : 

. a — b c — d « — b r—<J 
JJ+ ,r + h~ r+d'^f/’-ho * 

(ii) V^ax’k’c) -H 'v'(au: + d)«=v'(ba! + c-i-c)+ V(bi3 + d+e)*, 

I e(jM-y) + b(.c— !() = «'— ab + b- 
' 1 a(i;+y) + b(a? — y) = <T- -i-«b + b". 

10. A letter-carrier has a hours allowed to liim forgoing from A to B 
and back again, including r hours for rest at B. But ho iiuds that he can 
get b hours for rest by going d miles an hour faster each way. Find his 
ordinarj'^ s]>ood and the distance from A to H, 

18T7. 


1. 

2. 


Resolve into factors (2a4' 2b— ab)® —(6® — 4a)(a'- — 4b). 


Simplify |g:(a^+6«-r=) (f.’ 


+ r=-o=)+-^ (c» +</•--/<») 


a“A-h^4‘r^ /I 1 1\ 

and shew that, if a+b -i- c«0 ; rr-rr~~: + H + 1 . + ')®®* 

n' + b’-fc* b c/ 
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3. Find the fJ.C.M. of a* — 39aj— 22 and llaj* — 39a!®— 8 and the square 
root of (rj®+4)(<r-l)+ 


4. 


Solve 


(j+l)°+ (iC— 1)'- 


5. A person beinj? asked his age replied — “ Ten years ago I was five 
times as old as my soti, but twenty years benee, T shall be only twice as 
old as he.** What ip liis age ? 


1878. 

« q* * + 3aj‘'* +6a} + 15 ' + 3®- + c — 2 

X. himplity JT^i:- + 5ai + 10'*'ai^+2u! +3 j!“+4®— 4 

2. Show that — .3c)^ — SC®**— 6 »‘ +9j}2 _ 2) is an exact square and 

resolve the whole expression into factors. 

3. Shew that (i) If a + b+r-O, then a(h— r) * + b(r— a)’*+r(f/ — b)® =0. 

(ii) If ^A + b + r = l, f/h + br + ra- abc=a*-, 

then q. — — 4.—- — 

a-i-bc b + ac c+ah 4 

4. S<ilve the following equations : 1) 

(2) ®+y+~ = f/»+b|/ + ( =0; +— — I — 

^ ^ 5 — c rt— c tt— o 

5 A mail coach runs between two places A and B and back again. 
A traveller who starts walking from Aj 5 hours before the mail coach is 
overtaken by it half-xvay between A and B. He then doubles his rate of 
walking and meets the mail coach on his I’eturn journey 3 miles from B. 
The traveller then goes to B at the same rate and returns, and by the 
time he comes again midway between A and B, th^mail coach reaches A, 
Find the distance between A and R and the mtc at which the mail coach 
runs. 


1879 

. O- .-i, (a+b)‘- a+26+e , (a+6)« , 1 

2. 'IVansform (®'- + +2xy)" into the sum of two perfect squares. 

3 Is (a + b + (’) {a® — (b-hc)a + (b + r)®} — 3bc(b + c) «= (ci + b + c) 
X { b 2 — (f f + r)b + C** + ^ } ““ 3ar(n + c) an Fquation or an Identity 
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4. Solve the equations : 

® + 7 2a;— 4 3aj— 12 

(2) a;- + 3aj — 10 = aa;- + hx^ + rx- + 5(rt + Z> + r)a;. 

(3) ax-^by + cz =a+hi bX’^ry + a.^b + c; c,x + ay'\-hzssc-\-((. 


5. Three equal vessels A, B, 0 are placed one above another, -/I being 
the highest. A is full, B is half-full, and T/is empty. In the bottom of A 
is a hole which would empty it in 16 minutes, and in the bottom of B one 
•which would empty it in 4 minutes. How loug will it be before (I is full ? 


1880- 

1. Multiply a- -f- 26- -bOc' — Sah+Gru 
result by a— 6 + 3c. 


-96c by a -f 26 — 3c and divide the 


a c- v<j 4.1 4- 4.- (« * — 6*)- +2«‘'6- -b t>rt ^6^ -l-2a-6' 

2* Simplify the fraction ; — 

^ (a-+a6-f-62)!i(tt=-.a6 + 6^)- 

3. Find the value of (a; + 2)\/a;— 2 — 2 { ^lla;'^ — aj-H2v^(cC— 2) V ] 

when a; =*11. 


4. Find the sciuare roots of— 

(1) x'—*x- + 6x‘‘-ix + l. (2) .f* + 4.r+10+ — + ** 

X X- 

5- Solve the equations : 

V a/4’3 X — 3 .c-45 a?— 7 

8 Io““ 6 ““ ' 

J(|-2)-2(x-30)=?(..-6)-7. 

(3) (a--b’-)x-(a"--ai, + c-)y = a(a-2b)- All 

6. A, B, C, D are four Railway Stations. From B to (! is 23 miles 
more, and from C to D 5} miles less than from A to B. A train starts 
from A and travels at the rate of 14 miles an hour. At B an accident 
happens to the engine which causes a delay of Q hours. After this the 
train proceeds to C at half speed. There another delay of ^ an hour 
occurs, f^id then the train moves on to 1) at a speed further diminished 
by 1 mile. A man starts from A at the same time as the train, and travels 
straight across country to I), a distance of 58 miles. Including stoppages 
he averages 3 miles an hour and reaches D just with the train. What is 
the distance by Rail from Ato D? 


1881 

1. Shew that ar» +6(y-f 2 ) 052 +12(i/+z)®u? +8(|/4 ':)” -4(2^ + 3a; + 65)i/'‘ 
4* (flc +6y4*225)((B4’22)®. 
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2. Find the square root of a + 2\/2ah + 2 + 4^2ac + S^bc + 8c. 

o o* Tj? 4 ? 4 -* 8(a+&+c)® — (6 + c)® — (r + a)^— (« + b)" 
8. Simplify the fraction : oV . ./jo/ • 

S(2a + h^c)(a+2h + c){a-^i)‘i-2c) 

Solve the equations — 

(1) 




(a? — 3) 

(2) ?•+ 3;:«= — a ; i + a?—3ys=« ; y+z^3x=—c. 


5* A steamer sailed from a certain port with 1st, 2nd and 3rd class 
emigrants, numbering hi all 100. The fares of the three classes were in the 
proportion of 4:2: 1, and the total amount received was 1^3,780. "When 
she had completed two-thirds of her voyage, the steamer broke down, 
and a passing vessel was requested to take all her 3rd class and half of her 
2ud class passengers for the remainder of the voyage, for a proportionate 
part of their fares, which would have amounted to £120. This was refused 
for want of accommodation, but an oftor was made to take, on like con- 
tlitioiis, one quarter both of the 1st and 2nd class passengers. This waa 
accepted, and £240 paid for the service. How many passengers were 
tlioie in each class ? What were the respective fares ? 


1882 . 


1 . If a = 4, 6 = 3, c = 2, d = l, c — 0, find the value of 

3(6 -fd) {6(a— (Z)'’ + 6(a— (•)* } — (c + d) { 15(c“«)'^ ~(^/ + c)-d } 

■r(6-i-r) {(6-3r)=» + 04-d)'»} -^cydv. 

2. Find the G.C.M. of 3.r* — I0aj®i/+22i’-i/- — 22flEi/® -r 15i/* and 


2aj » - 7a)^ V + Ifiaj-i/ - - 17^ " -flLi/ * . 

3 Simplify — 

a*’^h* + ab{a'^ + h"-) « * + 6 ’ -fl6(a» + 6 = ) ^ 120^6- 

(a+6)^ («-6r- 

4. Find the square root of — 


(n-b)-- 

i;+^_aG:+?i)+ 3 (^:+’ 4 )-t(^+n+ 5 . 

a;‘ \y^ \y- x'/ \y x/ 


5 


Solve the following equations: — 
(1) r(q + x)—pr=^t{(i’^x)—pt, (2) 


I63;-“27;, 23 

3*— 4 1) 1* 


6. Two parties of workmen are placing sleepers for parallel lines of 
railway. The first set hud placed 36 sleepers when the second began, and 
place 8 sleepers to tho second set 7. The first, however, have to place 4 
sleepers in the samo space in which the secend place 3» At what distance 
from tho starting point will the one overtake the other, supposing there 
are 1764 of tho more closely placed sleepers in a mile ? 
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1883. 

X* If + X 3a--9^-f-7<*, y=20a + 76— 5c, Z— 13a — 

55+ 9c, calculate the value of T— (X+r) + Z. 

S. Divide a by u — 2.c to six terms. 

8. Separate 12a:^ +x'-y-^y* into three factors. 

Reduce to their simplest form — 

( ) ( ap“ + oq- '¥2hpi{ I - f + hp" +2apq 7 ^ 

( p»+</® J ~l p^ + q' i 

^ 2a;® — 9a5s— o.cy + 4t- — Sy;j— 12»/® * 


5. 

6. 


Find the square root of 


4.i;® 

9i/® 


30 


^ 1^® 

1 5vi ■*■ I6t» ■*‘6 *» ■*■ 26*»' 


Solve the following equations 


(1) 

(-■) 


,i._2 ,+XO X--I h a 

,- — = r,= ^ ' + 4 • (*')«“’+*>V=l=*'®-- + a9-j,. 

(l)x+y + '.«!. (2) aa;+5y+c-=0. (3) a®a?+b®^+c®sj — u6c. 


7 . A merchant engaged two writers, their pay being Rs. 60 for the 
lirst month, with a fixed monthly increase afterwards. They agreed to 
serve for one year, and each of them placed in the merchant’s hands a 
deposit to be forfeited in proportion to the part of the year during which 
he might not serve. One remained at his post 7^ months, and received 
for salary and portion of deposit I'etumed Rs 537. The other remained 
10 months, and received in like manner Rs. 728-6-4. What was the 
monthly increase y And Avhat the amount of the deposit ? 


1884. 


1. Find the value of {/Hri — H5)(7rt5— /ic)(?/tc — «a) + (wrt — m5)(/i5— m. ) 
x(nr— ma), when u — 5 = 0. 

^ , A a'* + ll« + l2 

2 . Reduce to its simplest form ; . 

’ a-' + lla® — 1>4 


_ , a — 5 5 — c r— u 

8. Shew that - q- i 

/H + a5 m+5c m+ca 


(g— 5)(5 — r)(r — g) 

( 7 » + a5)(w + 5c)(w+C(/)* 


Find the square root of (r/+4)* +8rt*(g~ 4)®— 266g®. 
5. Solve the equations- - 



MADRAS UNIVERSITY EXAMINATION PAPERS. 


38 * 


6 . A letter carrier has to go daily from P to Q in a prescribed time. 
If he goes a mile an hour faster than his ordinary rate, he arrives at Q 
half an hour before the time. Bat if he goes a mile an hour slower^ he 
arrives three-quarters of an hour too late. Find his ordinary rate, and the 
distance from P to Q, 

1885 - 


1 . Subtract h {a— (2> + c)} from the sum of a {a— (r — 6)} and 

c — r)} , and obtain the continued product of (a + Z> + r)(a + 6— r) 

X (r/ + c — 5)(?) + c — tt). 

35 * — 43 ’ + 3 

2. Reduce — . ^ to its lowest terms. 

233“ — 11a!'' — 9 


3 . 

4 . 


Find the square root of » ^ — 2r/sc' -f — 4a^a’-t-4a 


Solve the equations — 

y V a! , 9 “* 3! a! -f* I , S ““ ((' 


(2)- + - 
X y 



X 


V 


■h. 


5- A set of bearers on a journey perform one-third of the distance at 
a certain rate and then halt one hour to take their food. The remainder 
of the journey is accomplished at only two- thirds of the former rate, and 
the bearers reach their destination in 7 hours after first starting. Had 
they travelled at the former rate 4i miles further than they did before 
halting, they might have halted 22i minutes longer and yet reached the 
end of their journey in the same time. Find the length of the journey. 


1886 . 


1 . Simplify 24 3)} { »- i;(a!+2) } and 

subtract the result from (<c + 2)(a:— 3)(ff + 4). 

2 . Reduce to its simplest form .• 

7x”y"^2x*-\-4y* 


3 . 

4 . 


Find the square root of 


4 


2r» liar- 9 
3 36 ^16 


Solve the following equations : — 
x-^a+h 


(2) *®+:'/+i = 0; + 

5. Two men A and B are employed on a piece of work which has to be 
liiiisiied in 14 days. In 3 days they do one-fifth of the work, and then A’a 
plac<' is taken by C. B and C work for one day and do one-twentieth of 
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the whole work, and then B’s place is taken hy A, A and C finish the 
work a day before the appointed time. Find the time in which the work 
could have beeii done (1) by each working separately, (2) by all working 
together. 

1887. 


1. Prove that (c— y) (a5 + 1) (y + 1) — aj'i/ + 1)® + y(a3 + l)® s= v) 

x(aj + t/+2a)i/). 

2 . Shew that the prodnct of any two expressions is equal to the product 
of their H.C.F. (ue., G.C.M.) and L.C M. 

Find the H.C.F. of the expressions — 

0 * — eu** + 7a!®-|-6flJ4-8 and + II 15 + 4 . 


8. 


Simplify 


(c+t/)® — (oj— v)* ' 2asy(x’~y)" 


and prove that 


(a+iy (h+iy (c+ir =,1 

(a — b)(a— r) (6 — r)(?) — a) (r — a)(c — 5) 


'4. Solve the equations — 


(2) ' + = 7)1 

' X y 


<i-c h_ 
.+ =n. 


» y 

S. A number consists of two digits. AVlien the number is divided by 
the sum of its digits, the quotient is 7. The sum of the reciprocals of the 
digits is 9 times the reciprocal of the product of the digits. Find the 
number. 


1888. 


1. 

2. 

3. 

4 . 


(1) Divide a® +8b'*-f — by a® +46- +9c® — 6bc— 3fa— 

(2) Resolve into three factors (uJ + l)(c + 3)(/’ + 5)(» + 7) + 15. 

(3) Shew that4(a® +a6 + b®)® — (a~b)®(a + 26)®(2u + 6)® 

= 27a®6®(tt + 6)+ 

Find the G.C.M. and L.C.M. of — 

3x* + I7c® +27u!® +7aJ-6 and 6u;‘ +7^^ -27o- +17®- 3. 

« prove that (*- i)( &- J) =1 


Solv(' the equations — 

« + r b + c a— r b— r 
2b ®— 2a ®+2b x + 2a* 


(1) 


(2) 2a — 3y + :. + 1 “sO ; 

5r — 32;*«6, 3® + 2|/ = 4 . 
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5 . In a quarter of-a-milo race A gives B a stare of 22 yards, and beats 
him by 2 seconds ; and in a 300 yards* race, he gives him a start of 2 
seconds, and beats him by 10\ yards. Find the rates of each. 

1889 - 


1. Simplify the expressioii- 


(1) {2a-(3a-4a-.r)} ]. (2) { X of . 

(3) (a + 6)“X (a — 6)«»x(a® + 

2. Arrange the expression + {p- + 5® — aj(p--»)} — (p‘ + ^aj) 

x(2a}® — 703+ v") in powers of v ; and divide it by aj® + (p- 7)05— p®. 


8* (1) If 03 ®*= ab + bc + ca, show that (n® + a5®)(b® + »®)(c® +»*) is a 
perfect square. 

(2) FiXtract the square root of 1 — cy— ^"*05*1/® + 2a®y‘* + 4»*y ^ 

4s. (Ji) Find the G.C.M. of 7u3 — 19a:® + 17o3— 5 and 2a3* — 9o5® 

+ 13ai-5. 


5 . 


(2) Simplify the expression — 

r-+_a®-2b® e^jfb®j^® 
(a— b)(a— c) (b— r)(b--«) (c—a)(c — b) 
Solve the equations — 


(.X (a3+l)(03+9) _ (03 + 6)(a3+lO) 

^ ’ {03 + 2)(a3 + 4) i03+5)(o3 + 7) 

(3) /~2t/«5, 3y + 4.^(), 5:: + 6.c-^21. 


(3+ V(»®+9)=9. 


6. A person bought 166 mnngocs for ten rupees ; some he bought at 
the mte of 18 per rupee, and the rest at 15 per rupee. How many did he 
buy of each sort ? 


1890 - 

1 Simplify the following expressions, arranging the last in ascending 
powers of x ;~ 

(1) {7H— a— (303— 2?/)} — [3 w+2m- { 23 — y f (w+ 2n)— (2t/— r)} ]. 

(3) (a:® — U31/ + i/®)(aj® — 2a3y +y®Xx- + i v+ i/=)(.t® +2o5y y-). 

2 . Find the G.C.M. of 6o;® + 7j3®-9a3+2, and 8j3‘+6x^-15t- + 9a3-2 
and write down lie* L.C.M, in factors. 

3. Kxtrnet tin square root of c®(>3®+y® + j;®) + 2a5(y + i)(y^— a3®)+y25a. 



384 


AI.GEBRA. 


4. 

P y() (a— 6)(a— r) (Z>— f)(b— a) (r— rf)(r — />)’ 


(2) 


1 / 


B--y 2 


]__1 

y ff 

3* Solve the following equations : — 

^ V X — 1 03—4 05—2 05 — 3 

W 5“*" o'*‘^~A’ (^) V+- 1 ; a — 2v + 4'. 

^ ^ »— 2 03—5 03—3 a>— 4 ^ ^ ^ 

a-3i/-r9:-^27. 

6 . A sum of Ra. 63 4 as. was paid in rupees and two-anna pieces. The 
totjd number of coins being 100, how many of each kind were used 


1891- 


1. Simplify the expression — 

7(fl-36-bc)-[4(2b-|-4f)(6r-31>)-3{n-4?))(e+3/))+ {(5n- 
+ 4 + a^47?)+7} +7]. 

2. Divide | — oj b y — a3 + o - to Jive terms. 

3. (a) Find the G.C.M. of fl3‘— Sas'-* +2 S.t- — r)3t’+ 12 and » ‘ +6< 
-12r=-H29»-154. 


(b) Shew that 


(a — 6)(ff — r) "^(6- «)(b — r) — u)(e— />) 

^ c- 1 .^ 3aj-12 ^ 5®— 3 ^ ®-bl5 

4. S‘">pi*fy 

5* Solve the equations — 

, . 3®— 2 4®— 1 10® . _ r 

(a) -^ + — 5-“5(®-f)+3 - 


9 


(b) 49®— 57y = 172; 57x— 49»/=2r>2. 


V + r. 


/ X y ® I- V n 

(c) *'+. = 5w ; + -=7w. 

a b — a b o^b 


6. A composition of copper and tin containing 110 cubic inches weighs 
42 lbs. 3 oz. llow many ounces of each are there if a cubic inch of coppe*r 
weighs 51 oz, and a cubic inch of tin 4} oz. r' 


1892. 

1 . If a, h, c bo three quantities whose sum is zero, shew that a* + b* 
+r* = 2(a^b* + 6*c» +a«c*). 

2. Break into factors a^h + b*c4-c°a— +ra*‘) 
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8 . Simplify— 

(y— +(z— + y)(g4*V)^ 

(y + ^Kv— 2?)»+(z+»)(a— a!)» + (» + y)(»— y)»* 

4 . Extract the square root of — 

4»» ^ 4a5» 9a* 9a*®* . 9a* . „ 


5. Provo the rule for finding tho G.C.M* of two qaantities, and lind 
that of 7®* — 2®*— 9®— 2 and 6x^—6®*— 6®— 11. 


6. 


Solve (1) 




(2) 1^6+ LI, 


.7+^1=!? 

6 

a 

,4x-l7\ 

3 


7 . Ill a half-mile mce, A gives B 22 yards’ start and wins by 6 seconds. 
In a three-quarter mile race, he gives him 20 seconds* start but is beaten 
by 29 yards 1 foot. In what time can each of them run a mile ? 


1893. 

1. (1) From a(6 + c)*-fb(a4*c)*-l-c(a + 6)*, subtract (a4rb)(a-~c)x 

(6 — c) + (6 + c)(a— 6)(a— c) — (a + c)(a — 6)(b — c). 

(2) Shew that (5®* — 6x-l-7)* — ( 6 ®* + 16x-h3)* is divisible by 

®* + x+1, and find the quotient. 

(3) Divide + + (260— b — 29)®* — 6 (4a + b— 4)e+ 4b by 

®* +ox— 4. 


2. (1) Find the four factor*^ of — 

(1 +y)* —2(1 + y *)»* + (1— y)*x * 


(2) Simplify 


i + i + ii 

a* b* ab 




3. Find the G.C.M. of— 

6®*— 4®* — llx* — 3x* — 3®— 1 and 4a)*-|-2x*— 18«* + 3®— 5. 

4, Extract the square root of — 

^*m+* q.(5®sw+i +9**’" — 30®’"y’^"a+25y*’"~*, 

25 
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5* Solve the equations — 

ah cl ( 2 \ ^ a- ^ ^ ^ 

j,^v* 6— a 4— ^8 «b + 2* 

a h * cJ 

6 . A boy bought a number of oranges for 2 Bupees. Had he bought 
8 more for the same money, he would have paid 4 pies less for each. 
How many did he buy P 


1894 - 


1 , Simplify the expressions — 


(2) {2(a; + ty+.) 

x(i/5 + «s+«i/-a.-— (»-i/)(x= + xi/ + y2)} ]. 

2. Divide the product of— 

a6(jc- +l) + (a* +^®) X and + 1 by that of 07+ 1 and «aj+5. 

3. Extract the square root of — 

ay+4a^x* + a*(2x+u) — 2a®a7*(® + a). 

4. Find the L.C.M. of (a?— a), 0 . 2 — 0 *^ a,’ — a», +a^)* 5 and the 

IltC.F. of c^ + lla*®— 64 and 2®*— 9. 


5. Express — 

(g — h) (h — c) _ (b — c;(c— d) (c— d)((i— aj_(d—fl)(a»6) 

(c— d)(d— g) (d— g)(g— -6) (g— h)(6 — c) (^b-^c)(c^d) 

a.s a fraction ^hose numerator and denominator consibt of four factors 

each. 

6. Solve the equations— 

(r-H)(®+2) ^ (®+4)(^+6) 

®+3 ®+9 • 

(2) 3«+4y + 22=:19; 

7®— 3y«=16; 

72-4y=-l. 

(3) ^®* + 3» + 16+2« = 9. 

7. If 3 be added to the numerator and denominator of a certain 
fraction, the fraction becomes I ; if 6 be subtracted from the numerator * 
and denominator, it becomes Find the fraction. 
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8« A party of travellera cominj^ to an hotel find that’ there] are a too 
few bed-rooms for each to have one. If they sleep two in a room there 
are b empty rooms. How many rooms are left empty if they sleep throe 
in a room ? 

1895 - 

1. Shew that — (2a5*— 6a? + 7)* is divisible by — 3e 

— 8 ; and express the quotient as the prodnct of two factors. 

Simplify J 1- { 1+ 

Prove that — 

a(aj— bX*—^^ b(fl;— cXa?—a) r(a?— o)(r— b) _ jb® 
br(a— b)(a— <•) rtc(b— c){b— a) ab(c— a)(f— b)'”obr‘ 

Find the H.C.F. of so® +2®®— 3a5+20 and 3«* — 34a® +51 j 5— 20. 
Extract the Square root of — 

a’®+2e* + 4a® + a® — — — + ~. 


2 . 


( 1 ) 

( 2 ) 


8. 

4. 


Solve the equations — 

1 . 2^6 

Sr + r; 


ir + l'*'2» + :{ 


( 2 ) 


ah ( 

g— V y 


(3) 141t>^-88»-4o«0 


h a 

6. The proas income of a certain person was Rs. 4 more in the 
second of two particular years than in the first, but as he paid income- 
tax at the rate of 4 pics in the rupee in the first year and at the rate of 
five pies in the rupee in the second year, his net income in the second 
year was Rs. 6] less than his net income in the first. What was his 
proas income in each year - 

1896 - 

1* Simplify— 

J ^ g— 1 __ r 

B®+3g+2 2g® + 5c+2 2T5-+3r+l’ 


(0;i 


/o\ n i. (a4-2b~ 3c)- 

(2) Provo that 


2 . 


(b+2c-3n)’ . (r+2n-3!>t 

(c+ 2a -36)(o +26— 3o)'^(r + 36- 3c)(6 + 2r-3a) 
Fin'l tlio hifiliest common factor of — 

6** +2 c> + 1935’ + 8*+21 and 4b* -2®> + 10b’ + *- IS. 


= 3. 
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8 . 




Find tho lowrst common multiple of— 

aj® — a*, »* + a®fl5* +a*, and a* — au + n®. 


Extract the Square root of — 






Solve the equations — 

(g — 3)(g"*4 ) _ (g4-l)(g-l-3) 
g— 7 «+4 


(1) 


(2)-+?-?=6,^ + ^ = 5,?+^=16. 

^ ' X y IS ’a IS y s 


(3) 129!r*-34r-80=0. 

6 . One person starts from a place A to walk to a place B and back 
again at the same time as another person starts from B to walk to A and 
back again. They meet first at a distance of two miles from A and 
afterwards at a distance of 4 miles from A, Find the distance between A 
and B. 


1897. 


1. Perform the multiplications— 

(1) (3a* -4a»g-6g^J(3a* +4ag» +6g*), 

(2) (g + «)®(g— o)®. 

8. Divide (1) by 

(2) (h — c)(g— aV +(c— aX®— b)^+ (a — b)(«— c)® by (b— c) 
X (c— a)(a — h). 

8 . Resolve into factors — 


4 . 


(1) 16®* -1. 

(2) 4(ac + bd)*-(a*-b*+c*-d»)«. 

(3) («- 1)(«- 2) - 2(y- 1){« -2) + (y- l)(y- 2). 


Simplify (1) 


(b + c— 2a)i— (c+a— 2b)* 
(c+a-2b)*-(a+b-2c)i’ 


( 2 ) 


7 . If 3. 


a+b a— b 

a+b a— b 


iction, the i ^ 

id deut>miuateh? + ?ssO, prove that J + y + 2 )** 



MADRAS UNIVRRSITY EXAMINATION PAPERS. 389 


6 . Solve the equations : — 

(1) J(«-*4) + K2®-7)-J(1+6»)«=4(1-ii!). 

/•<>^ 4 18 _r 

^^^2«! + 3 7« + 12 

(2) 3aj— 4y+Si5+26=0=s3y— 4i8 + 5»— 13 = 32?— 4«+6y— 5. 

7. When the price of sugar rises 50 per cent, and the price of tea 
10 per cent., the increase in the eost of 3 lbs. of tea and 4 lbs. of sugar, 
which together originally cost Ks. 3-8-0 is 12 as. What is the original 
price of tea ? 


1898 - 


1 . D vide (a) («»-l)‘-3(»‘-l)“ + l by a!‘-3»» + l; 

(h) a*(I— a>) + «b(«— b)(a!+i/)+b»(l + j;) by a(l — »)+b 
(1 + V)- 

at. Resolve into factors : — 

(1) + ; (2) a»(<i + l) + i>’(!> + l) 

-«b(o-b)*. 


3. Find the H.C.P. of 3 j!‘— 2ic“+2** +8 and 7®* + 12a:— 10. 

1 . 3 1-3* 


4. (e) Simplify 


+ 2»’ + **+2*+l| 


(b) Prove that ^32 


5s Extract the square root of b®(a + 4b)* + 3(3<t* — 2ab + b®)(a* + 3b*). 


6s Solve the equations : — 

. V 2as— 7 _3a5+8__^ «— 3 

25^8 37 + 9 * 0)* 12 ’ 




( 3 ) 


,-3^g-4 
03 — 2 05+1 4 


7* The length and breadth of a room are such that if the former were 
increased and the latter diminished by 3 yards, the area of the room 
would be diminished by 18 square yards, while if both were increased by 
3 yards, the area would be increased by GO square yards. Find the length 
and breadth of the room. 


1899 . 


1. Multiply •• + (3fl — 2b)i»— Gab by as* +(2a— 3b)flj— Gab ; and divide 
(a+l)*s®+(a+l)as*+a*{rt — o« by (tt+l)as-.a*. 

8. Reaolve^into factors : — (1) («b+ 1)*— 4ab(ab + l)*~(a* — b*)’ ; 

(2) (a* — b*)(a+b) + (b*— c»)(b+c) + (c*— o»)(c+a). 
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8 . 


Reduce to its lowest terms 


x* — 5»* — 6»* +36»— 7’ 


4 . Show that 

5* Extract the square root of — 

.» + l + 6(«‘+l) + 16(»« + i)+20 

and shew that \ +i+ +1 + - V+— , if ® + y+c=0. 

gjS y3 gS y SOyZ* 

6. Solve the equations — 

m -g+5 , 3(5g+l) ^ 4 

^ 2g-l 6«+4 2«-l 

^ «-l'^«-2 ff + 1 • 


(3) 3»— 4j/— 62 + 16=0=4®— y—c— 5 42 + 12. 

7. A walks half a mile per hour faster than B and three-quarters of a 
mile per hour faster than C, To w'alk a certain distance C takes three- 
quarters of an hour more than B, and two hours more than /I, Find the 
rates of walking of A, B and C. 


March 1900> 


1. (1) Multiply + 2(/®+4fl=)- by (®—2o)'^, 

(2) Divide 6®«-19*= +0*‘»-3®+2 by 3®2— 2 j + 1. 

2« Resolve each of the following expressions into four factois - 
(1' '& + c)’-2{b* + c»)aa-|-(b-c)2a*. 

a*(b* — c*) + b^(c^ — a®) + c-^(a" — b"). 

3. Find the highest common factor of — 

2«* + 133!«-4®«+6® + 1 and ®* + 7»»-2®^-21«-3. 


4. 


5. 

6. 


Simplify (1) + + , 

(9\ f ) . f ^ ^ -1. ^ 

C(^ + o)- t®— a)* j * l(a+xy (a*— »*) (a-®)* 
Extract the square root of 
(a^+3h^y + 10ab(a + l)(a - 3b) + 33n = i » . 

Solve the equations. 


}■ 


(1) ?f!^+lf3*+8)=5.f K4£-lf). 
6 10 

3®— 1 ®+l^ 10 

n^:::9 ®-7*«*-io®+2r' 


(3) « + ay+3j= 2*+3y + :«2j 3*-4ii-7«- 
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7« A person has a certain amount of money to divide among a number 
of people. If be gives 2 rupees to each he will have 20 rupees left over, 
but there are 10 people too many for him to give Rs* 2-8 to each. Find 
the amount he has to give away, and the number of people. 

December 1900- 

1 . (1) Find the value of when = — • 

(2) Multiply the square of ^-|+^by ^+1-1 

2. Divide (os* — a®)(aj+a)6 + (a5* — 6)a--(a® — b)a5 by jb— a 
and tho quotient by a + 6; and hence resolve the expression into four 
factors. 

3. Find the II.C.F. of a:* -41»= + 1G and a;*-7a}»-f-28^-16. 

4 . (1) Simplify the expression 

, (» + h)’ 

"^(c — a)(c— b)‘ 

(2) Show that the expression 

4ab(a— b)* (a-f 4* {(a— b)*(a + b)— 4ab\/ab} • is 

a perfect square. 

5* If a + b + c = 0, show that o^ + b* +c* + (bc4'Ca + ab)(a- +b®-bc®)=:0 

6. Solve the equations 

75- a; 80x+21 25 . 

5 2 8 

5—03^ 4—®’' •4-2* 

(5) ®+2y=3i;4-l, 
y4-2s=2(®— 1), 

^4-2®a-5y4-l. 

7 . A grocer mixed 28 lbs. of tea worth 14aB. a pound with tea worth 
Ho. 1 2a8. a pound and tea worth Re. 1 8as. a pound. If he had 100 lbs. 
of the mixture worth Re. 1 4as. a pound, how many pounds of the best 
quality did he take ? 

MADRAS UPPER SECONDARY EXAMINATION PAPERS. 

Hay 1890- 

1. bhe\v that tho expressions (t’*-(b+c)—(d — e) and u — b — t — (Z + c are 
equivalent. 
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8 . (a) Provo that — 

(6) Find the value of «♦— 2flf®y+2«jy3— y* when a:~a + &, and 
y=sa— 5. 


(c) Shew that, for certain values of n, the expression (ma+b)** 

M n 

+ a*--(a+ wb)*" — b* is divisible by u— b or a + b. 

3 . («) Prove that if an algebraical expression bo the G.C.M. of two 
other expressions, it is also the G.C.M. of their sum and difference. 

(b) Determine the H.C.P. of the expressions (a®— 2«)®2 4 . 2(2a—l«) 
— af + 1 and (a*— a— 2)»®+(4«+l)»— a" — 

4k* Solve the equations : (1) a/«+ v'(a + rD) = 2(i (a+»)~'* 

i 6x+cy = o + 6. 


6« AB is a railway 210 miles long. Two trains start from ^4 at 0 a.m. 
and 7-30 a.m. respectively, and a third train leaves B at 8 a.m. Supposing 
the speed of the trains is 25, 20 and 30 miles an hour respectively, at 
what distance from A and at what hour will the first train be equidistant 
from the two others ? 


May 1891. 

1 . Divide l + — 3a^ by l-fai+y. 

2. Besolve into factors — 

(1) (<B—y)® + (y—0" + (-—»)'' ; (3) 9aj*-.10aj®y®+y*. 

(b) Find the value of a — 4a*- b ~ 4ab * + b ® when a 4- b = 4 and ah ■■2, 

a. («) Enunciate and prove the rule for finding the L.C.M. of two 
algebraical expressious. 

(b) Express in the form of two factors the L.C«M« of — 

•ha’^hx''^ +«e(a— — be®*— r* and 
tt''i</* — a®b»® — «<;(« + c).c® -hbe’-^aj + f 

Solve the equations — 

fl4*b4-bg bfl !^a4-b _g ®4.2b(g— o® +b® ^^ 

' ' a + b a— b a + b 

(2) i±«+£-«— i- ; _L- . 

^ ' a+b a*-b a»-b* sp+y x^y «».«y® 

£• Starting from a certain time between four and five o^clook, the 
minute hand of a clock takes half as long to roach a position 5 minutes 
behind the hour hand as it docs to reach u position 5 minutes in advance 
of it. What is the time of starting ? 



APPENDIX IV 


Solntioas and Hints to the Madras Matrienlafihai 
Papers from 1890—1901* 

N«B * — Beferencee are to the wrHcUe in the body of, the bot>h 
f For the Papers see Appendix III, pp. 384 to 391. 

im 

1, A +0* »— 2(a^+4c-f he) 

/. a*-f h^+e*+2(a*h*-4-6*e* + e*a*)»4(ah-f*ae4'te)* 

ss4(a*6*-f h*c*4*e>o*)[ttii TIfi 
a*4.h* + c* = 2(a*h*4-6*e*4*c*a*).J 
% a^b + 6*e+ c*a— (o5* + he* +(»•) 

-a»(h-e)-o(h»— e») + hr(h*-e») [See Art. 7$]. 

« (h— c)(r — a)(h— a)(a + h + e) 

3. Nttmerator«i(|/*— 2 f*)(v+ «)• + («•— + 

= (y* —**)(y ■+«•)+(«* —x*X** + *•) + (•• — y*K**+S*3 

+ 2 iye(y*—z *) +«»(»• — «•) +aiy(-e* — y*) { 

» 2fy*^*— *■) + jw(** — »•)+ ■)<*• —y*)j !.,tXA). 
Denominator "(y.*— »*)(y— «)• + (a*— x)* , 

- (y*-*»Ky* +»• ) + (*•“»• )(*•+»•)+(•• -y») ^ 

(*•+»•} 

— 2{y»(y*— (»•)+ ««(*•— «*>+^«*—y*)j ,.,(B) 

The given fmotion 
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algebka . 


4e» , 4 j-» 9fj* 9a* ,, 

yn *"^ 6 » h * ^ I '" 

/ 4 a - V . o ^ y «‘\ ^ !>«*«* 

\ 9 o * 4 /*/ /<» l >‘ h * ‘ 



— -r 4 - I . 

l^a 2flr />** / 


e l Ot)t IS 




8a r 
t )^ * 


5. See Alt S.-j 

We 9})}ill fii <1 tlip O. C. ]\1 1\ th(* wtthod oj df^intda d nt- 
efficients. 

7^0-2- 9—2 (74-42 
3 

8.3 4- n - ]0 

42--^:-77 

1(1 

.3 

10+ |(v.+ irO-50 
- ' ' ~ 

4.i5-r4.i-.'+ 4-]'i _ 

"1 + i“i 

. 1) .'i — 0 — <i — 11 (5 — 1 1 

Ti + .') -I r > 

- II - II- n 
_ 11- ii_) 1 


6 . 


Again, 

• • 
0 

% •• 


' iheG . i ' M 3 " 1+141 / I , + . r4 1 


40.1 — Sj/— 1”' = 140+ Viy — hsT 
l-Ha — lV . v = l ')5 . . . ( A ) 



2./+1 


24y + 2*- 4= 159— fiy-.S 
2i>+30y=-l«0 /. j4-l5./=b0 . (Bj. 
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Prom (A) and (B), X’=*5; y=5. 

( 2 ) 

D Jf O 

3* (» + 16) + 165 = 5.« (4*- 17a) 
/. 17a!»—134|a:- 165-0 

A 51iK*—404s(— 495=0 
A (51a! + 55) (*-9)— 0 

A * = 9 or — 1;^. . 


7, Let' a = A’e rate in yardu per second, 
And »/= B’s rate in yards per second. 

By tile question, (1) 

„d . .(2, 

y X 

Prom (1), 

• = 6 /. ^i9=r 8 

y ^ y '' 

J. /O) 1290f 

rrom (2), — — ^=^20 

y ' 

440 4301 .. 

"T~~^ ’ 

. 8S , 11 

.% *=j^ and y =-, 

88 

A can run a mile in 1760— or 5 min 

15 

run a mile in 1760-r^ oi 5~ minutes. 


1893- 

1. (2) (5.<»-6a:+ 0*-(5*’ + 16 x + 3)*. 
= (10x!» + 10*+10X-22< + 4). V a»-5 

2. (1) (l+ 2 /)'- 2 (l + j/*)t* + (l-y)*a:*. 

Ca- 


tes an<] B can 


s=(n +6)Ca— h). 

V (a+5)* + 
5)* = 2(a» + li*). 
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=(l +y)*— •'•{(^+y)*+(l-y)*l +(l-y)*''*- 
=(l+y)*{l— *'} l— **i . 

= (l + j)(l— •0(l+y+»'— +2/— a'+ ly). 



ah 

a*—b’‘ 


X- 

• V 


ah \ 

a-6y 


a* 4- ttfc + h^ + 6® -f a/> 
a6 ao{n — />) 


3 — 1. 

= 6cc^ (,t + 1) — I0a’*(rr4- 1) — + — 2<(a;+ 1) — (» -f- 1) 

(See Art^ 71). 

= (ar + l)(6jr*- lOir® 


Sit»ce .t-f-l is not a factor of the other expression, the 
G. C. M. of the ^iveii expressions is the G. 0 M. of 6a;* — JOrc'* 
— if* — 2( — 1 and + 2* ® ~ 18< * + 8a— 5 which can be found 
by the ordinary method 


^ 3n'+l 10. 


+ ‘in?/*”-* 
+ |.t‘'"+ ‘ + 3< ”'— Sj/"-* 

+ 9a’*’” 


2*>*’'+’ + 6.”'— 




I— 10a’*"+>v” 
Sq. roof is a'*”'*'* +3*'"— 


»— 30a!"i/”'- 
» — 30a;y- 


'' + 25J/*"'-* 
*4-2.5v*”''* 


5 . ( 1 ) : + | = and = 

a 0 r ah c 

••• '(,;+!) + 1 “' 

and +y(l_i^ = l (B). 

Fi^m (A). «•(- + -) 

\a c/ \a c/ b\a v f a c* 
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From (B), 

\a* c* b* J ~ a c b 

\a c bj ’ \a* c* b*) 
Similarly y can be found. 


A 3(4-*)(,b + 2)+ 2(5-a!)(.e + 2) =8(5-«)(4-.i). 
A 6ir+ 24— a.!» +6x+ 20- 2a* = 1 60— 72*: + 8a» . 
A ia(»—84a;+ 116=0. 

A (13a:-58)(.«-2)=0. 

A a=2or4^. 


6. Let, .« = the number of oranges bought ; then the price of 

, 384 . 

1 oraDge= — pies . 

« 

If he buys 8 more foi* the same money, the price of 
884 . 

•*ange=— -- pies. 

.('+8 

By the question, 



96x 8=a;(»+ 8), 

0!* +8«7— 768=0. (» +32)(u}— 24)=0. 

ir=24. 


11394. 

1. (2) 2(z^ + 2/*)— \%c±y^z) X 

y*— + a>y-f y*)}] 

= 2(5;* +•*)—[— .r^—y*— {— 2(aj* H- y* -H»* — Sflpyjs) 

-(4:»-y»)n 
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=5:2(** »*) + «* — 2(,t» + 2/* + «* — 3(J2/«) — («• — ?/•) 

= 6.cy«, See Arts. 48 and 50. 

2. a&uj* + (a* +6*).c + a6ss=(aap-+-5)(fc« + a) 
and (aj* + l)-r(a;4-l) = (**-'«+l)‘ 

A quotient is (bx+a)(x* — 

3% a)* + 2a*a!*(t;-ha). 

Multiply out and arrange according to descending powers 
of m and extract the square root in the ordinary way. 

4- See Example 2 art. 88 worked out for the H. C. jF. 

5- Taking the first and the second 

b — c f _ b—ck (a — b)*’^{ c — d)* 

d—a\c^d a — hj d — a< (a— 6;(c— dj j 

Taking the third and the fourth, 

d—g ( c—d _ a^h ^ (c-^d)^ -- -(a^b y y 

b — cXa-^-b c—dj b^c i {a--h){c^d) j 

The given expression « 

(a-bXc-d) 

C b — c _jd^a # 
\d— a 6 — c > 

(a— 6)(r,— d;(d— a)(h— c) 

= -b^c-^d )( 6 — c + d — a)( 6 — ^ 

(a— i>)(6— c)(c— d)(d— a) 
g «* + 3a; + 2_a!*-t-9^-i- 20 


.( + 

1 


2 _ . 20 
.^+3 ''‘^..-i -9 


10 

.c-h 3 «+ 9 * 

A 9 .<j*— 21 . A .rs 


aj-t-9= I0a;+ 30. 
:- 2 ^ 


(3) s/x* + 3«+ 16=9— 2uj 
Squaring, a;*-|-3aj+ 15 =» 81+ 4a5*—36ar. 
A 3»*— 39«+66s=0 
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.% . r *- 13 «+ 22*=0 
(a;-ll)(aj~-2)=0 
..'=11 or 2. 

7 Let - be the frnctioii : 

y 

then by the question, 'ilt-f= | and 

2/^.8 y -5 

Solving these equations, we <retaj = 18 find ?/=*2l, 

8 I et < be the number of traveller*^ and y tl»e woof 


rooms ; tlien ,c^y=^a and ^y—h, 

2 

.=* 2(0 + 6 ). 


2 / = n-f 26 . 


If they sleep 8 in a room, room.s will be oee.upied 

Therefore a + 26~ ~~^ or rooms will be empty. 

8 8 


1895- 


1. (4^>-8«-l)*-(2u-»-5r+")® 

= (6.r* — ]3(4-6)(2 j‘*— S<— 8) V —l>‘ =(n+ h){a—b) 

= (3j'— 2)(2a’ — ;!)c2r*— 3r— S'). 

Quotient is (3.(— 2)(2.r — 3). 


2 . 


)( 1 + -i 

~) 

/[ ^+1 



_ / y— 5 12 \ /y 4 r) \ 

\»— I *— 3/\*+l .i'+3/ 


(.r* + 4j'+ 3) 

7 r - iK <- s ) 


(,»_4.. + 3^ 
(t+ !)(»+ 3) 


(. + i)rj'+3) fa— nr^-3)^, 

(a,- 1 )(J— 3') ■ (j + ix «+ -‘0 

-g. afy — h )(3r — c ) ft.t — c)tg— o’) ^ rfj’ — a)f i— 6) 

' ^ be(a—h)(a—id'^ar4b—c)(b—n ab((—n)(c—b) 
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r the two similar terras.^ 
ahc (, (a— o)(a — c) i 

ahrL \(a—b){a — c) j X (a-^hXa— r) j 

+ ahc f ^ 4- ^ "1 . 

C(a— 6)(a— c) J J 

= -i ^aj* > 1— .* X 0 -h ahcx 0 J (See Art. 102) 


a 3.i*-34jr* + 51fl?— 20 

= 3te*(0-l) + 3.1 •(.«—l) - 31®(aj-l) + 20(aj— 1). 

(See Art. 70) 

*C.i~l)(3a5> +3a**— 3I«+ 20). 

Since a!-—l is wo/ a factor of the other expression, the 
H. C« F. of the ffiven expressions is the ssme ss that of S.t * 
+ 3a!* — 31.4 4-20 and «* -f 2< • — 3.» -f 20 ; which can be found by 
the«ordmary method. 

4- a*® + 2.#j* -f + j4'* + 4af — ^4--*^ 

Ai* X* »• 

= (a!* + .<)*“h4(r* + aj) + 4— ^ 4-f* + — 

\ »* . 4 !* / xf 

= (^* + ir+2)*— -1 (*» + .<■ + 2) +-i 

= ( .4 * + a!-#- 2— ~ V .% SqiiBTe root is .i;» -f-uj-P2— 

\ X* J 

87.£?.— Students are lecommended to nse the ordinary method. 

i; J_ + 2 ^ 6 

..^.1 ^2/'4-3 3# 4* 5 

J ^ _4 ^ 

-/• 4- 1 3a5 -f #5 3 j» 4- 5 2 r 4 - 3 

/. aj4-3 f aj4*l ) 

CmTTxf^ l(3.(: + 5)(2.4!43j ) 
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2('a)+ 1) 

' ’ j: + ) 2® + 3 

2.fi* + 9a!+9=2.t*+4a! + 2 
A .53-=— 7 /. . 

( 2 ) = , fi). 

a h 

Hnd *-•'/- ?±.7=c (2). 

h a 

From (1), y) ^^ + (aJ + 2/) 

tt 

Fioni (2), ( t — ?/) ^ — (.1 + y) =:ac 

/» 

^ * 4 “^^ ~ /<C 4 * 


ahr(a-^h) 
+ 6 « 


.( 3 ). 


A gain fi orri ( 1 ) , ( < — //J + (aj + 7)2= ac 

0 

from ( 2 ), <''>’—!/)— ^ (a? + <.') = 6^* 

a 

+ =r(a-~A) 



ahr(a — M 


••(4). 


•% from 

(3) A ( 

4). ( 

— / 

' 2a \ 

1- 



2 \ 

i a* + h* ) 

a* + 6® 



•uid 

a6c* / 

' -26 \ 

^—ah^c 



an ;/ 

* 2 \ 


+ 6" 



-SRr- 

45 c= 0, 



• wa_ 

88 _ 

45 

n 



iti 

141 

u« 




88 ^ 

/ 44 


44 \, ^ 

46 

* J ^ «M 

• — < + 
]41 

\ 141> 

) “( 

m) + 

' 141' 
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ALGSBRA 


19-2=36 


Prom (B), 




From (B), 


A Aaj=i. 

X 


From (C), -=16 — 10=6 

y 


(8) 129.*-.34a;-.80=0. 
129 129 



( 17 

./17 \* 

80 

129 

\129/ \j29/ 

129 

- 1 

i*-/ 17 

\‘+ ^ - 

/103 

129 J 

' \ 129 , 

f 129 

\ 129. 

_ 

103 



129 

129 



120 

86 

40 2 



■•" = 129 -1^ = 43 “‘-3 


6- Let seethe distance between A and B in miles. 

2 2 

And2/ = A*s rate in miles per hour P j, p 

z^B'r 

They first meet at a distance of 2 miles from P. 

. 2_x — 2 


Again they meet at a distance of 4 miles from Q«J 

* 6 ♦J— 2 + .tJ— 4 . 3 a?— 3 

• • t.e., (2) 

z y z y 


Dividing (1) by (2), li— ® . 

»■> X — o 


**# .c* -*-5.11-^ 6*5 0, 


,% .i: = 5 miles. 
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1897 . 

2. (2) (6--c)(^-a)»+(f-rt)0-&)*+(a-Z^)(/-rV 

m n »(b— c + r— a«f a— 6) 

— 3-t* {affe— r)4-Z)(c— a)4*c{a-'6)J 

+ 3^{a*(b— c)-f ft*(c— a) + c®(a-'6)} 

— {a*(6— r) +fe*(C“-a) +c*(a— 6)} 

s=®® X 0— 3x* X 0+3x(a— 6— r)''a— t) 

—(a— ?)) (fc— <j}(a— f){a+ 6-f c) 

(See Arts 74 and 76). 
= (a— + ^ + '^®) 

Divisor 18 (a— ?))(b— c)(r — a) 

/• Quotient =a4-6-|-o— 3a* 


3 (1) See example 3, Art. 63 

See example 5, do. 

(3) Multiplying, we have, 

, * — 3r-|-2-~2(<t/— / — 22 /-r 2 ) 4 .?/* — 3^-f 2 

-s + — 2/y— — (.r-y) 

= 0— ?/)('— v-l). 

A n^ (b + c— 2«)’ — (c+a— 2b)® 

t;4-6— 2c, y for b4-/-'2a, z for r-^a— 2b. 

We see that 'r4'^ + 2s=ra-|-j>_2f + b4-( — + < +a— 2b= 0 


A 2/* + 2/^+2^*=^:“ + 2^*+ ♦ * (See example TI (li) of Art 

79) 

A The given flypr^sginn = (i(~~ “)fy* 4"^^ g* ) 

(2-~/)(2* +2;ip+ a*) 

= (r-t- Q— 2b)_ 3(b— a) _a —6 

(r-f-a— 2b)--(a+b— 2r) 3(c— b) '’b — 0 ‘ 

a + b a — h 

p" “ 

a — h + 5- a + b-h 

a+o a— b 


( 2 ) 



A #^4-^2+ 23*“= 0 






) 


5 U' + '=0 

X y z 

» 4 f see example I 

- (_ r»j/*s* J 

(in) Art. 79. 

[It n + 6+(=0, a* + 6*+<‘=2(a6+ac+fcr)*] 


lyz* 


+ yzt^-\-jizy*\* _ 
xyz 


j =(s+x+y)*- 


6. (l) >(*-4)+X2^t-7)--„(l+6*)»=4(l-.) 


*•(1+ -r + 4)-<>' 

■(:,?)=; -=7 

t _ ih 
' ^ 2a + 3 7a + 12 
. 28x+4f!-36ar-54=.'3(14.* + 45-t ^6 
70a-* + 23.3a'+186 = 0 

, .*. ir= 233 ± v'23:}* - 4 x 70 x 1 86 

'* V 140 

Again the.^ 233^47 23 

... 6, -T« '70 

3r — 4</ + 02= — 26.,.(A). 

A Dividii?i/—42+ 5r=r 13 .,(B\ 

-k+5y = 5...(C;. 


• • 
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Adding' A, H niid 0, wt* hare, 

4a* + 42/-f 4s ~ — 8 
ir+jz-f = ~‘2...{D). 

1^1 oni ( A ), 3a;— 4?/ + = — dO, 

Fioni4(I)), 4a; + 4^+4s«— ^ 

7ir4-Ps= - 34...( K). 

AgaitJ, 3//— 4s+.5< =13 
<t 3 (D) iH 3ar4-3Gy4. 3r= — fi 

From F, 14/ + lh’s4- = — 

From K, 14a — 49s = 1.33. 

/. G7s = --201...s = -3 
an(i4r = ^(l9 — 2l) = — 1 (Iron. F) 
and — 2 + 34-1= 2 (from D). 

7 . Let a: = the price ol lib. ol tea in annas 

and 2/ = sugar 

tlu ]\ tlio pi ice ot 3 ll)f». ot tea and i lbs. of sugar 

= (3.1* + 4^) annas. 

By I he (picstion, 3'4-4//s=5(j (A 

Again, the mcreaye in the puce ol 3 ibs of tea and 4 !bs. of 
sugar =('Ix ;^^a; + 4x \i;)— +4//) a^. = + y) annas. 

By ttie (piestiv)!), + J//= 12. Bj. 

Fi om A, 3.r + 4// = f)(). i 
From B, 4-4// ^ ‘24. S 

A '^2 /• /= ^ 32= Y as.= 13 as, 4 p. 

1898 . 

1. (a) (,*-l)*-3(..*-J)* + l 

= ?/* — 3?/* + 1 putting ^=a;® — I 

= ( 2 /” - i )*- /y ' = ly' +?/— 1 )(</*— v— 1 ) 

— (**— .I’* — — 3 . 1 '’ + 1 ) 

the quotient is x*— x* — 1. 



30 


iltOBBRA. 


2 . ( 1 ) 

«4a‘6»— (a* + 6» — r*)* 

5»(a-4- b -f r)(a 4* 6— r)(r*4-a— 6)(r— a+ i) Vnlr AH 

(Ex. 5), 

(2) a*(<i*4- l) + fc®(6+ 1 )— a5(o— 6)* 

s=a*+ 6* — a6fa* + />*) 4"2a“?>* 

= fa» + 6*)*— a6(a* + ft*) + a» + ft» 

= (a* + ft*)(a*-Hft*— (rt4-ft)(a* — aft + ft*) 

= (a* +ft* — (th)(a* + ft* +a 4- ft). 

3. By the ordinary method, the H ('*. F. can be found 

3 ^ i~3a’ 1-3^ 


(2.< 4- !)(» — 1)’ 2c*4-a;* -h -a*4“ 1 (2/ + ^ * 4- 1 

TI,egi™»E.p„. .?£±i±5<;l+')t(l-3"K. -1) 

" ^ (* — l)(2a: +!)(<• + 1) 

_6j + 3 _ ^ ; 

( lXa* + 1) (>-lKr»-rl)‘ 


{!i) The tiumeintoi — 

=(:]■< + hr {(.■<o + />)-f2a + 6?-;t +(«+ •^<')' |0n + ‘2?. 

-{(I + :ih} 

— (3a + b)* — 2(a + :^b)(2a+ b)' +2(u-t 2-ih)‘*(3u t- h) 

-<a + 3bj* 

= (3«+ b)* — (a + 3h)* — 2(« -*- 3h)(4a+ b) {(3rt + 6)* 

-(a+3«))*} 

= {{3a + &)•-(“ + } {(3a + «<)•+(« + 3) )* -2(a -f 3b) 

(3a + h)\ 

s=4(a4- ft)2(a— ft){3a-f ft— (a 4- 3ft} * 

= 8{ ft 4- ftXtt — ft)4( a— ft ) * = 32 (a + ft ) (a — ft » ) 

/• the given expiehfiion =32 (a— ft)*. 


5 Arrange the expieHsion accoiding to descending 
powers ot a or ft and extract the square root hy the ordinary 
met hod. 



V^) 


I ^ 1 ^ 

2 (u.— 4) 3(«^3) 

(aj-f 3;+ 2(ir— 4)=6 («— 3) 
5 < + 1 = 6aj-~ 18 /, a-= 19, 


x+ ^ . 

a — o 

...(1) 

(1 + 6 

...(2), 


Fiom (1), ^ ^ 

a— o 

111 /ii\ • ^ I 

l'ioiu(‘i),j, _ + * __ = 

a — o a* — 7 — h 

. . r '»• 


1 1 

J <z — h 




, ssn + b, and 7=6—-^* s^h — u 
a+ 6 

(,„ ,- > f +;.o 


9 ^ 4. 

+ 




*—2 a,+ l («— 2)(<-fl) 

, 3 (a— 2)(/ -h l) = i*(2aj— 3) 

. 3/«-.3ir-6='8»-l2 

6 

_ 11^^39 


3a-*-llu + 6=3 


7. Let jr=tbe length in ^ard« and ?/« the bi^adfch iu 
//a>d^ ; then ai/« the drea of the room. 
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AI^OBBKA. 


By the question, 8)(^— 3)ssa^.«.18 ^1) 

and (a5 + 3)(y4*3)=»ajy + 60 (2). 

From (1), 3fy— .<*)»=—§ ; and from (2), 

»+y» 17 and sp— y=3 jjjealO yds. and y^7 yds. 


1899. 


2. (1) (ai^+l)*-4a6(a6+l)«— (a»-6*)* 

«ro6 + 1 )♦ -4afe(a&4- 1)* + 4a*fc* — («» — - 4a*&* 

=r {(ab + I)*— 2aZ>} »— (a* + &»)• 

= (a*6»+ 1)*— 

= (a*6» + 1 + a* + 6*)(a*&* + 1 -a* - ) 

=:(a*+l)(ft*+ l)(a*-l)(Z.‘-l) 

= (a+ l)(a- l)(6 + 1)(6-- 1 )(a» + 1)(6* + 1) 

(2) (a»- )(o + 5) 4- ( + c) 4- (c* -a*)(c + a) 

= (a + 6 + (5){a*— 6*+ 5* — r* + c* — a*} 

— /’(a* — &*)— a(5*— a*) 

«:-.{^(a»~)!»*) + a(i,«-r»)4-6(c»— a*)j 
= — (a— 5)(^‘~c)(c— a)=:(a — b)(b — r)(a— c). F/d« Art. 
74, Ex. 1. 

3. Find the G. 0. M. of the numerator and the denomi- 
nator and divide them by the G. C. M. 


4* The numerator « {a + a* + 2(f +6)} (a + *)• 

— {2(a+ r)4-h4-af} (h+ r)’* 

=?(rt4-«)*4-2(a + .<^)*(6 + af)-'2(a+ »)(ft+ f)’— (&+ «)♦ 

*=Ca+ + ap)(64-x){(a+ »)•— (64-^)*} 

= {fa+ 0*} {(^+ + *4-2(0+ ») 

(6 + x)| 

^Ha4-.i + 6 + .I } • 

joL ssa-^b. 
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=('•■► i.)‘ +«('’+?){*+ 1 ) +K^*iy 


the square root is < ® ^ + 



(6) We know that 

(a + & + c)* = a* -h 5* + c* + 3(a + h)(h + 


( 


1 1 
a‘*'y 

i. J- 



_ X-* +y)(y+g)(«+^) 




bat 3(»+y)(y+*X’S+ «)=3C— s)v- 'X— y)= -3a:yj becanse 

» + y+s=»0 

11 1 * i\VJ^ . 


6 . 


*+5 3(5. + 1) i 

2*-l" 5x+4 -2e-l "s 

4;+ 5-4 3(5 r+ 1) 

2*- 1 “ 5a>+4 


a+1 6(5A + n-5(5a-f4) 

2(.( -h l)(.5;r + 4)=^ (2.r- l)(5a;— U) 
lOaj* + 18 ji!+ 8 = 10a:*— 33* -f 14 
2 

51a:=6 * = ,« 


( 2 ) 




11 

«+l 



ALOBfiKA. 


2 ^ 

'* j— 2~*+l 

2(«— 2)( +1) + 4C. -!)(.+ l)=ll(.a—l)(. -2} 


2a-*— 2*— 4+4«»— t=ll-* — W.+22 

5i • — Blr ♦•80=0 

(6a— b*)(a'— .>)=o 

(ssSm IJ. 

(8) ae-4i/— 6.-=-ltf (A , 

4* — ^assu .(It) 

a — — 12 ((*) 

From (A), 3 1 — 4y— i>z == — 16 
From ( B), 16 ♦ — ^ v — 4r = 2< > 

*, 13jr+2r = 86 (l») 

Again, from (C), # — 3?/— 4r= — 1 2 
from(Bi, 12/ — 3y — 3<.=sir) 

\ 11 = 

.. 22.(+2.«:>4 

from (D), 1 1 1-2 =8=36 


Hud c» 27 — J 1 =? .*) II) 

and y =4t — r--5~ 8 - ♦*> — 5= —2 (fium 

7 liofc ♦i*© diit^iiu e nt iiiile^ 

and y*=A’6 late m miles pei honi , 
then y— 'ias-BV and // — jBsC’t' ifitc. 


llj the quBstioi), (1> 

aud - =^+ 2 (‘J , 

y—iV 

From (I). =}(;/— i^(y— ,) 

4)(.v— ♦) (^) 

From (2), it-=2y{y—* 

-■• •"=|y(y— 4 ) ( 4 > 


,% from (3) and /4), 8(v— l)fy— J)*=5y(y— 1> 
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$S3 


•% Hy-i)^8y. 

•*• y^^\ miles 

Hence A’h Tate=4J miles , B’s rate® 4 miles and 0'*s rate 

=a3| miles. 

N B — Jf y - 4 ~0, tlien C’s ''ate is Zero 
Hen< e tint \alne was not eoiisideied 


3 

i 


March 1900 

(I) (6+ '*-2(fe« +6*)a* + (6-c)«a* 

= (6 + c)* -a* {(fc + r)* — c *j + (6*~c)*a* 

< )*(1 — a*) — (6~cj*a*(l — n* ) 

= (1— 

= (lH-a)(l— + ah—ac){h + c— a6 + af J. 

(J) c*) + 5»(c*— a*) + c'(a» — 6*) 

+ — a*)4-c*(a»-6*) 

— 6s(6*-c*;— 6\a*-d») + r»(a» — 6*) 
= (?>*- *)(a» — 6’)— (aa-.ft*)(63— c») 

= ( f “/0(^^““O{(^+r)(a* H- a64-6*) 

— (a+ 6)(6*-|-6c + o*)J 

= (a -h){b — c) Yh’^c) a* 'hb(a-i- b)(b~i-c) — c^((i+ b) 

-6(6 + c)(a+^)| 

= (a — bXb^f)\{b'hi)a*—(a-^h) f*} 

= (a — 1)(6 — r){?> {a*— c®)+ac (a — r)j 
=5 (if — — r)(a — < ){ab±bc-¥ ac)« 

The H. C P. IS easih found bj the ordinary method. 

(l; 1 ^ 

j'4-2a;’ a* — 2** + 


.‘‘1.1. 2 

■ »Ci--2) tV** + 4) 


a. 2 

.J? ‘ f + 4) 




354 


AlyGBBRA.. 


2(»* + 4)+2(**— 4) 


‘-16 


**(,«* -16) 

(2) Numerator (’' +a)* ^ 2(x'‘+3za'‘) 

^ ' (*»-«*)• («»—<»»)* 

_J_ + _L +_J_ 

(a + -')* »* — •<* (a — *)* 


DeuomiDator — ^ ^ ^ 

__ (a — ()* + “* — 4.* + (o+c)* 

0 

3a» + i» 


(a* — 0* j» 


(a* — «•)* 

Hence tlie given Kx|ire8sioii = ^ x 

(«••—«*)* 3o* + .r* 

= 2.. 

6. (a* + 36*)*+ 10a6(a+ 5){a-36) + 33a*6*. 

= (a* + 36* ,* - I2a»6» + 10a6|(a* —36* — 2a6) + 33a*6* 

+ 12a*/>* 

es(a*— 36*)*+ 10a6 (a*— 36*)— 20o* 6* + 45/j* 6* 

= (a* — :i6*)* + 2 X 5a6(a*— 36*) +25a* 6* 

= (a* — 36* + 5a6)*. Hence Sq.root =a* + 5a6— 36*. 

*" 6. (1) t3*+8) = 5.<.+ K4*-19) 


Multiply both sides by 30. 

6 (2*-3)+27(3« + 8)=160a'+lU(4a:-19) 
12*-18 + 8l« + 216=190a(— 190 
•• 190a— 93*.=2ir.+ 190-18 
97a:=388 a;=4 

3a!— I a.l_ *— 10‘' 

' 3^-9 as— 7 a-»-lU<,+21 

f — !)(/— 7) + 3(j — 3)(g+ 1) _ »— 10 

3(a!* — 10a!+ 21) a:*— lOar + 21 

(3a!-l)(. — 7) + 3(a— 3Xa'+l)“3(a^— 10) 
3«*-22»+7 + 3u.*— 6a:-9=3it-30 
t 6a:*— 31a: +28-0 

(6a:— 7){a!— 4)«0 
h a:»=4 or 1|. 
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(8) £t}+2i^-|-34f— ^ (A) 

2uj+3y + js = 2 (B) 

3uj— 42/ — 7j?=i (C) 

I’rom (B), 2 » + + ;: = 2 

Jb^rom (A), 2r + 4y + 62 ;=Y 

/. 2/+5is=^^ (D) 


Affain, from (C , 3aj — 41/— 7j5a= i 
and from (A^ , 3* + -*• 92 « y 

101/4- 

5y^8z^\^ (E) 

Kiom (D), Si/H- 2*^z- ^ 

I72=\^=r 17 i3=rl 
ana i/= 52 = — J (from D) 

and — 2i/ — 32 = .\,^ -h -I — 3 = (from A). 

7- Let 0 =: the amount in lupees he has 
and t/=the number of people ; 
then, hy the conditions of the question, 

2j/=u-20 (1) 

(2) 

/. »= 222/— 

and from (1), «« 2y + 20 

0 = — 45 /• y = 90 people 

and ^ = 21 / + 20= 180-1-20— 200 
He has Rs. 200 to away amon^ 90 people. 


DECEMBER 1900. 


1. 


(1) 


l+<» l-U!» 

(] + ,)• (!-■<)• 

1— g-»y* l+j-h-i* 

(1+*) (l-«) 

riir. 
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2u5-5y + ««l... (C) 

Subtraoting (C) from (B), 4y— 35 = 1. ..(D). 

Again, from (A), 2m + 4y— 6s= 2 
and from (B), 2»— j/— 25««2 
A 5y-45c=0...(E). 

From (D), 20^—165 = 5 
and from (E), 20^—165=0 

•*. 29s^ : and =4 (from E). 

5 

and .t=l— 2^+35=1—8+15 = 8 (from A) 

7- Let «=the number of lbs. of the best quality 
then 100— (28+ oj; or 72— a5=the numbei of lbs. ol tin 
intermediate quality. 

The pi ice of x Ibe. of the best quality (rupees) 

... 72— » lbs... 2nd... =(72— a)! (rupees) 
and..,281bs...3rd... = 28x |=Rs. V. 

the price of IQO lbs. of the mixluie = Ja + st <2— a ;+ ^ 
By the queetion, the piice of the same = 100 x Hs. J 

= Rs. Uf' 

f «+ S(72— a-) + V = 125 

A |»-|a;=125-8l-V = 19|* 

/• a; = 521bs. 

December 1901 

1. (1) Find the coefficient of .<® in (l + I^a*— 4«*)’ and of 

in (a!+«*+aj^ +«•)». 

(2) Divide a»0®-3 (35*-2ar)a‘* + 3(3c*-2WV*-<^*^ 
by cu^ + Sfe* + 3cx+d, 

?. Sesolve into elementary factors : — 

(1) aj*— 650*y* + 64y*. 

(2) x* + j/»— 

(3) (5a + 35)* - (3o+ 5*) » -8(a- ft) •. 
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3 Find the L. C. M. of the expressions 

3»»-ll** + 6i-and + 27*»-27a;». 


4 . 


Simplify 

( 1 ) «(y-z)(y+a-rf)* +y(a-af( 2 +*— y)* 

+ a(»— y)(.+y-a)*, 


( 2 ) 



X 



f**— O’* 


5 * Pi ove the following identities — 

( 1 ; a»(a^- 10 a* t» + 5 f *)*-*- 10 a*a*- 4 -ic*)* 

('21 + + y / 

= |{**“ '{y + ~) + v‘—y^'^ 

6 Solve the following equations : — 

(11 *“2®+ *~21 ^ < _o 

' ' '^ 4 t 30+26 3 'i + 46 

3 ^ ^ + _±. 

2 ir-fl^a*-h 4 

( 3 ) t- 4 y=^( 4 <— 72 /)- 3 =^( 2 *— by+l) 

7 . In a rf ctan^i^ulai jictoie tiame, 3 teet by 4 , one-eighth 
tl the i^lioJe area is occupied the frame, which ’S of uniform 
w idih all ic und, HI d the icmaindei bj the gla^^s , show that 
i] e widih of the frame is I 33 inches ntailj. 

1, (2) a*a°-3^36*— 2ar)«* + 3(3o*-2W).*-d» 

s= (a*a‘’-h6ac<'*-h9r* t*)— (9^;*ar* + *+ d*) 

= (af» + 3 cj;)*-( 36 t* + d)* 

^{axl + Six^ 3 Aa?*-Hr/){aa’* + 3 c # — 3 ?>< • — d) 

/• the quotierit is r/f * — 3 fca?*-h 3 ra:— d 

2. (1) a*-66fV + 64t/*=rOt*-y*)(.*-6^y*) 

Fide. Art. 70 . 

-(•+y)(-e— y)(*+8y)(x— 8y). 
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ai,gbbra. 


(2) j"* + 2 /" — e*(x—y')—y*(x—y) 

= (a— !/)(<‘ — 

(;5) (5a+ 36)>-(3a+5ft)»-8(a— &)•. 

=(5(i + 36 )’ + ( — 3a— 36)* + (—2a +26)* 
--3(.}a+36)( — 3a — 56)( — 2a+26) See Art 77. 

= () (5a + 36)(3a+56)(a— 6) 

N.B. It' /i +7 + J'=0, then p’‘ + q’ +r’‘—Spq'r. 

3. 3»'-llr‘* + e)* = j;(3.*-lU + 6)=ii>(3.— 2)(.-3). 

And .''-9i-‘ + 27-*-27.* = ,t:»(.*-9*“ +27.-27) 

=..»(*-3)i 

L. G IS .■*(r-3)*(3.— 2). 

4 (1) Get '/ + : — * = a; s+i—y = h', and x+y 2 =r, 

♦ hen a+ 6 = 2;. 6+e=2*; i' + a—2y. 

And a — 6= 2(y— ') ; b—c = 2(z—y); n--a = 2 (x—z) 
thej^iven expression becomes 

2 2 2 2 2 2 
= — ] \a^(h^ — — a*) + r* (a* — 6“ )| =0 


(2) E^presflion = 


3a-* -8 


5a; +• 7 ^ 2' 


‘ + 1) 


a;*— I a;* -I- a- 4- I — I 

^ (3g*~8)(a;4- I)- l)r5a; 4-7)4- Kx* -4- 1)( 4- y ♦ I ) 

^ 3a>»4-3a;*— 8-5/'‘-7^*4-5 i' + 7 +2^4-4t‘)4-_2+J^'4'2r 

(•*-lK«4-l) 


2a;* — a;4" 1 


5. (1) (a* 4'a**)'* =fa4-ja;)*(a— ig)® where t srv'— I 


- (a® -f iaH, + 10a® i*a?* 4- I0a*i® ar® 4- 5at*.r.* -f- ) 
X (a* — 5a*taj-4- 10a®i*a;* — 10a*i®a!® + 5ai®a!* — i®u/®) 
»x{(a® — 10a®a** +5a«*) + 1 («®— I0a*aj® +5aa;)} 

{(a®— lOa® 4- 5a/;*)— ~ I0tt*a5® 4* 5a* <;)} * 
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Since z* = — 1 ; Z* « — i ; i* s= I ; z » sr / 

»(a® — z*( 5 a® 4 < — l 0 ^c*^z®-|" ' ’)* 
s=a®(a*— 10a*a!* + — 10*^r*+ a;^)*. 

(2) If a+fc+c=0, then ^f*=3a^c 

and a® + ft® + c® =■§ (a*+ fc* + c*)(a* + ^ See Art. 77 and 
AH. 165, Ex. 9. 

Now ill the queBtioii, x—y + y—z'^z^^—i) 

z.e., a + ft+ t‘*=0 it — i, — c = /y and z^x^c. 

/. L.H.S. of tlie Expression 

a® + 6‘* + f‘’' 

= »(a*+ ft* + t*®) 

* l( ' * + 2 / * + ^ 

= I {aj*— .tv 2 / + ^)+ 2 /* “ F + -*} • 


6 . ( 1 ) rTTi^-T— 


a + 46 3o + 26 3a -e 46 


= 3 . 


aj~ 2 a 

< 1 + 46 


-1 + 


■26 


3a + 26 


-1 + 


-46 


3tt + 46 

— 3a — 46 

a 4- 46 ' 3a-|-26 3rt+46 

.1 — 3a— 46 = 0 .% a’ = 3a 4 46. 


r,-l =0 


dc — 3a — 46_^ X — 3a- 


= 0. 


See Alt. 139, Ex. 8- 

(2) J-+J- i-+ ^ 

05+1 aj+3 2a:4l 0*44 
2 _ 2 _ 4 3 

jB I 2.1 + 1 4 + 4 .r + 3 

, 2f £ 

** (4*+ l)(2»4l) («+4Xa43) 

* = 0 or 

2 I 

(f(j+ l)(2a*4l) (ir44)f« + 3> 

2aj®4l4aj + 24=2aj*43.t + 1 
,*• ll«u— ■~23 jcs**“2'^'. , 
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(3) 5C«-4y)«4«-7y-15 (A). 

3(, -4y) « 2(2x-ey + 1) (B). 

from (A), 13yH- 16s=0 (C). 

from (B), « + 2 = 0 

2 and from (C), — I3y = — 13 /. y = l. 

7 . Let the width of the frame be x inches, then tht* 
length of the glass a=s(48 — 2«) inches 
and the breadth ='J^6-'2«) inches. 1 


By the question, (48 — 2u;)(3G— 2f)s5= J X 48 X 36 
(aj-24)(«— 18)=7x6x9 *378 
A 42aj + 432=:378 
••• »•— 42t4-&4=0 ^ 

2 

= 21±>/^ =21 ±19-67.... 

=40-67 or 1-33 

The former value is obviously inadmissible 
.-. the width of the frame =1-33 inches. 


f 
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AI^GEBRA. 


(A) . 

(B) . 

(C) . 


(3) 5(.t;— 4y) « 4rt5— 15... . 

3(.<— 43/)a=2(2aj— 6y + 1). . 
from (A), 05— 13y-|- ISsaO. 
from (B), « + 2 =0. 

ac*« — 2 and from (C), — I3y = — 13 /• 2 / = l. 
7- Let the width of the frame be x iaches, then 
length of the glass =s(48 — 2aj) inches 
,and the breadth =',36— 2«) inches. | ~ZZZZZ 


By the question, (48 — 2*c)(36— 2<;) = | x 48 x 86 
(a;-24)(»— 18)=7x6x9 ^378 
a;*-42a: + 432=378 
»•— 42 (^ 4 - 54=0 ^ 

... .. «±^wE 3 !«“ 2i±yiii=M 

2 

= 21dbv^387=21dbl9-67.... 

=40*67 or 1*33 

The former value is obviously inadmissible 
the width of the frame =1*33 inches. 
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1 . 
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1 . 

3. 

5. 

7. 


1 

3. 

5. 


1 . 

3- 

5. 

7. 


EXERCISE 1 (J). 


61. 

2. 

1. 

3- 

3.3. 4- 

345. 

5. 

-444. 

2082. 

7. 

1034. 

8. 

.617. 9 

43. 

10. 

-402. 



EXERCISE 1 (Ji). 




6'-i 

2. 

--1. 

3 

4. 

29. 

5. 

192. 

68. 

7. 

17 ' 

^ ' 1 0* 

8. 

10. 9. 

11. 

10 

3oVo- 



EXERCISE 1 (C). 




.3. 

♦ 2. 

5.6. 

3. 

4. 4. 

.3 W 

7 4 1 * 

5 

-108. 

5. 

7. 

0. 

8- 

7G ; 536. 9- 

38. 

10. 

50. 


EXERCISE 2. 


8a; —Gb; 2a. 2- 37a/»; 13a*fc 

]7v/.<y ; 4- ‘i3a-?9t. 

6a*-8a& + l"l6». 6 . 2\e^-3ixtf + bbj*. 

lll — \b}^ax + 8\hy—7ab. 

EXERCISE 3. 

3(a + b + c + il). 2- — .")rt — a® + 6a* + 2. 

2ax—^bv+2cz. 4- 2a* + 12a*+2. 

4a*— ia»i»+ J-aa' + .Vt*. 6- 15a’”+336”-29c'’+37i. 

EXERCISE 4. 

o + lj + f— a— y. 2. y*(a+6+c)+cy+c. 

2(a!»+.v*+s*)- 4- 6a*-2a*6-3a6*-22<«!*-c*-7i». 

8Ja-5Ufc+3ic-35-5-i. 6. J So-iVJ'+-Ac+}rf. 

3-4-9a!*+4a:» — n**. 8- + ji(». 

26 



IV 


ALGEBKA. 


6. 2(fx® + 1*). 7- 8* 4p®5^. 9- 4xy'‘(.i* + 1/^ ). 

10. 8afc(a®-t*). 11. 4r(r-y). 12, 

EXERCISE 11 

9 . a''— I'. 10 - 11 - x’‘ ~{ij — z)‘~ 

12. (jx+zY-y^ 13- p' +p^<Y + q*, 14. a'’ + a' + l. 

15. (,»»-?/»)". 16. .1-'+ a?) +?.■=. 17.(a‘-l)®. 

18. j’ + 81 + l)<®. 19 (rt -*-6 — — 6+r) 

20. (a+ b+ r + il)(a + li — c—il). 21 (oa + 3)(5a— :5). 

22, (2a<+3?y)(2(i--;;i). 23. (7> +8d)(7c-8(l). 

24. («> + 96»)(a+3^)('»-3/,). 25. 4a(fc-r.). 

26- (4;.+ 7g)(4/)-79). 27. (■ +2y-3zXx~2y + \h, 

28. (9® — 3f)( — 3f 29. (3 1 + 4(/ + 7:)(3 1 + 4?/ -7z). 

30 (6a+26Xl-/'-2./'. 31. {7p+2qXp-l2q). 

32 0. 33. (4o — 46+4c)(2t ~2a). 

34. (6*— 2;)('C//— (I:— 2<). 35" (‘ip—7q+br){2p—q—Hr). 

36. (a + l+i'\ii+ b — l—c). 37- 0 

38 0 39 :'.‘'6820. 40. i:'>7.32 ’ 

EXERCISE 12. 

13 217^ 14 ."Ot 15. 18 16. 140. 17. 125. 

18. 8. 19. 27. 20 12.5 

21- 3{a'‘‘b + ah^ + b^c+ bc‘ -{-< *a + ca‘ + 2aic ) 

22- '3(iiY — X* y •¥ yz^ — lY z •¥ zr* — x) 23* 12b(ii — i)". 

24- S(cc‘ + b^) . 25. 8<\ 

EXERCISE 13 

1. ii’ + S. 2. '2 + 27 3 8a’' +1. 4. 0 ^ 1 ' -r( 

5 125* ’ + Sy''. 6. (j4o® + 343Z-*. 7. 1 — 27*®. 

8 a’'-8i®c®. 9. .<■'—8. 10. 

11. 8a»5''— 1. 12. a**-//”. 13. (a;+2Xis‘‘- 2a: 4) 

14. 05+4)(;t>*— 4/)+ 16;. 15. (Hbc+aX9h‘c'‘—3abc+a‘) 

16 (2n + 7b)(4a* - 14ob + 49fc».) 

17. (5a:-lK25x* + 5»+l). ;18. (1-7»X1 + 7.P + 49- * ) 

10. (65c — a)(366*c* + 6o5c+ o*). 

20. (4o-35rfX16'«* + V2abd + 95*cl*). 
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EXERCISE 14. 

1. .a+12(+3o. 2. 3. + 

4- “4- <ny— 12/y®. 5 — lo. 6. a®**'* — ao?— 156. 

7. ,,» + 9a!® + 26^+21. 8. r»-6.c®--37. + 2l0. 

9. 8^»-26.t' + 12. 10. a?‘-10/* + 9. 

11. ..•. + i»a.9+;;, + ;^. 

*■ + r + (i+ a6+0'' + ii‘+o<J + W + ed + ahr+abd 

+ brd+ acd + a/>r<i. 

13 * {a-\-b){h + c){r + a) — 

14. 2ra+ 6+ f)’ +('« + '' +oX“<>-. ■>r + bc) + (thr. 

15. ^ (u i - a. - 1'— a * — 6» - ( •) + ( — j _ j,) , 

16 . —'2{x+ii+z)' + 9(‘+ij+z]{r!/+!iz + ^')- •'>7,y-_ 

EXERCISE 15. 


1. x" + ii'-+:''—-2x^:f*z\ 

3. S.-’— 27//*-^''— IS,//: 

5* * - u** + 1 + 

7. 4.6^4., ’ — 


2* — — 3a6r, 

4. 27y)* — 12Dgf**'-64~18(y^. 

6 . + 


EXERCISE 16. 


1 . 

2 

3. 

4. 

7. 

8 . 
12 . 


r/®4-/>*4-o(/^*f +a/>® 


CX') C-i) (=*;) 


+ 1. 


(a+2^4-5)(2'4-t/4-r)Gr + ?/+ + ^)(y-|-0(- + -O* 

See Q. 16, £7 . 14. 5- 0. 6- 0. 

.r + // + aj*(//4- l)4-7/*(aj4. 1)4-2 <//. 

2(b ^c)^-j-bc(o-hc). 

( <7— 26 + r')(6— 2c4-aX-^*~'^'*~0- 


1 . 2 . 

a 

b'-c 


EXERCISE 17. 


—a 


3. 




a 


7. 



y 

.c*" ' 


-24* 

9. 1. 


5. 


6 . 



va 


ALGEBRA. 


1 . 

4 

8 . 

12 . 

14. 

16. 

17 

19. 

21. 

22 . 

24 

27. 

30^ 

3L. 

33. 

35. 

38. 

40. 

42. 

44. 

46 

47. 

49. 

51 

1- 

3. 

5. 

8. 

11 

22 

23 


EXERCISE 18. 


.1 * + 2* + 3. 


2. r- 


-2. 3. l-tt*. 

a’* + aj+l. 7. .i+S’. 

.(—2. 9 . 3< — 2. 10- *— 1. 11- 3i+2. 

(»+o)(a!» + a.+a*). 13- a-* +a* +3ti»»'»+2(7*’ +2a'.. 

15‘ a’— 4. 

27*^ +8b*— 243i +729 

PS** + 2a!^+-flr* — 4a® — 11a’— 10. 

3*»_4,**y4.5a!,/«+2//\ 20- 

1 + .t + .t* +- +- * ’ 

aO 

(a* + . 


c+6+-a. 5. 6* 

oo (t 


1 + 2«!+ 3a* +4aj*. 
3a* — 2a?* — r)a — 3. 

23- (a— l)a+-a®. 

//*Ja+-a + /y. 25- < — 26- ab-^ac-^hc. 


fjj rbc-^ac. 28- + 29- 

tt* +*4Z/* +• 9< * +• 2a6 + Sic — Gbc, 

-\-z^ ’^xi/—.vz-\-yz. 32* 

r* + a6+-ac-+6^ . 34* 

-\-ah-\~bc-{-ac. 36 a4-Z>+*i 

a* +- fee— a6— ac. 39- 

a*(fe — c)+- fe*(,e — (7J4-1 *(a — fe). 

f7*(fe — e)+- fe*(e — a)+-/ *(a— fe). 43* 

2afe-a* — fe* +e*. 


' + v*-+ I— a?/ + a+^. 

2r7-3fe-e. 
ff * +- afe + 4- 

37. afe + c*— a. — fe<. 
afe— 6* — ae+- fee • 

41. ah — fe* — ae+ he. 


* + //^ + -' 


45* ^ {a-\‘ h).i + ah. 

-< 4‘(a — fe)aj’' — (afe+' l).r* —(a — fe)a+ r/fe 
(fe + c)a;*+-(e+ + + fe, 48 * — 3ft*fe* + 2fe*. 

2 /^ + 2 /* + 2 / + 1 . 50 - 


' . 

^ + :i (»-^U4. 


1 6(** — X* j/* + ?/. )— 8a.(.t* + 2/”) + « ' . 

EXERCISE 19. 

a+h + r. 2. —ap^+bp^ — ry + il. 

■^qa*'^ ra+ -i. . 4. lGa±8l'+ 4c ±2(7+ t’. 

imfc’ + «b* + (/6* ±1 Z» + ? 6. 

— 4. 9- —3. 10- n-,-6a. 

12. 21. »•' + **»/*+.»''/* + .V*' 

a*** — x*y^ — a^y* +J/*®- 


7 . 4 
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vii 


24» + 2/’*. 

25. . . . .4.u.*2/^«~2/' ^ 

26. as"*— + +•<'’2/' *-2/'®. 

EXERCISE 20. 

1. (flf® + 3!;+ ])(^® — *+l). 2* (it* — .c* + l)(p;* + a* + 1) 

3. (.■>-*+Ji/ + y’‘)(.9*—jy+y*). 4. (o’ +9)(o* + 3Xa* — 3). 

5 . (^» + 16)(** + 2 + 2 . 0 (.«-* + 2 — 2 i!)(a» + 2 )(»*- 2 ). 

6 . (.t,*—x*y* + y*X^*+!>'‘y’‘+y*)- 

7. (u-» + 8+4a)(^*+8-4«). 

8 - (2a® + 9 + 6a)(2a* +9— 6a). 

9 . (a» + 26* + 2o6){a’‘ + 26“-2a6). 

10. (.t* + 3+2<)(a:» + 3— 20. 11. («»— 3+ OC*’ -S-*)* 

12. (2a» +3+3a)(2a* + 3— 3o;. 

13. (3..*-4+3.6)(3<’‘-4-3»). 

14. (a* + 12 + 40(*“ + 12—4,.). 

15 . (3o* + 4-f*5a)(3,c. + 4 — 5x), 

16. (3a» + 5 .* + 7oj;)(3a* + 5a» - 7aO . 

17. (3a»-4 + a)(3a»+4-a'). 

18. (2&» + 26 + 10f>)(26» + 25-10t). 

19. (^-2y-\-3zXx-2y-^-). 

20 . {a+2t + f)(o + 2b —.•)(/•+ a — 2l)'(' — a+ 2i>). 

21* (a + i + r — (Z)(a + h — c+d)(c + d+ a — b)(c-i-d—a + b). 

22. (a — c)(a+c — 26). 23- {a — d + l — c)(a — d — h + r). 

24 . (a* + c* + 6*— 2ac)(o+ b+ c)(a + c—h). 

EXERCISE 21. 

1. (x — 2)(»* + 2»+4). 2. (o + 3)(a* — 3(i + 9j. 

3 . a* 2 /(o+ 32/)(a* — ‘6ay+9y*). 

4 . (c— 2 /)(.'C® + a:»y + Jj/*— 

5 . (. 1 +y)(a?® — 3 j’*^ + 3a’y*). 

6 . (o» + 6c) {{a* -bc)*-2bc{a’‘-hi) + ‘ib’‘c’‘l . 

7 . C,«-l)(a’. + !r+l)(n--' 4 8 . ( 0 + l)(a*-4a + 7). 

9 . (o-c) {(a + 6). + (o+6)(6+c)+(6 + c)»}. 

10. 3(3a-5)(9a*+15o + 25), 11. (o-2)(o»+ oa+ l.i). 

12. (2oH-1)(o*+o+1). 

13- (y+s){(ir+2/ + 0* +*(J’+ '/ + ;) + **}. 



AI^SBRA. 


vUi 

EXERCISE 22. 

1. (.e + 3)(a!-2). 2. (»+9)(.e+16). 

3. («— 5)(a!— 1). 4. (as— 6y)(»— 2y). 

5. (7x + Qy)ilx + y). 6- (. +1)(14»+ 1). 

7* (* + oX* + 2/>). 8- («— a)(a! — o — h). 

9« (» — fc + oX* — ^ — «)• 

10. {*-(a + t)»} {ie-Ca-fc)*}. 

11. C*-4)ra— l-c). 12. ('+j)(‘'+^)- 

13. (1 + a + 6— c)(i +a — iz+r). 14. 3(3*+5)a;. 

15 . (_e—ah + he)(x+ah-{-ai-), 16. (* — (•)((• + o + i»). 

17 . (» + 7)(»-2Xa-+3)r.T+2). 18. (i. +25)(5»+24). 

19. (* + l)(2a:- 1). 20. (3«-2)(2.r-3). 

21. C2*-3yXa- + 4y). 22. (3a--2a»X2*— 5«*). 

23 . .t*(6a+a-)(4a— St). 24. (a*— 3rt+l)'o+ l)(o — 4)* 

25- (x* + 2< — 2Xi»’+l)'*. 26. (m + 6n)(m— Hn). 

27. {a+4b)(a 3h) 28 (*» +7)(x + 2)f»-2). 

29 . («>-2Xa-2)(a» + 2a+l). 

30. (a* + 5)(a« + 4Xa-2X<T + 2). 

31- (a — l)(o* + (T + l)(a + 2)(a*— 2a+ !•). 

32. (2c—bXx + 3). 33 . (.3a-5X2a + 3). 

34 . ('4x+3)(2x-3 . 35 . (.ja-.3)(2a-7). 

36. (4?it + .j»)(3m — iw). 37. (x+ + ab)(x+ b* + ab). 

38. ( I +a‘—ab){x+b^— ah). 39. («— rt4-26)(x — h+2a). 

40. (■< — 2;)(.( +y— ;). 

EXERCISE 23. 

1. (a+b)(e—d). 2. (>ix + y)(bx — y). 3. 2(i + 2a)(x + 36). 

4 (2a — b)(a^ + 2bx). 5. (xy + a^)(2x — 3y). 

6. (< + l)(aa:*+ 6a: + rt). 7 - (I— — y). 8. ('+l)(a+l). 

9 . (n—l){a—r). 10. ( 7 J+ 3 )(j> + r). H. ('— yX4+6). 

12. ('(i+i!/Xa+ 1). 

EXERCISE 24. 

1. (x* + a6)(3tt— 46). 2. (x + a)(.<— »)(x* + y*+a*). 

3 . (* + y— s)(®— y +5 + 1 ). 4 . (*— y)(x— y— 1). 

5 . (a— 6)(o+6 + c). 6. (x + a)*(x—a). 



AXSWKRS. 


ix 


7 . + 8. fi)— c)(.<;+a). 

9. (a— 6 — r)(a-4-[>4-c -f* 1). 10. (a-f-^X®* + ^*)* 

11. (a® +62)(a— 2?/J. 12. Cv + «5X‘«4-2/2!). 

13 . fa + ^)(c+a--/>)0 — 14- (< — 2/)( I + '<*)( A + ^)- 

15 . (a+ 2^)(a + 6+ 1). 16. <?)(«—& -»-c). 

EXERCISE 25. 


1. (&+ c~-a\h^ -f ^ — hc-\~ah + ar). 

2. (r+l)(r» -r+:{7). 3 . (c+4?>)(c»+76*-46cX 

4- (3a — + .*?<</;), 

5 . a — /> — -h • ^ + ah + tic — 


6. ( / * "f //* — + 2/ ^ + - * — 

8- -(a + ?>4- r)(a^ + /** + ' ^ — ar — hr)m 

I 


9 . 


1 . 

3. 

5 . 

7. 

9. 

11 . 

13. 

16. 

17. 

19. 


EXERCISE 26. 


\ii — ... .>ti + 1). 

(- -!)(.(’+ I)c2-+l't. 
^-l;‘('‘ + 3 +1). 

(« — l)(:j((' — 2 7 + IK 
(< + l)(:3.'>-5.s+a» 
(»+ l)(ll.«-4-»— 1). 

(I — a)(2 + n4-tt‘'). 

(a— 1 )(.t.' + 13 . 16. 

(, + l)*(.v^_;j,+5). 

(* lj( *® + 2a!+ 3). 


2. (.c — l)(2a’* — 3*+ 4), 

4 . (1 — l)(3a’’ — 4i* + 5( — 7). 

6. (ar-l)\ 

8. (-( — l).a + 2)». 

S'). 10. (« — l)(4a* — 2a + 3). 

12. (.r+l)(7..»-3** + x-2). 
14. (c+DCc^-r+S?). 

' — l)(aa:* + aa! + a+ bt +b + c). 
18. (®— l)(2, — 1)(3«+ 1). 
20. (®-l){a;* + 2-+3;. 


EXERCISE 27. 


1. 3(a + 26+ (•)(2tt + 6 + r)(a+ 6+2f). 

2. .3(2 + n + 1>)(2 + 6 + ,.X2 + <• + a). 

3 . 3(a* + Z/*— ar— bc){h* + c^—at—ab)(c* + a*—ab — bc). 

4 . 3(2— «— yX 2 — '/--X 2 — a;— ;r). 5 . (a-bXb-cXa—e), 
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6- 

8 . 

10 . 

11 . 

12 . 

la 

15. 

16. 

17. 

18. 
20 . 
21 . 

22 - 

23. 

25. 

1 . 

2 . 

4. 

6 . 

8 

10 . 

12 . 

14. 

16. 

18. 

20 . 


1 . 

2 . 

3. 


(o— 6)(Z>— c)('(— o). 7- (a + h + 6)(a—b')(b—c){a—c), 

Sameas(?. 7. 9. (al + ac + bc)(a — b)(h — r)(a— c). 

(a—b)(b—c)(a—c){a*-t-h* + o* + ab+ar+ be). 

(o» f ‘Xa*— c») . 

(a-~b)(b — c)(c — ffl){a+ b+c). 

(a»— 14. Same as Q. 6. 


19. Same as O. 11. 


(rOO-a)G-:)- 

(a— 6)(6— c'(a~c)(a* + + + h^c-^ hr^ 

+ c^a + ca^ -^ahr). 

Same as O. 12. 

(a* + b^)(b^ + )(r® + a* ). 

Sale, 

EXERCISE 28. 


24. 


(2a?-f St/H- 4r)(3jj ^61/4- 7z). 
(3a— fe+2c)C2a + 56— 3r). 
(5a + 66 + 7c)(2a — 46 — 5c). 
(a + 6 + c)(a-|- 6-f-c), 

(2a 6 + r}(a + 264-^J. 

(3a:— 2z~Zy){x— 2c— //). 
(ar + 4y-i-5)(.r+ y— 3). 

(3a: + 3y — 5)(a5 — 2y -H 10). 
(7 'C 4" Oy + 2)(2 c + 3y + 6) . 
(2.i;+ 3y— -j(ic— y + r). 

(a + 6 + c— cZ;(a-f 6+ - J). 


3. (.r-h2y+3:X2i+3y + 0- 
5. (a + 26 + r)(a-6 + 0- 

7. (2a’-f-y— *)(a:+ 2y-\‘Z). 

9. (2a — h’^v){a b -{-2c) 

11. (2a" + .3a — — 6a + 7). 
13. (3a-26 + 4)(2rT + 56-7) 
15. (2a + 6+ 3)0/4-26-3). 
17. (3.+y+3c)(a:-27y--2c). 

19- (2x + 3// -:)(* — 4y — 4«). 


EXERCISE 29. 


3(a»-6*)(62-c2)(c*— a*). 

3(a-|- 6— 2c)(6 c— 2a)(c + a — 26;. 
Sabc{a — 6)(6 — c)(c — a). 



ANSWERS, 


xt 


4. 3(,c- a)(.« '0 (« - &)(6 -cX<— «)• 

5. 3(«+a'>(‘’-^')(“+ *»)• 6. — 3/(s— a)(«— 6). 

8. 3a«5»c»(a-W<'-c)('— *). 9- 3(2a-i/)(2</— (:)(2c-a). 
10. 3(a5— 2?/)(2y--l){l— «). U. Z(ax—hy)(hij—cz)(r=— ax). 

12. 3(2o— fe— 0(2t— tt— /•)(2c— a— fc}. 

13- 3abc(hz—ry)(rx—az)(ai/ — to). 


EXAMINATION PAPERS-FIRST SERIES. 


1 . 

3. 

6 . 

8 - 

9. 


1 . 

4. 

5. 

6 . 
7. 


2 

a 

4. 

9. 

10 . 


I. 

Gocm 2- a/>+a* + «*6^ -2a'^h+ • 

(i) 14a5'^ - 3< ® + rr— 45. 

(ii) 5- 0 ; 0. 

ic*-- -a, 7-9 

(,*~10)(a;+7) ; + 2). 

+ ... 4-a’* 10- 1 4- .r-f*®* + 

IL 

2. 2* 3* 2(7-I“16^>4* 10^*4" j o/. 

, I _ J a 2i*— I ; - Kk 

a?* 4- ./'?/ + //* 4- (p4- 7 -P '‘)(x + ?/' 4- p^4-^r 4- rp^ 

(p-i-4:) is an odd integer. 

(<7*4-« 4- -/7 + l)(a' a- + 1) ; (•< — ?/)(//- -X'* -)»* 

r.r* +6*-<-*)^r* + a* -6*). 

Ill 


- 5(a‘‘' 4- + r*") 4 binh -h In' + tie). 

/7 3 7i 3 ' 

(i) ^L+iL+'L :j, 

6 ‘ c --* n' 


a* 4- Z>* 4 r® 4- aZ>4- />r ~ ac ; oa® — 2<i4-5. 

(i#— c)(a“ i)(r - «7)(a4- ^ 4- r) ; 3(a— * fc)(c — 6)(flr 4 
jo ' -p*(r?4-?> + +p(n/>4-«^4-^r' — a?)f‘. 


5 


1 . 



Xll 


AUIKBRA. 


IV. 

2. -132. 3. 5.t*» - 3.i»+3. 

5 . (a+&)t«-h( 6 +r)«* + a + r. 6 * 20 . 7 . 0,0 

8. 1 - 2.r-t- 2 » ® — 2a’* + 2«*. 

9. (i) {a* + a(fe - c) + (6- r)*} (a— +^’). 

(ii) (a;-l)(10ar+3). (iii) (a*- 6*)C6*- c»)(a*- c“). 

V. 


3. * + 0:;® - 2.<;7/-|- 3scr + (>^r. 

4. (a?+2.7/)a-(. + 22/)(3aj4-^) + (3a;+0». 5. 0. 

6 . (\) (a — b)(x+ a—h)(.t — a^hb), 

(ii) (ic<»-l)(a; ■f-2)(a’ + 3)(.r ^4). (iii) +t/)(y + c)(: f »). 

8- 

VI. 


2* 10.7’+ 11//, 

5. -1. 

9. (i) - Z>)(w+ 1). 

6’ii) (a>+h)(hx—a). 


3. ibt ■i' ry-h az)^ — (cx-^ay-^f/z)^» 
6. ira + 6 + rj*. 

(i i ) f 2/>aj »///)( 2rt 7 ~ ?)7/j. 


VII. 

3 . — 4* 3 ; a+ ?>+ (• (2. 

5. +3a‘ 7 4-9(1 ‘.r* 4.27r/-*aj* +8l7( < ' +•243.^,''. 

(ii; (2-/ + i-c)(4r 2-//> + /yr + 2a--). 
(.iii) (a+ b r){h + r a)(ii b+r){it + b - r). 

10 - 2mH + 2ab. 


7 . 0 - 


VIII. 

2. 2(a- b)ih~c)(r- a). 3 . 2. 4 0- ?• -3(c-o). 

8. 25- 9- (i) (''+l)(a:* -+!)(*“ + !)(..' -a:‘ + 1). 

(ii) (2a + b + 2i‘)(2a + 2b — 3c). 

(iii) 2(j;+ 1)(2^+ l){ry—lXx-y). 

(iv) (». + 3- 2»)(.(,» + 3 + 2c). 

(v) 3(o + d+ &+'•)(« + <i+c+f){b+ e + c+f). 


10. 5(tt+&)“ 



ANSWERS. 


xiti 


_ IX 

3. :V133. 5. ..’>+(a+b)x*+2alx+l. 

6. 2(a)“ + ?/* + ;*)■* 6jcy{x+y)+6z(g—yy. 

7. (i) (« + i-l)(a» + b« + l + a + 6-a&). 

(ii) (a“— 1). (iii) {a+b^bh. 

(iv) (a + 5— ;V)(n— t + oc). (v) (ie+l)*^* — 

(vi) (z—a)(i +a+2y). (vii) (7x—l)(‘2i—b). 

10. -1. 

X 

2. a* + 12a* +48a + 6 K 3 I- 4- Sk’ 8o*i»— 4a6* + 36*. 

5. ,,« + x * y *+ •*»/’+?/' ; ■•’* - >^" y *+ + ; 

7. (i) (4..» + 3 + 9.X4*'* + 3-9.). 

“ -i 0 ( 4!^ • 

(ili) (.<» + 3<+l)* 

EXERCISE 31. 

1. 2. r >'‘. 3. 4- :V9‘- 5. 'V- 

6. 7. ya'c--. 8 l-ta’"/,"- . 

EXERCISE 32 

1. a* — al)+6*. 2. 0+1. 3. j + 1. 4» .1—2. 

5. *— /j. 6. *•“>/• 7. *“ + 2* + 2. 8. a’— 1. 

9. 2a’+". 10. 0—2. 11. a + c . 12. *+y + s. 

EXERCISE 33. 

1. ir* + 2.i. + 3. 2. .'-I. 3. ** + 2. + 3. 4. 2<-7. 

5. 2<-l. 6- (' + 1.“- 7. •-' + 2* + 3. 8. a*+4.t+5. 

9 . ('-lA 10. (a>-a,raV. 11. .<»-!. 12. 5a:>-l. 

13. *-1. 14 a *-«+!. 15. x-1. 16. a-1. 

17. l+a+rt“ 18. a*-3(-4. 19. 2t + 3a. 

20. a:> + 2a;+3. 21. 2Ca;«-2a. + 2fl»). 22. a)*-(a-6>+J*. 

23* x+a. 24« ■ 25. a + b. 26. x—2. 

*s 

27. *+7, 28. 2< + l. 



A1.G1$BRA, 


xiV 


3 . 


1 . 

4 . 

& 

8. 

10 . 

11 . 


1 . 

2- 

3 . 

4. 

5. 

6 . 

7 . 

8 . 
9 

10 . 

11 

17 

18 . 

19 . 


1 . 

5 . 

9 . 

13 . 


EXERCISE U. 

7. ab = a*-c*. 13. ..-4.; a=4. 14. 7. 15- 8. 

r-p 

EXERCISE 35. 

54x*y*::*a. 2. 120(7 Vi 3. 6*,(»(j:»- 5«). 

(•'* — 2«* — 15)(«4“l)* 5 + 

(a; + 2)(.i* + 3)(.^'-h4). 7* .c +a)r ^ + 6)(a;+ 

c*)(.(j— a®). 9- (4t'* -5«* + l). 

(a-&)»(a + Z^)*(a*+a7>4-5“)*((i* + ?;«). 

3(a-- 6)(6— c)(c— a). 12. (^7" 6®)(b + r)(r + ri). 


EXERCISE S6. 


(3a"-fT-fl)(2a-3)C3a~2). 

(.« + r) f 2 + x^(2a - Sh)- (2h^ + 3rf 6 ) + 3i^" j . 

(»+ l)(2«*+l)(3/-2-.i 4-2)(2«*— r -4). 

(a* + 2a +3)(3a* + 8^)(4rt*+ 9). 

(33j— l)(2ij-3)(2a;+l)(2i'4'9). 
(3a-2X4a-l)(2a-f :))(2a- 5). 

(a* — 3a 4* 20) (3a + 4)(a + 3). 

(x^ — 2x* — X— l)(aj^ + *4-2* +1). 

(2a + 3b-¥ c)(a — b - r)ra - 46-44r). 

£c^ + 2aa;®— a®aj— 2f7’. 16- -2. 

(x— 5)(sf— 6) and (^ - 2)(^« - 5). 

(<’4-4)(a;— 3) and («-l- 4)(ap— 5). 

(.f 4 1)(.«j 4-2) and (x+ l)(x-h3). 


.r -- a 

X 

a+ 6 
g— 4 
.£— 5’ 
3a!-l 

2»-l* 


EXERCISE 37. 


2 . 

6 . 


1 

•i + a 
1 


3 


2a -3b 


2a 


3a 

b + la" 


7 . 


c — I 


ar*-y*' '' *-4' 

10 . «f— 3. 11 . a+5. 

14 


8 . 


.3.£+4 

2/i* + 5.6-1' 


12 . 

15 , 


4 j !+2 
. 6 + 1 * 

35—2 



ANSWERS. 


XV 


16. 


18. 


21 . 

23. 

26. 

30. 


ar— 1 0 

-t* -h.# a;*— 7.c4- 10 

— 12a;+o5 .‘).<<5aj* + 1) + 4y* 

9*» -4 ■ 2(2iJ~3y; - 


19. 


- 17 

1 

4a*.< * + 3aa;“ - 1 

(5 + r -a)(c + a -Z>). 24. 

~ 27. 3(« i;. 28. 3 


20 . 

22 . 


5a*(a-\rJ:') 


«*(.«* +a.t!+ a*) 

’(a+6 + c). 25. -3. 

( a - l )( fc -») 
(o+lX^+ 1) 


29. 


n -/>+<• 
a -ib - 4r 


EXERCISE 37-A. 


1 . 

4. 

6. 

8- 

9 

10 . 

11 . 


12 . 


2aby^ , yx, : he, a<‘, ah a*, Z»*, c* 

iib’‘y^ abc ale 

e, a, h [b -c)(e a), (c—a'(a—b), (a—b)(b—e') 

abc "■ (a - h){_b — c){t — a) 

c - a, a h, c h a(a— b), b(a+b'), ah 

{a b)(b c)(c ~ a) '' ab(a* — b*) 

Ca_ h){a» + /j»), (a + bYaO - 6»). 1 
a" -b" 
ti . ,( - 1,^-2 
{X- i){^x--2)(x 3) 

f.*4- + lK.<+l). f.. — !)(*»+ I), .i* 

J 

a(6+r), b(c-\-n), e{a-*-h') 

(a + b) (b + c)(e -t- a) 

(a - ?>X.r - r), (b-r)(x-a), (r -a)(x- b ) 

(W — — b)(A — r) 


1 . 

3 

6. 

~ m 


EXERCISE 38. 


(!+.<)* -j;*- 

8t + 5 


a 2(4o*+96») 

4a*-9b* 


(2^+ l)(4a!+3X3«+2) 

2 

*(«+ ' 


4- 


7. 


2ah 

a*--b* 

3*» 

*•-1* 


5. 

8* 


a—x ’ 
4a* 

a*—*.*. 



XVI 


AI.GEBRA. 


2t-3 
1)(2 1+3) 


2 
4a & 


hv^ ’^hc( a^ — ac + -h a(a''^ + 

^(a® 4- x^) 

4r~3v 17 - ^ Q 

^ * -.2 * IT • r . J- I W . _l_ 4 " 18’ 


4»i/* — jy*' 




ah( 3 a^ 2 h') 

(a — by 

15. 1. 

/(♦»-- 20*+ 2) 


(^1 — ajX^ + 

12 

(a— &X5-rXa~0 
(a + b)(J)-h c)(c~\'a) 

0. 27. 28. 


‘2(^+8) 

22. ^-,,xr+5/ 23. 

. 25 - - . 

.r» OQ 2a»-31a-2 

(;*-<7)-' ' a.-4 ' 


23. 0 


(l-a*Xl--«*) 


EXERCISE 39. 

Ka> + h^). 2. a + t. 3. 4. 

a*ia—l>) c . 7 1 a 1) 

a»-.rs <• 8. 

10. 11. 


7. 1. 8. 


v(^+ n 

(.<.v + U(*F+* + =^)' 

fa4"^-~0 cr + 7>) 

4 

a^(a^ — av-\ - i^) 

{a— x){a^ — u •*') * 

— a*-+- 

— a* — ar 

1 

(.t + 2j»(.«+l)*(a;-6) 


6- 

<0 (c+tZ)® — 

4(a6 + n/X 

18. I. 19. 

21. 1 ; (a‘-Z;»)(a» + a6+fc*) 
; a:»(a'*-2.e+4)(.i»-4). 



ANSWERS. 


xvii 


23 


1 . 

7. 


11 . 


14. 

16. 


18. 


20 . 

1 

5 


11 . 


16. 

19. 

22 . 

24. 


a— 1 

(a* -h iXa*4- !)(«+ 1) 

1 

abc{a b)(b + c)(c + 


; a'/>’c®(a — — c)(c— a). 


EX BOISE 40 

1. 2. 0 . a 1- 4. n+m. 5. -1. 6. -!• 

1. 1. 9- a + h + c. 10- a® + ?>* + r*-f-ab+ac + 

^ iO. 13. -i 

— l)(r— i) abc {a-{‘ic){b + x)(c'^ X) 


[ 




(a—x){b — .c){r — x) 
a +fe 4 -c— aZ> — ac — he 
(a—iXb — i){r-l) ‘ 
mx^ — nx+p 

(a + «< )(*+ 0(^*+iry 


15. 

17. 

19. 


(a— aj ) (6 — 




(a — a;)( 6 — ./ )(c— a;) 


p 

p 

EXEBCISE 41. 

2(^_i2.+ n) 0 

2 6. 0. 
a — 0 

7. a-. 8. 2. 9. V 10. -1 

X 

1. 12. - 

n, 13. 1 14. 1. 15. 

2(a-J- + 

x—y 

17. n»+6» + c*. 18. 2(a* + «.*+.'' 

-3(a + bXb+rXc+a). 20. - — - ■ 21. 3. 

a+6 + r 

(a-|-Z>-hO* 

23- ab-^ac+hc. 

4 

n 




EXEBCISE 42. 

J— 1 . 2. + 

— a a;— 6 a*— 4 «+2 

27 


1 . 



xviii 


ALGEBRA, 


2 (*+ 6 ) 
1 1 


a! 4-2 K*— 2 x+i 

6- 

d‘+a-\-b X'^a—b 


26—1 'Sx---i d‘+a+b X'^a—b 

7. y-gp ■ ^)-q o 3 _ 3 

(Jj — a)(a;-|-a) (6— a)(a:-H6) 2(a-i-l) a4*2 

+ . 
2(a + 3) 

g ap* + hp+c ^ aq^ + hq + e 

(i»- 9)(p~ »■)(*— r) (y-pXy— »')(*~9) 

^ ar* + &r-Hc 
(r- 2 ))(r-y)(a!-r)* 

10. u- 

» ,4j+.a-7f4- 

EXEKCISE 43. 


1 

7. 

12 - 

16. 


2. 2. 3. 0. 4. 1. 

^ 6«(a+26)'‘ 

1 8. 1. 9. 10. 1. 

a a—b 

c^+rd-id* (g— ^)* 

-JVd {g+&)(g* +«'•)■ 

5- 17. '• » I.TP- “■ 


5. 0. 6. 1. 
11 . 

a 

14. 0. 15. 1. 

1. 20. g. 



ANSWBRS. 


XIX 


3 . 

a 

1 . 

5. 

7. 

3- 

7 


1 . 

5. 


10 . 


2 . 


2 . 

5. 


EXAMINATION PAPERS-SECOND SERIES. 


4ji-5 

0 . 


I. 

4. (.r-l)fa— 2)(®-3)(*-4). ?• 

10 - ' 


x^—sey+y* 
x* + xy+y* 


II. 

(a+ 6+rX^*+'* — a)(c+ a — b)(a + 6 — c). 
6»® — «* — 43a:* +43** + * — 6. 


(i) (2n+l)* 


o(x*+t* + l) 
(“) — 


9. 


III. 

(a — 6j(6 — — a)' 4- ' + . 6. 7a._4‘ 

(a+fe+r)*. 9. 0. 10. i>=4; g = - 1 ; r=4. 

IV. 


(2a - 1)(12*» + 4a* - 3a— 1). 


a*~ + 2 

3 - a "+2 ■ 


x* + j.y-^y*. 6 . 

(ii) {x +y)(z+x—y){t— f\-y). 

... a;(y»+ 2^y) 

' y* + 2ay‘ + .t.* 


(i) 2(a-b){l—ab). 


(ii) 


e(.« + 2 ) 

a:* + 3r+ 1 


V. 

p-q. 5. (0 (a* + Jjf + l)(a* + ^ + 3). (ii) (e+a)* 
(« + 6)*. 6. (i) .3(a + B+c). (ii) _** . 10. 1. 


VI. 

6(4*-y)(.3.»-3t»y + !By*— y»). 3. 6; 30. 

(i) 4. (ii) 2abxy. 9 1. 


CO 



XX 


AlyGBBRA. 


VIL 

1. (ac + hd)(hc + ad). 2- 3- 

7* a^(a®+l)(o® — a* + a* — a*+tt*~- a+1). 8. a*+3a + 
9. (i) 2(5»* + 5iy® -'8af2/). (ii) 2>+ (iii) 




VIII. 

6. 

(i) 0. 

coo. 10 . ^^.,+.,^.2 .+ 3 



IX. 

1. 

6*=a». 

3* (a — 4)(a— l)and(a 4)(a — 2)(a — 2 

4. 

II 

II 

11 

6- 

9 . 

«(n — 1). 

X. 

1. 

7S — 1. 

3- H.C.F. of Nr. and Dr. is .<*— 3af-f 

4 . 

2^yz. 

7 . (i) (ic+ a+ 6)(.t® + a® + 6® — o.< — 6.i — ai 


(ii) r) {(.T—a)* -f -j- b(x^ a) + c(.i ’-^a)’-^hr 

g. (i) .t+tz+c. (ii) 1 . O’ii) 2. 

EXERCISE 45. 

13. 2(6a»6-H20a36» + 6a6»). 

14* 2(a;^ + 

15. 5a[/(a + 5)(a® + Z/*). 16. 7a6(a + 6 )fa“ +a 64 Z>®) 
17. 80a. 18. -] 22 /. 19 -5103a®. 20. 16. 21- 6. 22. 
EXERCISE 46. 

1. 9a6+c*. 2. 7a — 36. 3- a^“-t-6A’+r. 4. 3— ic+2/ 

5 . 6 *— 2i/a*-a. 6 .<-» + 4a:-l. 7 . i!- 2 «+“. 

2 3 

8. Zju*-\xy-^‘6y- 9- .<*-»+]. 10- + 

11- 12. *+^-1- 13. \+^-l + a. 

y w a* a 

14. a + J*. 15. a*— 6» + c»— i». 16. a»+(2&-c)a+r» 



ANSWERS. 


XXI 


17. a-2- 


18 * “+ 2 ^ 1 - 


2 ** + *— 2 

2*-l • 


•20. a+-iT,- 

a + 2 

EXERCISE 47. 

1. 3a* — 2a+ 1. 2- ** — 


3- 


4- 5- — Zxy+^y^, 6* — a“a;*— a*. 

7. ’^+^+.3-2.^ 8. 4a* + 2a-l-l 

b* b a a 

9. 2(e— l)*+.5ra— 1)-6. 10- (a-l-)» + 3(a-l)-2. 


11. 

rt + b — c* 



12 . a^+<-»—2b 

*. 13. a- 

- 1 - 2 . 

a 

14. 


1 

. 

+■ 1 . 


15- 05-4- 

^ 2 . 

16. - + ^+l. 



a* 




X 

y 

» 

17. 

« = 

ao. 

18. 

ap = 2 . 

19. 

a* -f 6* 

'*• ■ 

20- o;==.3. 

21. 

.7J = 

6 a« 

22. 


=9^ 23 

2 a*- 

•a + l. 24. . 

u® **30* 4* 3. 

25 

2 »* 

'+2»+3. 




26. a»+a*+3a+3. 

27. 

c — 

3a5H- 

■ 2 tt* 

= 0 

; 3& — 2a 

;*=^d. 

28* p* =4g. 

29. 

r» = 


; 

+ 8 r 

• = 4pg. 

30. 

/?— 3 =3p*3* 

; p»=63» 


1 -- 


a* 

a« 

. 11 ®* a*, a® 5a® 


Ol* 


' 2 “ 


16 

128 ' 2 

8 16 128* 


32. 

-( 

1 -^ 

.2 


— 1 ; a 


— — + V 


\ 

2 a* 

8 a* 

/ ’ 

V 2 a’ 

“ 80 *^/ 


33. 

1 + 

a; 

.3a,3 

+t4>** 

; I-*!- 

h 4 “ 4 - 


2 

8 

16 

128 

2 

8 16 

128 

34. 

ai 


h _ 

6 * 

+4^- 


I ; 


2 a 

8 a* 

16a» 

128a* j 

f * 



\ 2a 


A* \ 

2a 8o* 16a* i28a* /' 



ZXll 


AI.GKBRA, 


EXERCISE 48. 

1. 2a;»-3a-+l. 2 n+1 + 1. 3- “’‘--'+1. 

(1 4 

4. a;* —.(' + 2. 5- — 3a*+l. 6* 

a 

7 . a-4+“. a 1-2. 9 . (a~ 6 )^ 

a a* 

10 . >*+a’+l. 11. rt+' — 1. 12- .\—y~z. 

a 


EXERCISE 49. 


1 . 

./ ^ — Bflf-H 2. 

2. 

2./ ^ 3( 

06 


4. 

*4-a;-f 1- 

6 

*‘ + ii+ \ 

a* 

6 ^a-*— 2a;+l. 

7 . 

.r = 2i, a 

aj = l. 

9- .<' = 1. 

10. =7. 

11. aj = 13. 

12 

1-|. 13. 

1 

z 

14. .*-2. 

15. 36 = 

a* ; r—a’^. 

16 

P* =3q ; 

3* 

17 

4-»=9//ti; 

hd = I6(tt, 

la 

1.. 

3 9 

5a: 

22. 

qr = lOOZ = 



EXERCISE 50 

1. a-» + o’. 2. a-1. 3- •■H' ' 4- .r. 

s. 1 \ 1 1 < I ' t /■ 

5 . a'^h" , 6 + .r 4 - 1 /''. 

7. 1. 8- rt* + t + 9- 0. 

10 (*■* --4)(a;"’ -3) ; + +?/-) ; 

(a® + Z#* +a/v2)(a* + — ; (a: + a; '-Hi) 

X (a?® +«”•— a’~aj“ *) *» +a~*)(a^“ + a”*)(a“^ + a"’)- 
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11. 

x + y+Vxy-, (.1 — 

»/)x2ndExpn. 12. (|) 

13. 

2"+H-2«''. 

14. 

1 1 j. -4. 

7/a. 2+ 

15. 

2j^ — 3?/*^ 

16. 

i ^ + 4f ^ -f" ' — - 

17. 

d-f" < 

18. 

fl + 342)2 

•t* -f- 3aj. + a* 

J 

/'I 


=9- 


1. 3;/5. 2. 41^2. 

] 

4/9 


EXERCISE 51. 

3 . —43. 4 —20bV2a 


vq- 6- — 3a?). 7 4^3, .^2, 4/6 8* -yS is greater ; 


yO is greater. 9. a^h , .,y , (*+ 1) y, — 1 ,// --i-—. 

V 

10. 4/77; ‘^ 27 . n. ;v 7 > 4 y 3 > 4 y 2 . 

12. 42 ; y2~’ ; 288y2 ; 3abV2b 13, loys ; 24y3 ; 1. 


3y3.^^. 


15 16* 2x — 2^/ — 4a^ , 


5a* + 56®-|- I0a6 ; 2®* — 2\/a * — f 13a — 57>-f 12^/0* — 6*. 

17. a + 5 — c + 2Vab, 18. 2a6-i-2i/c-|-2ac— a* — 6* — c*. 

19. h. 20 23. 


1, v'S + l. 


EXERCISE 52. 


2. 164-11v^2. 


3 


1 + \/i— .«* 


^ a+v'a* — a;* g 1 + ^/ 1 — i* ^ )x/2 + 2 — 


4 


7, 13 92S ; 1 1*813 ; 27 435, 8- 47. 9 1- 10. 




11. y3. 12. 0. 13. .T 14 1. 15. 
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1 . 

3 

4. 

5 

6. 

7. 

8 . 
11 . 


EXERCISE 53. 


1 3 

1 - 2 * + 2 * 


*+a*6* + o*fe^+ o6*+o’6‘* + 6 


V 


{(^2)<'-(;/2)«}-^(v'2-y2). 

{(^3)*-(y5)*}^(^3+y5). 

{U2y-(t/3)*}^U2-i/3). 

V54). 9. 0. 10. 1. 

a + b. 12. 2+^3. 13. 3-^7. 


14* 6+v^7. 15. ^/a + b+ ^/a—b. 

1& 17. 1 + ^/3^ 18. 

19. 20. .y/^2±£^^ 

21. |v/3--2. 22. l+^/2 + ^3. 23. ^/3+y2-2. 

24. 25. 1 + ^3. 26. 1+^5. 

27. ^/3-.y2 28. 1-^2. 29. 2+y3. 30- 3+^2. 
31. 2+^2. 32. l+^/*. 33. 0. 


1 . 2 . 


EXERCISE 54. 

2. a. 


EXAMINATION PAPERS-THIRD SERIES. 
I. 


1 




2 . 

4. 


— 19600ii!’v*’ + 1225a'*y* ® — 504»/**+y'" ; + ^ 

’(26)**-45 X 22(3o)»(26)* •• +4.5 x 3a(26)**-(25)* » 

— 3.300x49a*6“» + 4950o*6»'’— 100a?-''” + 5-“". 
2n or 2«— 1 digits ; 3n, 3«— 1 or 3«— 2 digits. 

(i) v'5(n* + n4 l)+ v'^(n*— n + 1). 

(ii) v'[(ir»' + 2 + 2«) - -/ V2— 2w). (iii) 7-v'3. 

(iv) 2"+l. (y) y/3+^&+^7. 
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6. (i) 2+^2. 


(ii) a+^b. 


(iii) 2a. 


7. Ci) 


1 + 2»* + 2»‘\/l + iB* 
2x*-l ■ 


(ii) (ya+b + Va-by(^^a+b+>/a-b)-T2h. 

S (i)(a-» + a-»6-‘+t-*)(o-*-a-‘6-i + 6-»). 

1 I iA 1 2. Xi i.1 XI 

(ii) +y‘'^^z * — aj^y*** +aj® 

(iii) (»+ v'j/ + V'2)(v'* + v'y-'/*)- 

10. (a + &)‘2. 

II. 

1. fa) 4a*Z/*. (&) (a® — a;®)®. 2- aj— a-h2^6 ; a*+ 1 +a'"*. 

1 22 ^ 112 . 

5* 6- -f + a®) ; v^ajy+ 1. 

QC 

III. 

1. 2. — 238;a*+12a»6 + 66». 


Q /c\ r ^ Saj® 

<'>“+a“£ 5 ' 

(iii) ?a;» — “at/'® + 


(&) 


^3-1 


(2 — -v/3)(>/3+ 1) 

8* a* — a + 2. 9. — 6(i6+46*. 

IV. 

1. ^ 2. (a*-fc*)®. 


(ii) a*"— 2a"*+“+a*". 

4. (a)l. 


7. - 42a+49;o*-;3a+7. 

10- A = -S: B=-12 ; C = 20. 

V. 


_» 2 < 
-« «.<‘ + o = 


3. 4. 

8. a=»7. 

4. 1. 


10 . 1 . 

4. *=1. 


5. 2. 


2- 4 + V’>. 3» 

8. (ii) 9. -60a*+ 2250-125 ; a»+3o- 5, 

5 


10. 9(l+a+a®). 

VI. 

1 . — 2(a*6*c4'6“o*a + c*a*&). 3* qr^9p$ ; ^27p*Sm 

4» (v'a+v'^^— -yc)(a + 6— c— 2-v/a6). 5. c. 6- 0. 
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7. (i) a/ji — ^/x+I. (ii) TO* — m— m“ — 1. 

(iii) + 8. 0;1. 

• VII. 

1. (a) l + v'2-y». (i)2 + v'3-v'H. (c) ^/3-2v'^ 

(i) 7+V3. 2. a + i. 3. (j»c?=c»; a* + 8v'rf=45. 

6. (a:* + 12a.T + 31a*)*-16a". 7. 10. 9. 0. 


VIII. 


1. (a»..»-l)(a*.<*-l). 

3. — a^6*— ra’ 

5. (a) (b) 


,1 — a 


-cb\ 

2a'^x— 1 
1 T 
a“a?* — a“ai 


2 . 

4. -x^'—5y^. 

6. 15,. 52. 


1. p + q ov p+ q— 1. 


IX. 

2. \ 5 (i)a-ah(l-a). 

n 


7. 

8 . 


(ii) (a * + </“+ c ) 

”1 -2 _1 1-1 _1 -1\ 

X (a +// ’*+c —a^h ® — a -r —6 ‘V 

(i) (ii) + 1) (.f ^ + 1). 

1 

.r 


X. 


1. a to the power of 2*^ ; 2- 

3. 2;166*. 4 rt + ^ 

a 


144a* , —165x3' ‘a’ 
5. 4f. 




l+^/2+^/3 

^2' 


EXERCISE 55. 

1. 14. 2. 3. 3. 2. 4. 2. 5. 3i. 6. IJ. 7. 7. 

8. 5. 9. -IJ 10 .3. 11. 7. 12. -4. 

13. (i>c— ah) •— (rt + ?>— r). 14* ah-r(a + h — r). 15- —3,. 



ANSWERS. 
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16. 12. 17. 5. 18. a-r(l-6+a). 19. 1. 20. If- 

21. 10^0. 22. 23- -h 24. 1. 

25. (o* + 6»)-r2o. 26. (cd-ab}-^(r+d-a-h). 

27 (10-2o)-r(3a-.3). 28- 29- -26. 

30- —2(ab + ac+be)-^(a+b + c). 31. — 2ab-i-(a + b). 

32. 5«-r4. 33. (3a«-7a6)-f-(,36-a). 34. 24a6-^(o+76). 
35. -5a6.f2(a+6). 36. + 37- c+d. 

38. -Ka+6+'-) 39- (10a»+6»)-f-8Ca+26). 

40. a6-r(a+6). 41- ah-T-(a + b). 42. 2(<j + 6). 

43 . (a +6 + c+«^)-r 44. (<■* — a6)-r(a+6— 2c). 

45- |(a + 6). 46- .',(«+?>+'')• 47- i(a+6+c). 

48- a5+ac + 6c. 49- ^,(o+6 + c). 

50 {cd(a+h)—ab(c + cl)}-^(’ib — cd) 





EXERCISE 56 




1 

-8 

2 

1 3. 

<> 

»>. 

4. 7. 5. 5. 6. 

10, 7- 

5. 

8 

7. 

9. 

3 10- 

5. 

11 5 

12. 

5. 13. 

1. 

14. 

-2. 

15 

.36. 16. 

13. 17. 

18- 

7. 19 

13. 

20. 

3. 

21 

If. 22. 

8. 

23. 4. 

24. - 

31- 25. 

5. 

26. 

4*. 

27. «*(6- 

•a).^ 

■-6(0 + 6). 

28. 4J 

29 

4^. 

30. 

3. 


31. |. 


32 

2|f- 

33 

24* 


34. (ab+br-2ar)-^(a+c-2b). 35. f 36- 7. 37. 2- 

38. 2(c— 6— ((). 39- 6a6+3ac + 26c. 40- o6+a+6. 

41. ab+ac+bc a* + 6*+c'‘. 43 — (o+6+c + «i). 

44. -^a. 45. 10 . 46- 3a. 

47. {c*(a- 6)+ 6Ha - c) } ^ («*» + «< - 26c). 

48. 2a6-r(a+6). 49. 

50- {6*(c— «)+«•{( —6)} -r(ac+6c—2a6). 51- 3. 

52. 13. -53. |(a+6) 54- a*-r(6-o). 

55 - (bH—am)-^(m—n). 

EXERCISE 57. 

1. 4. 2. 0. 3- If. 4- 5. 5- 10. 6- 0. 
7. 5. 8. -9- 9- 0. 10- 3. 11. .3. 12- 0. 

13. l{*r- 14 -2 15- 5. 16. 1. 17. -10. 
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18. h- 19- 4. 20. -h. 21. 2a6-r(a-6). 22. &- 

23. 2. 24. 4. 25. 6. 26. 1. 27. -9|. 28. 0. 

29. 26. 30. \ab(c+d)-cd(a + b)]~(ah-cd). 


31. 

(c* — (»6)-r(a +6— 2c). 32. i{a+b—S). 

33. 

4. 

34. 

H- 35. 

Ka+?'). 36. 

37. 2i 

. 38. 

7. 

39. 

2(a-h 6). 

40. 8. 41. H. 

42. i 

43. 

n 5 

3 fi* 

44. 

2i. 45. 

46. 2f. 

47. 8|. 

. 48. 

1. 

49. 

3a. 50. 

(Sab— a‘ — b^)~i-(a + 6). 






EXERCISE 58. 





^ 2 

(a-hb)(7i— m) 

3 

r + q + 

r 

I* 

A* 

a 

2n~2?n.+ a— 6 

o* 

a+p 


4. 

ni 

m{b—a) 

5. 6. " 

ar— cp 

,(ab—cd) 
ad— be 

7. 

4* 

8 

2{a + 6). 

9. ±ac. 10.-. 

a 


11. 

_ 7 

8* 

12. 

a6~(a+fe). 

13. -V. 14. 

-6i. 15. - 

-10. 


16. (— a* +6* + 3a6).r(a+6). 17. 6. 18. 2|. 




EXERCISE 59. 


1 

4. >.50. 

3. 25. 4. U- 5. 

(o— 6)*. 6- <*• 

7. 

6a. V 7. 9. 

}r,«. 10. 20. 11. 

(a— 6)*-r(2a— 6). 

12. 

a 

4 

13. t- 

14- (o-6)*.i-26. 

15. 

, _ {b-2aY 

276 ‘ 

16 81. 17. ® 

18. 25. 19. .5. 


20. 

1 

a 

(6- 

)*• 21- 

n ~ 1 / 

6. 

22 ±1. 

23. 0. 

24. 

0. 

25. 

mw * / 

2r—p* — q’‘. 

26 2r 

-a- 6. 

27 

lOi. 

28. 

5. 

29. 

4. 30. 1. 

31. 0. 

32. i* 

33. 

15. 

34. 

lib- 

c). 

35. - 

2 

36- 

— v^a 

1 + a 

37. 

3 

1 • 

38. 

V 

2tt— b 
a*b 

^ a(a* 1- 1) 
(a+l)‘- 

40. 

4 

6 1* 

41. 

4a 

3 

42. 

1. 

43. 

a(m*+n*)-T-(m* 

— n*). 

44. a(i- 

-!)• 

-r46. 



ANSWERS. 
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45- 

47. 

49. 

53- 


57. 


61. 

64. 

68 . 


1 )». 

26'' ^ 

Va-^Y—t/a—l 

.Sa—l 


«»• 

6(p« + l)» + 4p» . 

“■ a(p»-l)* 

50. 5. 51. H 58. 2a*. 


sa 0. 

27a6c—(a 4- &+ c)^ 
3(a*4-6*4-c*— a6— bc—ac) 

65. a6. 

>• (r-y’» 


-»!• 66- 

(5» + 5*)* 

5^2- 

60. 

6 

7* 

,•68. 1-63. 

— a. 


66. 5. 

67. 

1 

p+ 1 

,(pz_9y’. 

\p+qj 

70. 

78. 


EXERCISE 60. 

1. 10. 2. 16; 2. 3. 70. 4. fl=Rs. 600; (?=il8. 250. 
5 . 20 days. 6- . 7* IxV 

8 . £10 2s. ; £5 Is. ; £4 16s. 

9 . (1) S8^\m, (2) 2 l 3 \?n. (3) ^-^\m past 7. 

10. 35; 2.-), 11. 156 days. 12. 240. 13. 25 lbs, 

14. 16 ; 20 coins. 15» rS* 16- 48 of each. 

17 . — 18. 0 miles. 19. 26. 

p-^(j p-i-q 

20- l^^-* and 90 i 230 and ICO yds. 21. 15 ft. ; 12 ft. 
22. 3. 23 . 23. 24. 14 miles. 26. 7^. ; 11s. 8d. 

26. 27- 14 miles from B. After 6 hrs. 

^ . At/ , An^ 

V + 1)* ^ ’ («+ 1)* * (w4-l)* ’ ( 71 + I)* ' 

18, 22, 10 and 40, 

29. I'he liound 960 leaps and the bare 1,200 leaps. 

30. 180,000 men. 31* 054. 32* 2 hrs, after R 
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33. 121 yds. 34- 99 yds. ; 77 yds. 35- 1,000 men. 
dS. 760 men. 37. 740 ; 1063 votes. 

38. 10 hrs. 96 m. from L. 39- 36 miles. 

40 2 miles an hour. 41. 60 miles ; Passenger train 30 

miles an hour ; Goods* train 20 miles an hour. 


42. 1^0 miles ; 40 miles an hour. 43. 120 bushels. 

44* 5:1. 45* 600 men. 46* 40. 47* 4 hrs. and 6 hrs. 

48* And 4p. 


EXERCISE 61. 

1. .«=5; y=3. 2. .<* = 1; y — 

4. .^=3; 2^ = 2. 5. .t' = 15;y = 16. 

7» flj“2 5 y— 3, 

9. *= 

aq^ bp aq— bp 


10 . 


ac+ hd , ^ad^bc 
*= as + i,* ’ ^“o* + 6*' 


3. .t; = 5 ; y =4. 

6. ..—2” ,-4. 

8 . — 1 » 2 / — * 7 “ 


11 . 


he ac 

a + b’^ ^+6- 


hn + dm^ an— cm 

* ad+6c ’ ^ ad-\-bc 


la 


15. 

la 


19. 

92. 

93. 

94. 

96. 


,,._a. 14 , ^,_ ac(dn+hm ) . 6rf(c»— om) 

° ’ " ad+ be ’ ' ad+bc ' 

*=i;y=l- 16. : y=;§5. 17. *=7 ; y = l. 

*= ahc(ab + ac — be) . _ dbe(ac — ab— be) 

a^b‘ +a^e* — b*e* ’ ^ a*i* +a*c*— * 

e=21;y = 20. 90. .<'=2;y=.S. 21- »=3;y=5. 

^_c—d — a+b^ 

2(6c-ad) ’ 

a— -*• ^*) . y—''(±± 


6 » 

— c* 


2a 

■ ar 


““a(a-c) '’y-b(^-V)' ^ ^-ar=rsi’y—iy» -a»- 


a& cf AM 

,t,z=:-—-y=z 27. a? 

a+£/ 0— a 


b — _n(a+ 5)* — 45* 
'6T^’ ^ o(a*-6*) ■ 


28. pJ=y = l. 29* •t‘ = a + b ; y = a—h, 30- x^a;y^b. 
31. a>=y=l. 32. x^8;y — 4!. 33. x^4!; y=2 
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•34. 

® = 

6® + c* — a® 
2a 

c® 

2/*=- 

+ 6* 

. 26 

35. <=2;^ 

— i 

3- 

36. 

35 = 

1 

II 

Ci 

1 

Df. 


37 

b—c c 

x= 4 ; y= - 

a— 0 a 

—a 

38. 

85 = 

1; y = — 1. 

39. 

•'■=1=.'/. 

40. z-a*-,i 

y = 6*. 

41 

85 = 

3;y=2. 




42. .«=ta;y=-|a. 

43. 

ar= 

— ifa; 2/ = ti 



44. .« = 

= (a + 6)* ; y = («*' 

-5)*. 

45. 

35 = 

,V=343. 46- 


a5 = a+ & ; y ==a— 6. 47* •<?*=«; 

y=6. 

4A 

£C = 

/j*(a® + l)(a 

4 _ 

-1). 

a*(6* + lX6*-l) 



(a*6*-lXa* 


6*)’ 

^ (a*d® 

— l)(a*— 6*) 


49. 


a(a^ + ab^h h^) , 
6(a + 6) ’ 

y = 

^ . 50- x = — ab;y = 

a + 0 

:o+ 6. 



EXERCISE 62. 



1. 

1; 

2; .3. 

2. 

1; 

2 ; .3. 

3. 35; 30; 

25. 

4. 

2; 

3; 4. 

5 

7; 

10; 9. 

& 24; 60; 

120. 

7- 

1; 

2; .3. 

8- 

8; 

10; 12. 

9. 5; 7; - 

3. 


la 24; 60; 120. 11. x=y=z = \. 12- . &c. 

n{p + m)—pm 


13. 

16. 

18. 


19. 


20 . 


T » 'sV > W* 34* i ; J > 4 . 15 . ly i ; 2^„. 

10; 6; 2. 17. -2;-|;i 

_ Jl . 1 . 1 

(c—d){c—h) ’ (6— oX?*— c)’ (o— 6)(a— f)' 

a!~2\a''’ 6 c/’y“2Vo'*'c b) ' s~2\ c a/' 

ahc ; ah + ac + hc \ a + 6 + c. 21. »< = jrr > Ac. 




22. ic = 2/= ^ ^ 


23. 

6-6 3 

6—26 

26-3' 26—3’ 

26-3‘ 

25. 

»=y=s=l. 



26. 

28. 


&c. 

'zhc 

<> f j •“ 1*8 » 2d* 


27. 1;2;3;4. 
1;2;3;4. 30. 
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EXERCISE 63. 

1. *=3;y=4. 2- .f = 12; y=5. 3- *=12;2/ = 13. 

4. ®=14;y=20. 5. <«=3;y=2. %. x=^-,y='P^ 

a* + L a* + i 

7. «=2; y =— 3 ; z=l. 8- »=l;y=3;«=4. 

9- x=se—l-,y—a—c;e=h—a. IQ. .e—h—c;y=c—a; 

z^a-b. 11. = 


, &c. 


12. a: = 6 + c— a ; 


13. ®=^2/=t;==; 

a 0 c 


15. . = 


(a— 6Xc— o) 

y = f-|-a — b; z=a-^b— c. 

14. x=a-, y = l; z = c. 

(a — A>)(a— c) 

16- x^h + C—Q \ y=^c-^ a — b;z = a + b-~(. 17- a5=-;?/ = ^. 

a * 0 * 

r= 18* xs=a; y = b : z = r 19- x = a; y=h;z=(\ 

r 

20* x = a^’—h* ; ;/ = c* — a*; = ^c*. 

EXERCISE 64 


1 

X' 

= !-> 

-b; y 

=6 



2. a 

. 1 ... 
’'3' 

3 

X = 

= 4; 

11 

CO 

4 

X=bb; 

y = 4;h- 

5. 

a’=y = 2. 

6. 

.1 = 

> 

11 

p 

7. 

I> 

II 

= 5. 

8- 

.1= 10; y= 1. 

9- 


II 

II 

O 

( 

10. 

(r=l ; 

2/ = 2; 

c = 8. 

11 

X- 

= 1; 

2/ = 2 ; 

: r=8. 

12 

II 

; y=q-, 

z = r. 

13 

^ = 

V- 

' a— 6,(a+ 6 — c) 
2{b+<—a) 

, &c. 

14. 

x=y==z==a. 

15. 


= 2; 


;r=4. 

16. 

Consider^ , 

1 ^ 1 
— , ana — as 







xy 

yz zx 


the unknown quantities- 17- + 

2\ 0 c a /* 

18. ]_=i(6»+c*-a»). 

X* 
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XXXlll 


EXERCISE 65. 

1. 24; 6. 2. A’s 58 : JB’s 18. 3- r.. 4-82. 5. 376. 

6- 2». 4i. ;3d. 7. 106f, yds. 8- 457. 

g. 36 and 27 miles per hour; 756 miles. 10. 27s. ; 15 beggars. 
11. £2,700 ; 9 men. 12- £56; £33. 13. 41 w. 14. ; i. 

15. A in ^ ® -- ^ -- 


^UUC j T> • ^U,UV J ^ . 

— days ; B m -r days ; 0 in 

oc-l-ac — ab ab-thc^^ac 


ca •¥ab—bc 


. 16. 4 ydse ; 5 yds. 17. 72 lbs. 18. 40 .V 


34i-i 19. 17f, ; ; im gals. 20. 6m ; m. 

21. 150 m. 22* 3m. 23- 33 m ; 6 m. ; 6m. 24. .4. IJ m ; 

B, 1| m. 26. 27 m ; 3| m. 26- 12 ft. ; 9 ft. 27- 265. 

28* £6 ; 20 persons. 29* 8 and 12 gals. 30. 90 miles. 

31. A, in 5 minutes ; S, in 6 minntes. 

32 2| and 2 miles ; distance 5 miles. 


33. 

100 m and 2.5 m. 


34 

b(n- 

-l)-~(a— r) miles. 

35. 

50 lbs.: £70. 36 

. G and 10 

qrs. 

37. 45 m and 22| m, 

38. 

10 and 12 m an hoar. 

39. 

12 m. 

40. 33i m; 48^ 

41. 

45 and 30 miles. 



42. 

30 and 60 miles. 

43. 

4550 I; 1750 0 ; 

3853 

A. 

44. 

432. 

45. 

Rs. 1,2.50; 1,500; 

1,250. 

46. 

63 ; (20 ; 21 ; 22). 

47. 

36 m ; 12 m. 






EXERCISE 

66. 


1. 

±1. 2. ±Vo. 

a 

±4f- 

^/5 

4. 

5 . 

6. 

±2^J. 7. ±1. 

a 

i;0. 

9. ± 

3. la ±2. 11. ±6. 

12. 

«. ia 

=1) 

— 1‘ 

14. 

4; 0. 

15. -2a. 16. ±1, 

17. 

d=V'2a6 — 6*. 

18. 

±5- 



22- i.v/d. 23* 24* ifl* 25. i— 


28 
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AIX^SBRA. 


EXERCISE 67. 


1. 

4 

-2. 

2. 20 

; -6. 

a 

8; - 

-40. 

4. 

1; 

-8. 

5. 

1 

-20. 

6. 25 

;-l36. 

7. 

10; 

2. 

8. 

3; 

-1. 

9. 

7 

_ * 

2 • 

10. T ) 

— f . 

11. 

2; 4 

12. 


18 ■4“ 6^3. 

13. 

3 

4 

'6'* 

14. 2; 

ii- 15. 

K27±'/67). 

16. 

11; 

-13. 

17 

1; 

lOf. 

18. 

7; - 

U. 



19. 

6±\^30. 

20. 

o*. 

— «(a 

* 6— a6* + bed + acd) - 

—bc(ah 

•^cd^ 

-od) 

=0. 


21. 

6; 

a* 

T 

22. 

1 

a 


23. 

-(a + 6) ; 

6— fl 



24. -a; 
fS7- C-, - 


a ; — ‘dab. 25. o ; b. 

a* +ac + b* + be 


’ a + </ + 2c 

29. 2a- 6; 36- a. 

31. 2a— 6, .26— a. 

33. ±V(<*‘ + *»*)• 

„ 2ah—be—ac 


26. 

a + o 

28. |(-3±^3). 




35 . 0 ; 
38. ■!; 


a+ 6— 2c 


2 2 V p + 2g 

32* ±-v/(a*+ 10a6+6*)* 

a* + 5* 2a64'^*— "tt* 

26 ' 2a 

36. a+6;-^. 37. 0. 

a+ b 

i±^(iH^) siv'm 

2(a+6; 


41. |(-ll±./i3). «. 43. 


44. — ^ }o* + 6* ±\^(o*— 6*^* +4a6c*j. 45. t 

'Zab a+6 + c 

X |o6+ ac + 6c (a*6* + 6*c* + c*a*—abc(a + 6 + c)| . 

46. 49 ; 9. 47. 18; 3. 48. 4;-^*. 40. i;V^. 

50. -(2a-36)±.y(56»-12a6-126»). 51. 1 ; -8§. 

52. v'3+l;-KV3 + l). 58. 

» 8.-20- «• *>-«• 

57 . 7;-l. 58. n;-5. 58. 3;-f,. 60- 2J;-V*. 

61. 4(2a+6+^l+4a*) 62. 3; 4. 63.0:1{. 64. 1. 



ANSWERS. 


XXXY 


0; -2|. 66* b. 

Maltiplj oat and cancel terms involviug c*. 

1;3. 69. 

»(-l 4 ->/ir 3 Y; -(l-^)d:v^(I-fe)(l+ 7 t) . 5 . 3 . 

I ; ^2 + ^3 + 2. 

iftn* + w*, / V m* 4 - n* \ _ 4mn *) 

^ \m*— n* V n*/ m*— n*J 

(w + '( 7 / 2 * — 2m+ 5)aj-"(?w*— m— '2)=0, 

0: l+l. ^6. 77 . 0; 

a b o a 


2(o*+6*)+2(a+t)v'<t* — «t+ 6* rm n- —2-* 

(a- by * ’ ’ ■ 

d;2 j db*^ — 

EXERCISE 68. 

5;1. 2. -1,1. 3 . 0;|. 4 . -:,0. 

l-a;a*-a+l. 6- 

&■— o* a*— 6* 

X*— x— 12=0. 8- aj* + (a— 5)a' — a6=0. 

«• — 2« + 1— a* ■aO. 10. -f (c— a)aj-h(a — 0=0* 
a!*4-(a-|-f)&»+a6*c=0. 12 . 4 a> + 1 « 0 . 


1— a j + 1. 


14. 

c 

b^-Sac 


» 16. 

c* c a a^c 


b*— 3ac j ^0 — flc jg ac)(6*~*3ao) 

a* ‘ ’ o* ‘ a* 

(05— l)Ca*aj-'6*a!'fa*— c*). 21* (aj+ a— 6X«+^>"“c) . 

(«—!){ (t-fc— 2a)»— a— 6-f 2c }. 

(.c— 1) {aflKi>‘- c) — c(a— &)} . 

(ar— 4— -v^5)(aj— 4 + ^^5). 25* +a6)(.t; + 6* + a5). 

(aj-fa*— a6X*® 

EXERCISE 69. 

2 ; 2. («*-4.)*-(#*-«)~132«0. 

±3; 4. »'=Kw±‘/m* + ^). 6. 81; 9. 



xsxvi 


algebra. 


6. J ; 4. 7. 0 ; •>. 8. 0 : g. _i . 

2’“+! ** ’ 2 

10. «c+ l = ~2a d:-/i!a4-2 a;»_l _— 2db'\/l— a* 

* 0—1 a,» 

111 2. 13. 4. 14. 1. IS. 4, 

16. y*+3y-4=0(y=v'a:»+6a!+7;. 

17. y»+ y— 20= 0(y = -/*»■+ 9;® + 3). 

18. »• + y— 6 = 0{y= Vx* — ,5). 

19. y*-%— 35 =0(y =^/7»-8 i + 40j. 

20 - y* + 6y— 16=0(j/ = y 2 .-*— 3«+2). 

21- y*— |y— U=0(y = >/ai*-2«^^3). 

22 - 9 ; — 2 ; |(7±v'r73). 33 . 1 . 24. 4 ;_ 9 , 

30- y*— 2y + 1 = 0 where y = \/ 3 *»^Z 2 H^qrj 


31 

/a + b' 

9P9 

V 

y 7x 

/ nr (j\ q p 


\a-b. 

) = 

(aT6) 

32. 3,2. 33. 2;-l. 

34. 

±1. 

35. 

?r» 

i— ?r* * 1 — w 

; W = imaginary cube root of 1. 


36. 2:6-; 3±v'21. 37- Divide byai* ; and 2)ntiE--=y. 

3! 


38- ±1:2; -j. 

4a 1 ; f(-3±.v/5). 

42. J(7 ±^/S3);i(l±^lO). 


39- 1(1 ±^5) ; 3(1 ±^2). 
41. 1:1; ±^/^ 

43- .e + i = ?jO or — L*. 


44. Divide by «• ; and put ai + 1= y. 45. 1 ; 4 ; ± v^IZT 


4a 1;2;H(5±V17;. 47 . 4 . 3 .,. 

48. 6 ; — 1 ; i (5±V'-39;." 49 . 80 ;— o;|( 7 ±'/^^;. 
50. f;i(3±^/^0): 


t9|M 



ANSWSRS. 


xxxvii 


|(5±^l3);|(5i^-3). 

X* + 5as0= — 5o* iv' a* +c*. 

( »+ ±y + a( x+ + 6 = 2 « 

\ ud,/ \ axj a 

(*» — 4aa!)*— 2a»(t*— 4x.)— I5a* — 16r* = 0. 

(t*-9t)* + 38(x*-9a:) + 336 = 0. 

( (,■ + 2 Ij!)* + 158(< » + 21®) + 5565 = 0. 

I-* + (2o + 36)a)+a* +3a6+5*= ±v^(6* +0*). 
y*— y+7f =0; (y=->/x* + 4ix — b). 60. 

l; 1 + tJ»(3±v':= 7)*. 61. .^»+3»=ior -f. 

<.= 5 (obvious). 63- *=5 (obvious). 64. 8; — V** 

.L'l Hit 1 — 44^6 ^ , (v^a+^/6)*+4 

±o. 66. 1,— 67. 

(a:* + 5*) » + 6( i* + 5»)— 40= 0. 

<-• + .3a;= 4 oi- —2. 70. 4ai»— 3*= 1 or 2^. • 

a.*— 5t + 7=0 or 1. 72. »*+a;=6or— 7. 

K-4±.x/ 34). 74. K-3±^m 76. 2. 

v»+*«K-1±'v^ 3). 77. 4, 3; i; J. 


1 ; — 47±^1^ 79 + 5a! = 36 or 1. 

46 

81. i;-4i;-2±y^. 

1, _3,-i.83. (^)--(|if)‘- M. 

0; -3; 12; -15. 86. 4; 3^3. 87- 4;— l;f;|. 
2 

90. OS , 5, c; (t+a)(» + 6)(a!+r)= t*. 
— (o + 5);— X {— (a* +6*) ±^/(a+ 6)* +4a*5*}. 

2. 93. 2;2±y3. 94. 0;|a. 95. l;-3. 

**+3.= |or-V. 97. 0: i;i(l±i^^). 


98. 1 ; (»-l)*=Kl:W65). 99. 1 ; 2±y2; 2±^'l. 
100. 0; ±^/-5; db-Zy. 



xxxviii 


AI^GBBRA. 


EXERCISE 70. 

1. y=10,^. 2. •c=±3;y=±l. 3-.»=3;y=l^ 

4. 3a;*y*—196.4jy + 2380=0. 5. ±7 ; y==F2. 

6. *=1 or I— (Itv' 2)® ; ^=0 or — l±-v^2. 

7. a;=5 or — 2| ; y=8 or 

8. .cy=4; a— y=— 9. 9- «=* ±6 ; 2 /= ±3. 

la « = — |?a; 11- JJ==db7 ; 2 /= ±3. 

12. x= 4;2/=2. 13. a;=3 or — 2^=3 or — 

14 . »= 1 or I ; y=2 or 7 . 15- cr= — I or 3 ; I or —3. 

a(m4-n) a(in — n) 

&•— a* 

17 . ajy = — ^ ;,i + y = b, 18. .t=3;y = 2 . 

19. *=0:1; ± J.;2/=0;2;2±v'2. 


20 - x=± 2 ;y=±^. 


21. 

dy yo 

KSa* 

±\/ 

5a ^ 


(and X’¥y^a, 


m-\-n 

mn 

•fl 


m 

mn — 1 

22. 

* mn + 1 

or - - — 

rn^n 

» y - or 

?ww— 1 

n—m 

23 

.( = 3(z 

or - 

■2a; y: 

= 2h 

or —35, 



34 . a!=2;y = l. 

25 

aj=3 ; 

-4; 

2 or - 

-5; 

01 

II 

?ri 

-5 

; 3 or 

-4. 

2& 

a;=2 ; 

y=l 


27. 

»=y= 

= 1. 


s 

11 

11 

I-* 

f 

29. 

aj=4 ; 

y = l 



30. 

a; 

=8 : y 

=2. 

31 

«=3; 

y=- 

-3. 


32. 

X 

= 125; 

;y=i. 

33 . 

» = 2; 

y = l 

34 . 

06= 

=S)y = 

0 

^ • 

35 . 

^3_ a" . 

■ o* + 6* ’ 

* s= — 

a 



36. * 

= a : 



37 . 

af=4 ; y=2. 


38- x=4;y=5. 39. »— 1 ± ^ 3 )’ 
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A^SWSRS. 


EXERCISE 71. 

1 . »ssl ; y = l ; 2*2. 

a« _ t« 

^ a* + 6* + c* ’ ^ ^ o* + 6* + c* ’ 

c* 

jgiss: 4“ ■■;. • 

->/ a-'+fe'+c* 

3- ««4; y = l;2 = 2. 4 »* = , 

(a—b){c - a) 

5. aj=6— c; y=c— a ; 2 = 0 — 6. 6. ^ =l ; 3/=2 ; 2=3, 

7. .t=2; y = 8; 2=4. 8- *=» 1 ; y = 2 ; 2=3. 

9- »“ {6+c— o+V'*(2i)f + 2ac +2o6— o* — fc* — c*){ -r2p 


where 2p* = a+ 6 + c+ 3-v/i(26c+2oc + sSa6— o* — h*-c*). 

10- *=6 + c;or6+c+ — ^ 

a-^b—c 


11 . 

12 . 


13. 


j /=6 — c;y=c— a; z = a — b. 

^ a(6+(— g) 

■%/ ( 6 +c— aXc + 0 “h)(a+ 6 — c) ’ 

1 — j» 1 -.7 < 4 « 1 

j!=a *6 ’c*: y=o ® 6 "c ^ , 2 = a*i» ®c*. 


14 *= ± •>/K‘*±v'a*— (6— r)* ; A.C 


15 


17. 


18. 

20 . 


a!=y= 2 =± 16 '=a, y=<', «=c. 

^ 

fc+c— a c-ha— 6 a + 6 — c 


2(a*4-Z)* -f c*) 


o(a*4- 6* + c*)— 2 ( 604 - ca-f 
j.=6 ; y=7 ; 2=8, 19, j=3;y = l,2=2. 

*=3, y= — 2; 2=0. 

EXERCISE 72. 


cr 0. 


1. 7; 3. 2. 20; 20. a 9; 8. 4. 

5. -zl^^El. 6. 1;6, 7. 44,110. 8 24; 40. 



xl 


At^SBSA, 


9. 220 ; 166. IQ. 50. U. 16. 12. 10 ; 15. 

13. 20; 25. 14. 2; 5; 8. 15. 3. 16. 400; 1600. 

17. 3; 4. 18. 252. 19. 73 or 37. 20- h 21- 5«. 

22. 248. 23- 54 ; 10. 24. 2d . ; 3d. 25. ^ . 

2 2 

26. 130. 27. £40. 28. 6 ; 9. 29- 15. 30- 25 ; 5. 

31, 117; 130. 32. 13J{t.:16ift. 33. 10; 15. 34. 30m. 
35. .4 4-30; B 5 AM. 36- 10. 37. Bisect it. 

38. -l;-3; 3. 39. 66 ; 22. 40- 9d. 41. 28. 

42. .4 40 hrs. ; B 60 hrs. 43. 5 hrs ; 3 hrs 
44. 160 qrs. ; £2. 45. 24 days ; A is. ; B 3s. 40. 10 ; 12. 
47- 30 yds. ; 40 yds. 48 100. 49- 1 : 9 ; 1 : 4. 

50. £60; £40. 

EXERCISE 74. 

11. (a + b+cX<^-b)(b-cXc-a). 

12. (a— 5)(5— e)(c— o)(a+ J* + c*+ab+ ae + be). 

13. (a‘—b*)(b*—e‘)(a*—/‘). 14. (a+6)(6 + c)(c + a). 

15. 3abc(a+b)(b + c)(c + a). 

16. 5(jj + y)(y + z)(z+u,)(j.* + y * + s* + isy + yz + ri). 

17. (a—b)(b—cXc—a)(ab+ac+bc). 

18. (a— b)(b—c)(a— c)(a* + b* + c* + ab + ac + be). 

19. Same as Q. 17. 

20. (a-b)(b-cXa-c) 

X (a* + 6’ + c‘ + a‘b + ab‘ + l‘c + be* +c‘a + ca‘+abe). 

21. l=21;m = -76;n=60. 

22. 4=-8; B=-12;0=20. 

EXERCISE 75. 


1 . 

a 

5. 


a* + a& + lic®0. 
(br—cq)(aq—ph) =(pc— or)*. 


4. 2>*-g*=l 


6- lo*— om+«=K9, 7- 



ANSWBKS. 


aOi 

8. a*~-h*stipq, 9. (icj— bjcXati— axb)*™(oiC— aCi)*. 

10 . (qn—inr)*(pm—lq)ss(lr—pny. 11 . = 

A — Lf a — c 

12. a(i»-c»)+2i(c*-a‘)+4c(a*-?>*)=0. 

13. 5(o»-6»)(2a> + i>)=9a(o®-c»). 

14. (a^ + 6*)»=cT. 15. (a-6)»(a* + 6*)=o*6». 

16. (a + &)»-(«- &)s = (8c)i 17. h*=ae. 

18. a*— 4ac» + 3b* = 0. 19. a-2o»l>»-5»+2c*»0. 

20‘ q* ^ 4!rjps=^k^( p+ r)^. 2L afe-f 6c + ca + 2a6c= I. 

22. -=i + T. 23- 2»»-.3«o»-2r»+2«*=0. 

cab 

24. + + aZ>c = 0 

25. + + +2a5c=l. 26. c* ±2a6c=®l. 

27* a* -f-6* + c* — 3a6c = 0, 

28* <i*Z^*c*(a* + +^* +2a6c)=a®Z#*c*. 

29* a* + Z>» .f c“ = — 2(aZ# + ac + 2^r). 30. ahc a— 


MISCELLANEOUS EXAMPLES- 

5* 6. {a+nh)jL'*, 7* (a+ &)(& 'f'c)(c + a)(a+6+c). 

9. (i) r = (ii) ±(6+c); ±(fe-c). 

(iii) a’ = 2 or —4 ; j/=3 or — 5 ; a=4 or —6. 

12. (** + 2)(a!* + 2.c+2). 13. (n+l)(n+2>\ 14. 1-^3. 

sr+V ’•+» 

17. 2a 2 +a” +1. 28. 1. 23. (i) a5=2/=2=12; 


(ii) y/x—^ij\ or -v/r + v'y = a. 24. 2 miles. 

26. 

Am a—b a h 

27. 0) — ; y='t ; - = := — • 

l + 1— m 1— m 

(ii) [— (a& + ac-f6c)±v' {(a6 + acH-6c)*— 4a6c(a+6 + c) } ] 
-r2(a+6+c). 29. , 30. 3; 2. 

(«— a)(.<j— &)(a— c) 





xlu 


AtGSBRA. 


1 + 5*+ 15«* + 45.t» + 145«*. 

(i) —4. <ii) «• +«*= JCli^/S)- 

. (»- 1) » ; (»• + *• - 2)(.e- 3). 

(ii)_±l:Kl±v'5). 

\/i-\/5-*!\/|+-\/ r 

(i) (Siu + y— l)(.tj— 5t/ + 2). (ii) y^(3xi^y)(2c-^'Sy). 

a*)s=2c*. 

^ in 40 hoars ; B in 60 hoars. 

(i) .15=2; y==3. (ii) « = 3; ^=2. (iii) .c = 25; ?/*=4; 2 =10.. 

iv)* = l;y=v/2;*=^3. (v) ■«= 

0:0. 48- (0 7. (ii) 4. 

(i) 0 ; Kl±^5). (ii) *= V* ; y= V ; s=-12. (iii) 3 ; 20i. 
455r ; 75 irt ; 160 wa* 52* 

(i).«=2; y=3. ^ii) 3; -6i. (iii) §(10d=^il^ 
(iv) .«.= ±2 ; ya= ±3. 60. i°/6 ; 5®/o. 

oM(a*+6^) = l. 63. ®*+2/''+«*±2a!ys=l. 

(i) 1- (ii) 26^ (iii) i(5±^/5). 

(iv) y* +y— 21 =0(y = v'.t.* — x+1). 

21xV and 54^^ minutes past 1 o’clock. 

4 pairs : 240, 8 ; 120, 16 ; 40, 48 ; 80, 24. 

15 : 35. 71. 0. 74 - «+1;('«-1)(2»+5)(.*,* + 4««-5). 
30 gals. 76. 3^3-1; a- + l + a-". 77- (i) 

a!=0; dtrfJ' {2±^^-l} ;y=0; ±lc^ {10±5s/^}. 

(2®* + 3aa!+ 7a*)4-(!<!*— 6a«+2a*). 

{A'O-AG’y =(B’C-Ba')iA’B-AB'). 

{405— h* ± &\/(5* + 2400) } + 2(6 + 10), where 

5=t\ X314159. 

81. m^-J=4. 82. (i) {4o5±(a + 5)v/(6o5-a*-5»)} 

-r(6--o)». (ii) 0; iav'S, (iii) a=±v' ( °* g - - ) ; 

ya=jh(o*— b*)-r^/{2(a*+5*)}. (iv) a! + y=s6 or 3 ; ay =3 or 6. 



ANSWERS. 


xliiii 

85- 97 . Wenfcity. 88 - 12. 89- (0 0;-3 ; 1 ;- 4 . 

(ii) -li-ZS? ; (iii) 0; 3; i(9±-/=^). 

(iv) - 1 ; 1 ; 

(v) a!*y*«»(o» + 6»+c* + 2a!yz) = o»6»c> ; a cubic Eqn. ia xyz. 
90. 25 minutes after 4. 

92. (i) (2a + 36aM)-r(a-275). (ii) (4-6)*-^-(a* +6*). 

98. .^*-4. 94 . (i) (ii)2;5*. (iii) .,=.5, y=6; « = 7. 

(iv) »=1; y=9. (v) 1=1 ; y = 2; ««>3. 

96. y(y* + 2)(y * + 4y » + 2)V(y* + 4). 

98. (i) 6; -7; 

(ii) { a(»» + n)— 2ap { -f- {p(m•^■n) -2mn } 

(iii) j =6±v^(a*— 6* +(••), Ac. 

(iv) .t-=y=s=a‘ + b*+e* — ab — ac—lr. 

99 . (7.« + 32)(a!— 5) ; (« 1 — tn)(rn» + «). 

100. 3 miles an hr. ; 15 miles. 101 ad— he. 102. 0^ 
105. (a*5* + 5®r* + ( ’o*)(o*6c+l*ac+c*o6) 



10. 




= a*fc*c*(ab4-l/c-h 

ra.) 

106. 



107. i 

ip‘. 



109. 

0) 

i-/” 


:-v 

2a+h* 
2 . 




(ii) 

*=1;^ = 

:625 

(iii) ±a; dh-- 

f1. 



(iv) 

*=10 ; 4 

; 2/= 

= 9, -3. 

(v) ar: 

= 10;!/=5; 



(vi) 

0= ^4 ; 

J y== 

±2; z=±2 

, <&c. 



110. 

9| miles. 

116. 

(i) a + b. 

(ii) 

V . (iii) 

-66. 

117. 

t tL 



118. 

5.r(** 

+ 1). 



120. Each child £1920 12i , each brother £960 6s. 

121. 4(a< + 5y+«). 122. 's/jb—y + ./y—s, 

123. (i) i- (ii) .t=o; y=b. 

(iii) .«,= ^(2a— c) ; y= K2^»— a- c) : «= J(2c- o- 1). 

124. (2u.+y-3)(<-lly+l). 125. »-l. 

127" iac+bd + hc—ady. ]28. **. 

129. (0 5 ; 7 ; 9. (ii) y=e(a* + fc*)4'2o6. (iii) xss:y=e=l, 

130. 480 j 90. 132. .b» + xy+y. 135, «= 20; 6=85- 



au^bbra. 


13f7. abe=:(h + c—a)(c*a—h)(a-\-h e). 

138 . A{a~-b)(,a-e)-^(A + B + 0 )- 

139. 0) 2 ; - h («) 1 ; ("') ° ±2^-2)*. 

(iv)*-6; 2/=5. (v) *=b + c ; y=6 + a ; a=o + i. 

140. 288. 141- **-5+;;(5W7)-i->^2. 

144. «- 5 ; (2o + 56) X 2nd Expression. 

145- (i) — 1 ; — 7 ; ('02;? 5- (“0 l* 

146. 

147 — 1 150* ^ miles ; 4 and 2 miles an hour* 



ANSWERS TO UNIVERSITY PAPERS. 


1 . 


2 . 


1 . 

2 . 

6 . 

8. 


2. 

a 


4. 


1 . 


3. 


1 . 


1.— CALCUTTA PAPEES 

1858. 

42a; ISa;®^'* — 9a3^y® — + 62/ — 4*“ + 49 jp* 3/^ 

+ 14a;y. 

J. 3. -4 31^^ days ; B 42^? days and G 104| days. 

March 1859* 

1+a.*— a;* — 0.® ; aj— a^a;^ + a^.( a ; a*d*. 

(a)a=2. (2?) 4’=: 15. 3- 14 and 11. 5* 24 and 15* 

Hyp. =8| ; per. *3^. 7- Rs. 925 ; Rs. 500. 

4j ; 35 and 24. 

December 1859. 

(»> — y*)*. 

(.(* — a*aj*-fa*)(a;* + a*)(t* — 00*+ a*)(a;+ a)((r* + aaj + o*) 
x(a;— a). 


(.ij4 

■6). 

5 . (1) 

•1= ho- 

(2) ar= 

ah 

a + b—c' 




lm 



0. 

2. *^T 

1 i 
a;»y4 + 

9 

aj + c 

-«;(a?— 6) 

o*+6* 

' a 

(1) 

II 

(2) 

.c= — 

8 

tt* 

4 . £2 




1861. 



7**- 

-7.iy+5y* 

• 

2. 

1 

0 *— 




CO 


aivi 


ALGEBRA. 


1 

4- 

2 

3 

1 

2 

3 

4. 


1 . 




.e*— -2a!j/” + — y*. 

(1) x=s8. (2) x^3. (3) a;s:16. (4) «= 1 ; y=3. 

1862. 

iL. 2- «*— 2a'‘6» + 2a'>c»— Z-»— 26 'c® +c8 ; 


o • — 2a“*6 + 3a~*6*- 


(1) (e.=5. (2) .« = 16. (.3) j: = 


3ac~br 
~26 ■ 


5. 


1863. 

a^—a*x+a‘x*—a*x^ + a’‘x* — a‘x‘ +ai* — ; 

» i a 1 * 

*‘*y + a!®y®— a>*y®— y. 

(1) .«=5. (2) * = 1- (3) a: = 2;y = 3. 4- 24 ft. 

1864- 

2(»* + y* +z*—xy—y: — xz). 

3®^y®a * +y*+s*a5* +aa!*— a®.*;* + a*x + a*. 

1 

(...-IX*— 2)(a:-3)’ 

(«) * = 10. (6) a' = 5;y = ll. 

1865. 

(*+y)*— I . (^u+x+ y + z){u + z — y)(*— y+«— a) 

X {x—y—u + z). 

.* + 2* + 3; 3. (l)*+ytz. (2)_L. (3)0. 4-2. 

x + o *cyz 

/I \ (l*C + fl6* + 6c* d ft— C 8 /ON— A 1 

+ (2) *~iTa.(3)*=4|. 

4a*c 

msw- 

— 3, 2- 3a*— «ft— ft* ;a?* + »*+ l+»** ; a*jj*— a”** 

. rt V . il /IN ^ /Q\ 


1 . 



ANSWERS TO CALCUTTA PAPERS, 


zlvii 


s- 

6 . 

1 . 

2 . 


(1) »«24. (2) *»i(a+ 6 ). (3) V 7 . go. 

p*-iipq-q* 

1866(B). 


2//*y* + 2a:*a* + 2y*a*— x* — y*—z* ; 

*— y ; +'asa+ya+ a*. 

*• + 2*4-3. 3 . ** + -L-2. 4. (i) * = 1. (ii) a*=7. 

ih 


1 . 

4. 

5. 

6 . 


IZLJ; 2*-f5. 
*-el 

( 1 ) *= 12 . 

bc,—b,e 

X = ! ; Ml 

ab^-a^b’^ 


1867. 

2 . 


Say 


Oib—ab^ 

*»+4«-l; a*-6* + c*-ti». 


x* + y*’ 

(2) .t=i(a* + 6* + c»). 

“®'““i£;a! = 4; y=5;a» 


6 . 


1868. 

1. 35-69...; a- (6- c+d). 2. -— t**^*.t.^* . 

«o(a — 6 )* 

3. *=6;a'*=4. 4- *— 1 ;(«-* + *— 2)(a!* — *.f !)(*•— .4), 

5. *=12 ; y = 12; a=12. 6- 23. 

1869. 


1 . 

2 . 

3. 

4. 


»*-~xy+y*+iif + y+l ; »•— I*— f. 
*•+ 1 ; 6a!* + lla:*— 3*— 2. 


(a) 


4 a** 


( 6 ) 


(o)*=18. ( 6 )x« 


a + c 

. a»— 5* . ^ 

ma—bn^ an—i 


4a!*+2x-l' 
a*-b* 


5 . 8 days. 


1870. 

1. 9o*+6flc—3o5 + 4ic— 61* ; 

(Z 0 



xlviii 


AI,GBBRA. 


2 . 




■ 18 . 


4. 6. 2^»+2aa!+46»; 

7as— 5 

6. 12 o’clock ; 125 miles from A, 


1871. 


1 . 

2 . 

3 

5- 


2a» — + 2/* ; »• 

; 2*(a:+ 2)(*-2)»(»* + 2). 



(i) 


2a 


(ii) 


B — iB* 


a + 6 ’ ^ ^ 2+x 
A Rs. 630 j B Rs. 810. 


4. 


(i)!i = 3. (ii)a = 2i;y = 3;. 


1 . 

3. 

4. 

1 . 

2 . 

a 

1 

2 . 

3. 

1- 

3. 


1872. 

a!* + 2iB— 3 ; 3i!— 11. 2. (i) (ii) 

i*+a» ' ' jyz 

(i) *=7. (ii) a,=8; y = 6. 

A Rs. 500 ; B Rs. 400 ; G Rs- 200. 

1873. 

(i) .^/(Sajy), (ii)x + y. (iii)-?^^. 

a— 2a; Saa^aj*— a*). 

(a)*=— (A)x=i. (\)»=2^;y=H. 5. f 

1874. 

(i) (ii) (iii) a-h. 

l + 4»— 16aj® — 32 j}* + 64!c® ; 3.c*-- 
aj==7i;aj = -7. 5- 84. 


6— a— c ; 
(i) «=f 


eI 

y* *• 


1875. 

; 2**— 2. 


2 . 


(ii) «=|, (iiOas^^jy® 


1 

f 5. 2080. 



ANSWERS TO CALCUTTA PAPERS. 


xlhe 


1876. 

1. (l)a+36 + 2d. (2) 8.». (3)^-5^^. 

2. ae-l ; x* + l+ i ; 2-c + i6. 

3. (l).t=556. (2)a5»7;y=9. 5- 4 days. 

1877. 

1 ^ ^*+8 2h*c* + 2a*l*-\-2a*c*-a*—l*-e* 

»« +33'* -I- 1 

a;»- r-19. 

2. a;s=4j ; a; = ® ; aj=l ; t/=2; £ = 3. 3- — 4<+3, 

*■ 6. «. 

7 . i b cwt. ; 2 owts. ; 3 cwts. 

1878 

1 . w-\ry-\-z+ asyz 2 . ax+hy + cz. 3 0 . 

4. a=— 3;a!=6. 5- 1. 

1879. 

1 . «»”+»*"; as+J. 2. ■>-*' *— y*’ *;2. 

®- •»’= (6) .t=y=3. (e) *=4; y=10. 

4. In favour of the latter. 5- 11 days. 

1880. 

1* 1. 2* j (3aj 7a')(^ — 3(i)(0“a)*. 

3< (u) x<^9. (i) g—ll. (c) a; =3 and 2^3=2. 

5. a~s^— a;^— ai*— a^. 6. 3 miles ; 8 miles. 

1881. 


2 . 


5. 


6 . 


i 2(1+.K1 + «X«-«). 


A in 120 secs, and B in 130 secs. 


c(a^e) 

hiar^b) 



1 


AUfEBRA. 


1662- 

1, *“-» +air“-* + a*x"-» + «fcc.+o*-*a; + o’*-* ; as*— a*. 

8. (.i! + 6)(»+7) ;(<— 6)(a!+7); (7» + 8y) 

X (49^*— 56a^+64y*). 

3. G.C.M. =»— 8 ; and L.C.M. =(»— 8)*(a:+9)(9a!* — 100). 

5 . (i) 85=3. (ii) *==5. (iii) a!=8;y=— 15. 

6. 2f miles from P the starting point. 

1883- 




6 . 


8 * ^>x~~y» 


3- 


a' 

(a— ar)(o®H-»*)’ 


o*— I0a*6 — 6ah^ —b* 
a* + 10a® 6 + 606® — 6* ’ 

(а) a! = J{-v/(a» + 26 ®)+v'(o®- 26 »)} ; and 

y = i {^/(»* + 25‘)-^{a®-26®)}. 

(б) « = 10g. (c) a’=l0. (d) j = — 28 ; y=l0 and «=9. 


54 and 646. 


1885 


1 . 

2 . 

3 . 

4. 


l—pa+a ; -iW'j ; 

(u a)(a/® 4 * ax“^ a® ) j taj'”a) ^ ~- 

\ a. 


(i) 

(i) 


(a:® + a*+aa:)ia!*+ o' — oa;) 


»*" + 2 . 

1 

U/ — 

1— a 



(ii) n(«— 1 ). 

(iii) x= ±1. 


(iv) 

aq aq 

5 . 1— i®— 6 - £52; 62s. 
7 . 4 oranges for 3d. ; 512. 

1886- 

- (m— s)(«— n)^ «+l 

2i»-s-» (®-l)(2e— 1)* 

2.' (9»V1)(9»*-'1X**-3)*. a 



ANSXeBRS TO CALCUTTA PAPBltS. 


li 


4- (a) (&) •«=*5. (o) ^ = 10; y = 20; »=5. (d) »=|a. 

JS* Debtss£8,000- Assuming debts Assets. 

-6. 27-^ min. after 5. 

1887. 

1* a?* + y* 4- s* — '<'^+ 12r -f — (4a*)*. 

**2. (^/* + a^ + x*)(a*— aii; + «*)(a*— a*j.* +u;*) ; 

(c*4-2a* — 2(7 (’)Cc* + 2a* + 2a (')(«* + 2a *)(d*-~ 2a*), 

3* + ft 4* c. 

4. (1) jr=3|. (2) *=2;y=3. (3) a- = 1 ; 2/ = 3 ; *s»d. 

5. 600. 

1888* 

•2. 2as(a + J). 3- (1) «6 — rtc+fc^". (2) .f* + (y + s)ie + ^*+ii*, 

4* (1) **—>1. (2) 2f% (3) .tj — 4 j i/ — 5. 

5. Length = 10 yds. ; breadth = 7 yds. 6- Jt*+a»— 2a*. 

1889. 

1 . u!=5. 2 . 3. 0, 

4 g 2 

2(a3-r 3a)(*4-4ay 


1890 . ^ 


1 . 


-*+ 1 . 


2 . 

3»- 

-Ic3 

+ 

1 




3- 

(i) 

5- ( 

ii) 

a+b 

2 ■ 

..... 1 1 
(m) 5 ; 5- 


4- 

1220. 





1891. 






a. 

(a) 

2. (i) 

(ab- 

-•0(ij-r(a + &— 

c-d). 


3 . 22; 24. 

4. 

4a» 

— 3a6+6* 

• 











1802. 






1 . 

94. 

2 . (2a- 

-3b+c)-i-(2a^3c}. 

a («) 

4. 

(b) 

a— 2b. 

4 . 

12 '; 

past 4. 



5 . 

1 . 








1893. 






1. 

»•- 

• +1. 


2. 

2as*— 8»* + •— 

4. 




(1) 

2. (2) 

— e 

(8) 8 

I *• 

4 . 485f 

;348* 

5. 5. 



lii 


Al.G£BkA. 

II.-BOMBAY PAPEES. 

1859 - 


1 . 

6 . 

10 - 


1 . 

7 . 

1 . 

5 . 

6 * 

4 

& 

10 

1 - 

5 - 

8 - 


2 . 

6 . 

8 > 

10 . 


1 . 


5. 


7. 

9 . 


4 ’,;. 4 . o»— 64 f<*. 5 . » * + ® *.y ^+y *• 

Art. 70. 9 . (i) c«) 2. (iii) 1 ; 

22 yrs. hence. 12 . 240 ; 120. 

I 860 . 


« 4 •!L+- + _. 6. 20+3* : 4a!(2a+3j:). 

1 j + 2*”).^ (<” — 1). 8* 7iSo;l4. 9* 2wi. 

1861. 

a. 3. a-2p. 4. rn. 

(1) 1^. (2) Quadratic. (3) —a; — 

9A.;107t.3';ll h. 6' ; 12 A 9'. 

1862. 

84 yrs. 6. (' ij/)*. 6. 32 ; 24. 7. .i+3(G.C.M.). 
See Art. 64. 9. 16 ’i' and 49 1 ’l' past 3. 

yss — -IJc ; <fec. 

1863. 

7J. 3. a-i\ 4. (o+l)(a+4)(a»— 1). 

(6) 4*-/** — 1. 7- aJ—h^+c^. 

(0) 11. (&) I ; J. (c) f- 9. H hrs. 10. 12. 

1864. 

4. o'-fc’. 5. a'-*'. 

(1) (a—b)(a—c)-^ahc. 

(1) ¥. (2) .<s= (m*— n*).r(jna— nl>). 9. V. 

8 days. 

1865. 

3*-6o. 2. (i) 2. (») ^9- 

_l;(«« + »*a*+a*).ra*. 6. 1 + 


a+ah^-l. 8 . (i) 1 . (“) 16 , (iii) («•— b*) 4 - 6 a.- 
30 hrs. 10 . 72 m. 



AITSWBRS TO BOMBAY PAPBRS’. 


m 


1 . 

7- 


1866. 

536. 3* 3(1* + 4ct6 + 6* . .t' + 2. 0. 

(i) 2,t*-*+l. (ii) 

^ ft(7 


4 

3(-e+l/ 


(i) 1. (ii) 12-’ 10. 11. 100m. 


1867. 


1. (i) 6. (ii) 60. 2. ■** — y*- 3. .«*— xy* + y*. 

6. (ii) 54-2(1 + 2(!). 6. •»“. 8. (>) 4. (ii) 3. (iii) 6; 10. 
9. 49xVpa8t3; 32 tSx' past 3. 10. Rs. 1,500 j Rs. 500. 
11. 3,*, m from 14Jx»n from T. 


1868- 

2. ..-y. 5- (i) 1. 6. (i) J. (ii) «cH-6. ?. £17*. 

8 . (i) .('= (cn +5<i) . 7 - (an + 6»i). (ii) 2a;— >24. 

9 . 25 m ; 2 m ; 5 TO. 

10. (i) 2«»— 3ae+4a*. (2) 2a^-.36' + 4f^. 11. 1 + ^3. 

1868. 

2. 7**— y* — 2a!y. 4 . (a + .3d4.25 + (-)(a+3<l--26 — n). 

5 . 2a*a!(2a-3x). 6- (26-a)4-(a+6). 7- .<.>-2.c»y-y». 

8. (i)9. (ii) 3|. 9. 56; 20.3. 10. *=1H?. 

11. 40; 24day8; £6i; iE13f. 

1870 

1. 3J. ^ ^4. G,C.M. (»-y)*. 5 . (.«+y).f*. 

7. ..^+3,.’y»-2y^ 8 - (a) 17^. ( 6 ) »=4. 

(<•) J!=l; y=l|. 

*9. 1,000 men. 10. 13| to ; 9 m. 

1871. 

2. (»* + a').raj. jo . 5* o’— a+J. 6. It is. 

7 . 1 ; - 8 . -1 ; 2 ; -2 ; 1 . 9- 240; 120. Ift SOOmaa. 



AI^SBKA. 


Jiv 


a 

a 

10 


2- 

7- 


2 

4- 

6. 

8 


2 . 

a 


1 

4. 

7. 

8- 


1 


T 


1 

a 


1872. 

6. ..• + 2a:+3. 7- a + i+1;--^. 

a y -e 

(1) 2|. (2) 4i. (3) 12. (4) 10|. 9- K gets Es. 3,600. 
Whole is Es. 3,840. 11. £15. 12. 400 iochee. 

187a 

18. 5- « + l; 120 i3/(.i* — y‘). 6« 2a»*+3.<y + y^. 

fi) 41. (ii) 11; 9. 8. 70 1 30. 9- 91; 

1874- 

(i) 1. 3- (fl) 3o*.i(,e + a). 

(a) .<»-2ir*+3.-4. (6> 2x+5y. a 26; 27. 

17 to; 4i Jirs. 7- (am+hn+cp)-^(a + b + c). 

ar= g ; Ac. 9 . 324. 

187a 

a-h*. 3. G.C.M. isa-fc. 4- l-r(2a*-l). 

6. (i) i- (ii) f . (iii) 4 ; 5 ; 6. 7- Es. 600. 

1876. 

(i). -54. (ii) 0. 2. (i) 1. (ii) 1. a 2y*. 

(i) (j.— 3y)(.r + 2y). (H) (r—y)(iii+2yX-'—2y) ; l+.t,*. 
2.6*— 3j!-" + 4.»-* ; 2**— 6*- 3a»— 3. 

*rc=l. 10. u. 4d. 

1877. 

a'»-36y + 2y*. 6. (i) 0;^^. (ii)0;-8i. 

(iii) 113y=:147a;. 

Rs. 25. a 35 or 53. 

1879.80. 

a*+6*+c*. 2. - + ?^- 5 . 3. x-2y. 4. 1. 

jr * 2 

y«(c*“5<5+o*)^(i+c). 0. Es. 8,0(X)» 



ANSWSHS TO BOMBAY FAP:QRS. 


1880 - 81 . 

3*^ ar— 2. i.l;2\S. 5. Sl/i' pant 10 or 11. 6- 80 , Bs. 60« 

1881 - 2 . 

3, 4- a*— A* ; (a— A)(a*— «*). 5. 23. 

y At/ A 

6. (1) 9. (2) 20. (3) 9 ; 20. 

1882 a 

3. *•— 3i-+4. 4- *— 4+?. 5. 6. 30:7J;6. 

m 2 

7 . Ks. 83’. 

1883 - 4 . 

2. Apply formula of Art. .50 ; (a+6)(i!i+c)(c + o). 

a 10x*r hrs. 4. 12 : 35 ; 5 ; 75. 5 . ; 2. 

1884 - 5 . 

1. 16(a!'* — + y*) — 8a*(«* +«/*)+«*• 

3. (a-5)* + (4-c)* + (c-«)* ; (5i + 1)(2»— 5J 

4. (* — a)*. 5- 91 6- 4J m 

1885 . 6 . 

1. jj*— lOy". 2- Secoud expression X (a+55)(o+ 66). 

3- «-i2- 

(ii) m—pr-^(p*—q*)- y=qr-^(p* — q*). 5 £33J. 

1886 - 7 . 

1. (i) 2(* + 4). (ii) 1. 2. JJ*— 3p. 3 G.C.M. is»*+aj— 3. 
4 . -^- 1 --^-; 2r»-3a:+l. 5. (i) 2a. (ii) 3 ; 2. a 1 tV»- 

1887 - 8 . 

«. (i) 0. (ii) -1. a («-4)(a!-3)(*+5). 

4 . o*+6». 5. 8. 6. 640. 



1888.9, 

. !♦ (»») («•— y*— p-ty). 

3* l+o+a* + + a*, 4. — !• 5* a + b;a — b. 

6. 253. 7. 76; 30. 


1889-90. 

2. a. 3. 5. (0 1. (ii) 5. 

6- (lOa!+^) + (10y+a!)=4(j! + 2/)+7(.e+j/). 7. 84; 63- 

1890 91. 

1. 0. 2. (6)1. 3. -'-1+“ 4. (*-!)*(.«+ 1). 

a ss 

5. (i) 6(c+o— 6).ra. (ii) 1 ; ^ ; i. 6- 9; 6 gals. 

1891- 92. 

1. (i) (;t-3y).r(.«+3j^). 

(ii) Apply o* + 6* = (o+ 5)(o* — a6 + 6*). 

2. (6) 3- *-i-4is the G.O.M. 4. •=»!. 

5- 7. 6. £4,680 ; £4,720. 7. 3. 

1892- 3. 

1. 189. 2- a!*+j;+l. 

3. (i) (a+6)-ra6. (ii) (»+l)»^(a:+2). 

4. (i) l^rV. (ii) 3 ; 2'. (iii) 4^. 5. f. 

6- 220 yds. ; 176 yds. per minute. 


III.— MADRAS PAPERS. 


1857. 

1 . 0. 2. 3. (1)15. (2) ±2; ±5; ±6. 

4- 200 m ; 33J m. 


1858. 


4. 

\a b cj ’ V* 6*~ 



1. 59. 
' 5 . 48 . 



AXSWBR3 TO MADRAS PAPSRS. 




1 $ 99 . 


2. 

3 . 15 4!5a* , jf 
~+&c. 
fl? 4 16 





4 . 

(i) (a«~6«)-f 


-6). 

(ii) 37 

;2li;lli. 

5 . 

7i days. 









I860- 




1. 

6). 

2 

• y+5y*. 


5 . ;p=*5- 

6. 

«=i(3+2V2) 

; !/= 

K3-2n/2). 


7 . 35yrs. 




1861- 




2. 

lli- 4 


0- 

5 . 

a h 

2 3* 

6. 

4(jb r— 

a*— 6» ’ ’ 

- a. , 

1,0. 

7 . 52. 

8- 

5 807. ; 2s. 

9 . 

(1) 1. (2) 

4(tbc- 

-7-(a5+ t/C+ 60 ). 

(3) 

ahc. (4) 4 . 




1862. 




2. 

a*<-*+36a!+c. 

3 

1 . 1 ; 0 : 

;2. 5 . 

4wuj -f 6ny + Zpz, 

6- 

(1) 7. (2) " + 

< a 

( 3 ;^ 

• ^ 7 

’ 3 ^ 

132 

; 108 ; 6 hrs. 

8- 

46 ; 80. 








1863. 




3 . 

O'* + &* *4-0*. 

5 . 

(1) e’ + 7-2t. 

(2) /y/ fl- *4" Ca 


7 . ( 1 ) 1 . (2) (a^c+b‘a + c*b—a — b — c)-^{ab + ac+hc — 1 ). 

(3) J-(« 6 ,-a, 6 ). (4). -4 ; -1. 

(5) J ; 1 ! i 

8 . Bs. 3,640. 9 . 

1864- 

1 . (I) 2. (2) 2. 2. I. 4. (a-5>-(a+J)y. 

5 . a+2^b-2Vc ; 3'07 6 * a— 26. 

7 . (1) (t-3)-f-(^+3). (2) 4«»-r(a*-«*)- (3) 1. 

8 . (1) (2) ; b. (3) 4* : 1| ; Ih 9. 13. 

O 

February 1865- 

3 . ( 1 ) rt+ 1 - 1 . ( 2 ) «-*+a-* 6 -‘- 6 -». 


4 * J!+2, 



At,aSBRA. 


Mii 

5. 12**-20*» + 6a)*+5^-*. 

7. (1) (3o* + 2i*)-r5a(2a+36). (2) 2v'a» 

8. (1) 10. (2) i. (3) 9. (4) 2; 5; 10. 

9. a»i(2nt+«)-r2(m* — w*). 

December 1865> 

1. j* + 9»*+81. 2. (l)a*-(»-a). (2) 2ff(a-e). 

3. (1) (6— a)(o+& + c)(o+&— c). 

(2) (a+b)(c+a—b)(c—a+b). 

4- '1. 6- (jc+ l)(a! - 4)(a! + 3)(.i * + 4®+ 9)» 

7. (1) -I (2) 72. (3) .. = (Z.fc)-j-2<t;&0. 

a 32;40;53i. 

1866. 

1. 2(»* + 1)-7-(»‘-1). 2. (a + t)«»+(fc+c)<.* + (c+o> 

3. a« + a-l+i. 4. .»-c+l. 7. (1) 1. (2) 8;4; 5. 

o a 

1887. 

1. a* +(m + n)o* + 2OT»a + l 2> 2{(a+OT)(c+»)+M{. 

3 . (fl) 3o6c-f*(®+ !•). (^) 0+&. 4« ®*~»+l« 

a (2a:+6)(a* — 4i.+3X«’ +4®*— 5). 

7- (o) 4. (6) o6c-r(o + ?» + c). 

(c) ].T-(a+i+c) ; 2-f-Ca+6+c) ; 3-r(o + i + c). 

a (i) {a6-c(«+l)(a-fe)}-f-{6-(n+l)(a-6){. 

(ii) {cn(a— 6)+o(c— b)] -j- {(»»+ l)(a— 6)} . 

1868. 

1. e-b. 2. (2) (a-b){b-c)ic-a)(a+b+e). 

4 . (1) l-r(**-a+l). (2) 4. 5. .t-l. 6. 1. 

7 . (1) (2) a-^(a + b);b^{a+b). (3) 16 ; 86. 

a 18 ; 12 ; 15. 

1869. 

1. 1 — 0 *. 2. as* — oas^ — o*j * — a*»* — a*.i *+o^ « + a*. 

4 . (1) 1. (2) 2-r(a + 2)(*+3). 5 . (a-i)(6-c). 

9. (1) 14. (2) l4-(l-o). (3) a:=5o,6-c);&c. 

10. 10m. 



AXSWtiKS TO madras PAFRRS. 


lix 


1870. 

' 1- m*+jiy+y* + (a+h + e)(x-¥y)+ub + ac+hc. 2- 1. 

a (1) (c + a!)4-(l+aa!;(l + M. (2) (2»-lK2-. 

4. (^ + 1)*. 5. (a + 5-2c)^2(6-o). 

7. y — ^ —mn + 1. 

mn 

a (1) 4>. (2) 4tfn.r(«* + 4). (3) * = (6+ c)-r2a; *o. 

10. 3m ; 14 m. 

1871. 

1. (i) 0 + 6 + 0. a* 

2* (i) 1. 00 2»® + (4®— 1). (iii) + (c+60(^+<^— *)► 

a 4. 6. .t‘+2a»-K 

8 (i). 1. (ii) 5:2. (hi) <=y=3 = l. 9- 128. ; 28*. 

1872. 

1. 3aj*-'2t(a+ 6)+ a* + 6*. 

3. (i) (2f*-2aj+^i)+(l— «*)(!- 2a;). 

(ii) (o.t— o)+(air— 6)(6t — c). 

5. 3.r + l. 6. + {^^ 1 )'’ 7. 3^*— 2»-l. ' 

8. (i) 11. (ii) 0 (iii) .t = 3i3l~2o-c)-r2fls. 

9. 5in ; 3m ; 40m. 

187a 

1, (a + 6)(a+ S+c) ; a*— i*. 4. «* — 2a+2. 

5. (i)4. (ii) 4^(»+l)(5c+l). 6. (a+6)*(c-d.»). 

9. (i) 7. (ii) a6.i-(a»* + 6»t*). (iii) 4;=:y=s=*(a+ 6)-i-e. 

la ifw. 

1874. 

a 2. 4. a*-3a+5. 5- (1)3- (2) 2(ac+6<l)(ad+6c). 

7. (a-fe)(oi+l). 

9. (1) 2. (2) n. (3) 2(o-l)^(o-2);(a+l)-r(«-2)^ 
(3a~l)^(o-2). 10. 3m. 



iOGBBRA. 


1875. 

1. 0. 2- 0. 3. 4(a+iy. 5- G.C.M^s2a»-3a + 2, 
6. G.C.M.i8o*+o + l. 7- (i) V'a+A (n) c-j-a. 

8. 4»»(a + 6)*. 9. (i) 2. (ii) ob-r(a + 6). (in)l}2 

10 . 3int ; 4jfn. 

1876. 

1. a + c—b. 

2 (a+b + c+d)(a*4-b— c— c2)(a— b+c— (2)(a— b— c-f d). 

4- (ii) q =3 ; (jj— 2)(a;— 4). 

5. (i) 4(aZ-|-bwi4-cn). (ii) 0. 

6- (aaj— Cl/)*— (bi.— dy)*. 7. a-i^b + c ; (a+b + c)*. 

8* 4a;y. 9* (i) (ab— c£Z)-r(c + <Z-' o—b). 

(ii) 'b)* (iii) 4.= b*-r2a ; y •=(2a* + b*)-r2a. • 

10. (Z(a— b)*f'(b— c) ; (Z(a— b)(a— c)-~2(b— c). 

1877. 

1. 4(a--b)*(a + b + 1). 2* a+b+c, 

3. .1* -3. -2; »•-'■+?. 4. ±v/±6. 5. 60. 

Jd Ji , 

1878. 

1. 2. 2. (*-!)*(.*' + !;*(« + 2)* («- 2)*. 
4- (1) — 2. (2)i=c— 6;&o. 5* 30?n ; 6»». 

1879. 

1. 0. 2. K‘+2^)*-s’}*+4(» + »)’**- 

4- (1) 9. (2) 2-^(l-o-6-c). (3) * = 1; y = l ; »=0. 5. 8'. 

1880. 

1. a*-(25-3c)*. 2. 1. 3. 3. 

4 . ( 1 ) («-!)•. ( 2 ) *+2 + ^. 

X 

5. (1)13. (2) .34. {H) »=a^(a+b)-,y=b-^(a-b). 

€. 1025 'Tm. 

1881. 

2. ^a + V2b + 2V2o. 

4. (i)2>. (2)J;i 

5 . 30; 20; 60, £72; £36; £18. 


3 * 1 * 

(3) •a=(2c+a+b)-r4. 



AITSWBSS TO MADRAS PAPERS. 


1882. 

1. 2556. 2. **-2*y+V. 3. aK 

4. 5. (l)p-3. (2)5*-. 6. 

y* y * .«'• 

1883. 

1. a + b+f. 2‘ l + ^+^+»&c. 

3 . (2x—y)(2»+y){Zx*+y*). 

4. (a)(a*-b*)(j)*-3*)*-r(p‘ + 3*)’- 

(b) (a-y+a)-r(a!-4y— 42). 5. 

0. (o) 5. (h) x=b-Ta(b—a);y=a-.-h{a—b); 

(c) j!=bc(l + a)'r(b— a)(c— a), <fcc. 

7 . Re. 1 ; Rs. 100. 

1884. 

1. 0. 2. G.O.M. is a* + 2a + 3. 4. 3o*— 80--I6. 

5 . (i)T:V (ii)a!=o; y = b. 6 . 6 m ; 15m. 

1885. 

1. o* + 6* + c* ; See formula. 2. G.C.M. is p* + 2a:+3. 
3. x*—ax+2a*. 4. (1)4. (2) »= (m*-w*)-r (aw— b»). 

5. 27w. 

1886. 

1. 6(*+4). 2. iSx-2y)^{2y + »){2.*+y*). 

a 4. (l)b(a+c).r(a-c). (2) f ; -a. 


1. 6(*+4). 
o »*12e 3 
* 2 3 4 


5. (1)20 : 60 ; 30. 


( 2 ) 10 . 

1887- • 


2. as 4. 3- 

4. (]) — IJ. (2) a!={6*— o*+c*)4-(6m— an— cm). 5- 63. 

1888. 

1. a+2b+3c. (2) (B+6)(*-i-2)(a:* +8»+10). 

2. G.C.M. is »+ 3. 4. (1) -2ab4-c. (2) 6; 7; 8.. 

5 . 8 yds. ; TJ yds. 



ALOSBRA.. 


(1) 2o. (2)«»'^. (3) 2- + 

(2) 4. (1)(*-1)*- (2) -3. 

(1) -5i. (2) 4. (3) 1 ; -2 ; 3. ft 96 ; 70. 

1890- 

(1) — (m + n+x+ y). (2) 

(3) *•— xv-'V+y"- 

(2---l)(*+2) ; (4a!*-3* + l)(3, - lH2a!-l)(x+ 2). 
x*—xy—jte—yz. 4. (1)4. (2) x. 

(1)3J. (2) 6; 11; 6. 6- 68; 42. 

1891. 

2 + 4a!+8»* + 16i* +<fcc 3. (a) **— 5**+ 13®— 14. 

(7x*— 59e+18)-f(®+ l)(a!-2)(a!-6). 

(o)9. (6; 7; 3. (c)« = 12»»a6-r(o + 6). 6. 420 ; 256. 

1892- 

(a— 6)(6--c)(o— c)(a + t+f'). 3> —I- 

5- 

3a .2« 6* 


(i)x'=y=5. (ii)9;-l,\. 7. 5',5y. 

1893. 

(a) 12a5c. (6) apply a* — 6* = fo+ b)(a—b). 

(c) *• + 5(o — I)®— b. 

(a) (*+l)(»— 1)(«+1— »y+y)(x— 1— a^— y). ,(&) o— 6. 

2»» — 4»* + X— 1 . 4- + S**— 5y*-», 

(1) xssabe(be—ab — oc)— (5*c*— o*6*— o*c*). (2) 2 ; 4^,. 

24. 

1894- 

(l)y*. (2) 6cy2. 2> (o+6x)(a*—a+l)- 

as*— a!*tt+2«i* +a*. 

(»*-a*)(«* + o»); H.O.P.x»+2ar + 3. 

(a— 6+c— d)(o“'6-”e+ (i)(6— 6 + d— o)(6— <l“~o+o) 

/(o— 6)(6— c)(c—t0(d— «) 

(1)2|. (2)x-3;y»2;*«l. (8) 11 or 2 

18/21. 8. (a•t■46)•^3. 



ANSWERS TO HAJDSAS PAP8RS. 


briH 

1885. 

1. (.J»-2j(2*-3). 2. (1)1. a 

*4* 4/*+jj 4*2 — 2/ic* 

6. (l)-lf. (2)y=~ab*ela*+b*). (S) 4&-i‘47 ,-i, 

6. Ist year Rs. 1,296 ; 2nd year Bs. 2,000. 

1896. 

1. ri) 0. 2 9x^* + 2* + 3. a 

4 aE+l-3/*-l/.^«. 6. (1)-71. 

(2) »=1 ; (3) t§;— i- 6* Smiles. 

1897- 

2. (1) Fide Q. (2) Year 1869, Madras. (2) a + 6 + 0—3*. 

a ( 1) (2** + 1)(2*» - 1 )(2 . • + 1 + 2»)(2»* + 1- 2*). 

(2) (<*+c+'6 — d)(a+c — 6+’d)(6 +rf+ a — o)(6+<? — a+c), 

(3) («-y)(*-y-l). 

4. (1) ~ (2) 

0 — c a 

7 . (1) * = 7. (2) «=-2or-fj. 

(3) *= — 1 . y = 2 , « = — 3. (7) 13 as. 4 ps. 

1898- 

1. (o) *♦ — *’ — 1 . (6) a*— a6+ 6*. 2. (l)(tt+6+e) 

x(a+b—c)(c+a—b)(c—a+h) (2) (a*— o6 + 6*Xa* + 6*+o + 6). 

a *»-2/.+2. 4. (a)3-r(*-lK.** + l). 

5* 3tt* — a6+56*. 6. (1) 19. (2) *=6 + a ; y=s6 — a. 

(3)3orf. 7. I/^lOyds. ; R=a7yds. 

1899. 

1. (*+2o)(t+3a)(*— 26)(*— 35) ; **(a+l) + ii(«* + l) + ®** 

2. (1) (o* + l)(6* + l)(a+l)(a-l)(6+l)(5-l). 

(2) (tt-5)(6-c)(a-c). 

a G.C.M. i8*»-5<- + l. 5. x*+i+ 3^«+ij. 

a (D^y. (2)6or|. (3)2j-2;6. 

7+ 4|ini; 4fn{; Sfmts 



tear 


AXGASkA. , 

Xardi 1900. 

1. (2) 2e*--6a>»— 4.e*+a! + ». 

2. (1) (l-(*o)(l— a)(i + c + o6— ac)(6+ c— a6 + ac). 

^2) (a— 6) (5— c) (c— a)(o6 + oc+ Jc). 

3. as'+^iB+l* 4. (1) 16). (2) 2e. 

5. o» + 6o6-36*. 6. (1)4. (2) H or 4. (.3) 4: -1^1. 

7> Bb. 200 ; 90 nen. 

December 1900- 

1. (1) i». 2* (a+6X® + ^)(-*“®)(* + ®~^'). 

3. (r*-7.*+4. 4- (1)1. (2) (a+b)*(,a‘ + b*y. 

6. (1)31. (2)2or4TV (3» 8; 4; 5. 

7. 52 lbs. 

Hay 1890 

2. (6)16a6». 3. ..(2-a)-o-L 

4. (2)?;-. 6- 100m; lOil.af. 

O 0 c 

Hay 1891. 

1. x* + y*+l—a!y—x—y. 

2. (a) (i) 3(.<J—sr)(y— 2)(*-*). (ii) (.<+y)(‘e— y)(3»+y) 

- X(3ar-y). ' (5)8. 

3. (5) (5* + c)*} (o*«*— c*). 

4. (i) a “(o + h)ib* - o*) 4- (a* + b*). (ii) 1.^ 2(o + 6) f 

—1-r 2(0 + 5). 

5. 6*' past 4. 




